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1 Introduction 


In the attempt to unify all the forces present in Nature, which entails having a con¬ 
sistent quantum theory of gravity, superstring theories seem promising candidates. The 
evidence that string theories could be unified theories is provided by the presence in their 
massless spectrum of enough particles to account for those present at low energies, including 
the graviton [lj. 

String theory is by now a vast subject with more than four decades of active research 
contributing to its development. During the last years, our understanding of string theory 
has undergone a dramatic change. One of the keys to this development is the discovery 
of duality symmetries, which relate the strong and weak coupling limits of different string 
theories (S'-duality). This led to the appearance of M-theory supposed to be the strong 
coupling limit of all superstring theories. 

Now, we will give a brief introduction to the related notions in string theory following 
mainly |2], 


1.1 Brief Overview of String Theory 

String theory is a description of dynamics of objects with one spatial direction, which 
we parameterize by a, propagating in a space parameterized by x The world-sheet of the 
string is parameterized by coordinates (r, a) where each r = constant denotes the string 
at a given time. The amplitude for propagation of a string from an initial configuration 
to a final one is given by sum over world-sheets which interpolate between the two string 
configurations weighed by exp (iS), where 

S oc J drda djx^d J x v (x) (1.1) 

where g^ v is the metric on space-time and J runs over the r and a directions. Note that by 
slicing the world-sheet we will get configurations where a single string splits to a pair or vice 
versa, and combinations thereof. 

If we consider propagation in flat space-time where g fiU = rj tiu the fields on the world- 
sheet, which describe the position in space-time of each bit of string, are free fields and 
satisfy the 2 dimensional equation 

d J d J x iL = (d 2 - d 2 a )x» = 0. 

The solution of which is given by 

x M (r, a) = x r (t + a) + x r (t — a). 

In particular notice that the left- and right-moving degrees of freedom are essentially inde¬ 
pendent. There are two basic types of strings: Closed strings and Open strings depending on 
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whether the string is a closed circle or an open interval respectively. If we are dealing with 
closed strings the left- and right-moving degrees of freedom remain essentially independent 
but if are dealing with open strings the left-moving modes reflecting off the left boundary 
become the right-moving modes-thus the left- and right-moving modes are essentially iden¬ 
tical in this case. In this sense an open string has ‘half’ the degrees of freedom of a closed 
string and can be viewed as a ‘folding’ of a closed string so that it looks like an interval. 

There are two basic types of string theories, bosonic and fermionic. What distinguishes 
bosonic and fermionic strings is the existence of supersymmetry on the world-sheet. This 
means that in addition to the coordinates x M we also have anti-commuting fermionic coor¬ 
dinates R which are space-time vectors but fermionic spinors on the worldsheet whose 
chirality is denoted by subscript L , R. The action for superstrings takes the form 

S = I dLX^dnx^ + VtPlVr + Vl^rVr- 

There are two consistent boundary conditions on each of the fermions, periodic (Ramond 
sector) or anti-periodic (Neveu-Schwarz sector) (note that the coordinate cr is periodic). 

A natural question arises as to what metric we should put on the world-sheet. In the 
above we have taken it to be flat. However in principle there is one degree of freedom that a 
metric can have in two dimensions. This is because it is a 2 x 2 symmetric matrix (3 degrees 
of freedom) which is defined up to arbitrary reparametrization of 2 dimensional space-time 
(2 degrees of freedom) leaving us with one function. Locally we can take the 2 dimensional 
metric qjk to be conformally flat 


g JK = exp ((j>)r}j K . 

Classically the action S does not depend on <fi. This is easily seen by noting that the properly 
coordinate invariant action density goes as \/\g\g 1K djx l 'dKX IJ r) llv and is independent of <f> 
only in D — 2. This is rather nice and means that we can ignore all the local dynamics 
associated with gravity on the world-sheet. This case is what is known as the critical string 
case which is the case of most interest. It turns out that this independence from the local 
dynamics of the world-sheet metric survives quantum corrections only when the dimension 
of space is 26 in the case of bosonic strings and 10 for fermionic or superstrings. Each string 
can be in a specific vibrational mode which gives rise to a particle. To describe the totality 
of such particles it is convenient to go to ‘light-cone’ gauge. Roughly speaking this means 
that we take into account that string vibration along their world-sheet is not physical. In 
particular for bosonic string the vibrational modes exist only in 24 transverse directions and 
for superstrings they exist in 8 transverse directions. 

Solving the free held equations for x, ^ we have 

d L x ' 1 = J 2 «- n e -m(r+c7) 

n 

y : = 5>-» e ~ ra(T+ ' 71 ( i - 2 ) 
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and similarly for right-moving oscillator modes at n and ip- n - The sum over n in the above 
runs over integers for the a_ n . For fermions depending on whether we are in the R sector or 
NS sector it runs over integers or integers shifted by 1/2 respectively. Many things decouple 
between the left- and right-movers in the construction of a single string Hilbert space and 
we sometimes talk only about one of them. For the open string Fock space the left- and 
right-movers mix as mentioned before, and we simply get one copy of the above oscillators. 

A special role is played by the zero modes of the oscillators. For the x-fields they corre¬ 
spond to the center of mass motion and thus a 0 gets identified with the left-moving momen¬ 
tum of the center of mass. In particular we have for the center of mass 

x = a 0 (r + a) + a 0 (r - a), 


where we identify 


(ao> «o) — (Pl, Pr )• 


Note that for closed string, periodicity of x in a requires that Pr = Pr = P which we identify 
with the center of mass momentum of the string. 

In quantizing the fields on the strings we use the usual (anti)commutation relations 

\pn, Q! m ] Rdm+Tifi 
{^n,Vm) = V^Sm+nfi- 

We choose the negative rnoded oscillators as creation operators. In constructing the Fock 
space we have to pay special attention to the zero modes. The zero modes of a should be 
diagonal in the Fock space and we identify their eigenvalue with momentum. For ifj in the 
NS sector there is no zero mode so there is no subtlety in construction of the Hilbert space. 
For the R sector, we have zero modes. In this case the zero modes form a Clifford algebra 

This implies that in these cases the ground state is a spinor representation of the Lorentz 
group. Thus a typical element in the Fock space looks like 

(*-n\ • ■ -i’-Z • ■ ■ I Pl, a) ® ...-■ I Pr, b), 

where a, b label spinor states for R sectors and are absent in the NS case; moreover for the 
bosonic string we only have the left and right bosonic oscillators. 

It is convenient to define the total oscillator number as sum of the negative oscillator 
numbers, for left- and right- movers separately. Nl = ni + ...+nk + ■■■, Nr = mi + ...+m r + .... 
The condition that the two dimensional gravity decouple implies that the energy momentum 
tensor annihilate the physical states. The trace of the energy momentum tensor is zero here 
(and in all compactihcations of string theory) and so we have two independent components 
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which can be identihed with the left- and right- moving hamiltonians Hl,r and the physical 
states condition requires that 

H l = N l + (1/2) Pi -5 l = 0 = H r = N r + (1/2 )P 2 R - S R , (1.3) 

where 8l,r are normal ordering constants which depend on which string theory and which 
sector we are dealing with. For bosonic string 8 = 1, for superstrings we have two cases: For 
NS sector 5 = 1/2 and for the R sector 5 = 0. The equations (11.31) give the spectrum of 
particles in the string perturbation theory. Note that P 2 = P R = —m 2 and so we see that 
m 2 grows linearly with the oscillator number N, up to a shift: 

(l/2)m 2 = N l -8 l = N r - 8 r . (1.4) 


1.1.1 Massless States of Bosonic Strings 

Let us consider the left-mover excitations. Since 5 = 1 for bosonic string, (11.41) implies 
that if we do not use any string oscillations, the ground state is tachyonic 1 / 2 m 2 = — 1 . 
This clearly implies that bosonic string by itself is not a good starting point for perturbation 
theory. Nevertheless in anticipation of a modified appearance of bosonic strings in the 
context of heterotic strings, let us continue to the next state. 

If we consider oscillator number N R — 1, from (11.41) we learn that excitation is massless. 
Putting the right-movers together with it, we find that it is given by 

«V-il P)- 

What is the physical interpretation of these massless states? The most reliable method is 
to find how they transform under the little group for massless states which in this case is 
SO( 24). If we go to the light cone gauge, and count the physical states, which roughly 
speaking means taking the indices /i to go over spatial directions transverse to a null vector, 
we can easily deduce the content of states. By decomposing the above massless state under 
the little group of SO (24), we find that we have symmetric traceless tensor, anti-symmetric 
2 -tensor, and the trace, which we identify as arising from 26 dimensional fields 

9[ivi Bfj, v , (f) ( 1 - 5 ) 

the metric, the anti-symmetric field B and the dilaton. This triple of fields should be viewed 
as the stringy multiplet for gravity. The quantity exp[—0] is identihed with the string 
coupling constant. What this means is that a world-sheet configuration of a string which 
sweeps a genus g curve, which should be viewed as g -th loop correction for string theory, 
will be weighed by exp(— 2(g — 1)0). The existence of the held B can also be understood 
(and in some sense predicted) rather easily. If we have a point particle it is natural to have 
it charged under a gauge held, which introduces a term exp(i J A) along the world-line. For 
strings the natural generalization of this requires an anti-symmetric 2 -form to integrate over 
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the world-sheet, and so we say that the strings are charged under B pv and that the amplitude 
for a world-sheet configuration will have an extra factor of exp(i f B). 

Since bosonic string has tachyons we do not know how to make sense of that theory by 

itself. 


1.1.2 Massless States of Type II Superstrings 

Let us now consider the light particle states for superstrings. We recall from the above 
discussion that there are two sectors to consider, NS and R, separately for the left- and the 
right-movers. As usual we will first treat the left- and right-moving sectors separately and 
then combine them at the end. Let us consider the NS sector for left-movers. Then the 
formula for masses (11.3p implies that the ground state is tachyonic with 1/2 m 2 = — 1 / 2 . 
The first excited states from the left-movers are massless and corresponds to " 0 ^/ 2 10), an d 
so is a vector in space-time. How do we deal with the tachyons? It turns out that summing 
over the boundary conditions of fermions on the world-sheet amounts to keeping the states 
with a fixed fermion number (— 1 ) F on the world-sheet. Since in the NS sector the number 
of fermionic oscillator correlates with the integrality/half-integrality of N, it turns out that 
the consistent choice involves keeping only the N =half-integral states. This is known as the 
GSO projection. Thus the tachyon is projected out and the lightest left-moving state is a 
massless vector. 

For the R-sector using (Q~T3j) we see that the ground states are massless. As discussed 
above, quantizing the zero modes of fermions implies that they are spinors. Moreover GSO 
projection, which is projection on a definite (— 1 ) F state, amounts to projecting to spinors 
of a given chirality. So after GSO projection we get a massless spinor of a de fini te chirality. 
Let us denote the spinor of one chirality by s and the other one by s'. 

Now let us combine the left- and right-moving sectors together. Here we run into two 
distinct possibilities: A) The GSO projections on the left- and right-movers are different and 
lead in the R sector to ground states with different chirality. B) The GSO projections on 
the left- and right-movers are the same and lead in the R sector to ground states with the 
same chirality. The first case is known as type IIA superstring and the second one as type 
IIB. Let us see what kind of massless modes we get for either of them. From NSigiNS we 
find for both type IIA,B 

NS ® NS ->■ v ® v ->■ B pv , 0) 

From the NS ® R and R® NS we get the fermions of the theory (including the gravitinos). 
However the IIA and IIB differ in that the gravitinos of IIB are of the same chirality, whereas 
for IIA they are of the opposite chirality. This implies that IIB is a chiral theory whereas 
IIA is non-chiral. Let us move to the Rig) R sector. We find 

IIA : R g) R = s ig) s' —> (A^, C pi/p ) 

IIB : R® R = s®s (x, B'^, D pup A ), (1.6) 


9 






where all the tensors appearing above are fully antisymmetric. Moreover D pup \ has a self¬ 
dual held strength F = dD = *F. It turns out that to write the equations of motion in a 
unified way it is convenient to consider a generalized gauge fields A and B in the IIA and 
IIB case respectively by adding all the fields in the RR sector together with the following 
properties: i) A(B) involve all the odd (even) dimensional antisymmetric fields, ii) the 
equation of motion is dA = *dA. In the case of all fields (except D pu \ p ) this equation allows 
us to solve for the forms with degrees bigger than 4 in terms of the lower ones and moreover 
it implies the held equation d * dA = 0 which is the familiar held equation for the gauge 
helds. In the case of the D-held it simply gives that its held strength is self-dual. 


1.1.3 Open Superstring: Type I String 

In the case of type IIB theory in 10 dimensions, we note that the left- and right- 
moving degrees of freedom on the worldsheet are the same. In this case we can ‘mod out’ by 
a reflection symmetry on the string; this means keeping only the states in the full Hilbert 
space which are invariant under the left-/right-moving exchange of quantum numbers. This 
is simply projecting the Hilbert space onto the invariant subspace of the projection operator 
P = |(1 + 12) where 12 exchanges left- and right-movers. 12 is known as the orientifold 
operation as it reverses the orientation on the world-sheet. Note that this symmetry only 
exists for IIB and not for IIA theory (unless we accompany it with a parity reflection in 
spacetime). Let us see which bosonic states we will be left with after this projection. From 
the NS-NS sector B pv is odd and projected out and thus we are left with the symmetric 
parts of the tensor product 

NS - NS -> (v<g) v) symm . = 0). 

From the R-R sector since the degrees of freedom are fermionic from each sector we get, 
when exchanging left- and right-movers an extra minus sign which thus means we have to 
keep anti-symmetric parts of the tensor product 

R R ^ (S ® S ) an ti—syrnrn. B pu . 

This is not the end of the story, however. In order to make the theory consistent we need to 
introduce a new sector in this theory involving open strings. This comes about from the fact 
that in the R-R sector there actually is a 10 form gauge potential which has no propagating 
degree of freedom, but acquires a tadpole. Introduction of a suitable open string sector 
cancels this tadpole. 

As noted before the construction of open string sector Hilbert space proceeds as in the 
closed string case, but now, the left-moving and right-moving modes become indistinguish¬ 
able due to reflection off the boundaries of open string. We thus get only one copy of the 
oscillators. Moreover we can associate ‘Chan-Paton’ factors to the boundaries of open string 
. To cancel the tadpole it turns out that we need 32 Chan-Paton labels on each end. We still 
have two sectors corresponding to the NS and R sectors. The NS sector gives a vector held 
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Ap and the R sector gives the gaugino. The gauge held A M has two additional labels coming 
from the end points of the open string and it turns out that the left-right exchange projection 
of the type IIB theory translates to keeping the antisymmetric component of A^ = —A 
which means we have an adjoint of 50(32). Thus all put together, the bosonic degrees of 
freedom are 


0) + (At)sO( 32 )- 

We should keep in mind here that B came not from the NS-NS sector, but from the R-R 
sector. 


1.1.4 Heterotic Strings 

Heterotic string is a combination of bosonic string and superstring, where roughly 
speaking the left-moving degrees of freedom are as in the bosonic string and the right- 
moving degrees of freedom are as in the superstring. It is clear that this makes sense for the 
construction of the states because the left- and right-moving sectors hardly talk with each 
other. This is almost true, however they are linked together by the zero modes of the bosonic 
oscillators which give rise to momenta (Pl,Pr)- Previously we had Pl = Pr but now this 
cannot be the case because Pl is 26 dimensional but Pr is 10 dimensional. It is natural to 
decompose Pl to a 10+16 dimensional vectors, where we identify the 10 dimensional part 
of it with Pr. It turns out that for the consistency of the theory the extra 16 dimensional 
component should belong to the root lattice of E 8 x E 8 or a Z 2 sublattice of 50(32) weight 
lattice. In either of these two cases the vectors in the lattice with (length) 2 = 2 are in one to 
one correspondence with non-zero weights in the adjoint of E 8 x E 8 and 50(32) respectively. 
These can also be conveniently represented (through bosonization) by 32 fermions: In the 
case of E 8 x E 8 we group them to two groups of 16 and consider independent NS, R sectors 
for each group. In the case of 50(32) we only have one group of 32 fermions with either NS 
or R boundary conditions. 

Let us tabulate the massless modes using (11.41) . The right-movers can be either NS or R. 
The left-moving degrees of freedom start out with a tachyonic mode. But (jl.4[) implies that 
this is not satisfying the level-matching condition because the right-moving ground state is 
at zero energy. Thus we should search on the left-moving side for states with L 0 = 0 which 
means from (jl.4[) that we have either Nl = 1 or (1/2)P/ = 1, where Pl is an internal 16 
dimensional vector in one of the two lattices noted above. The states with Nl = 1 are 

16 © v , 

where 16 corresponds to the oscillation direction in the extra 16 dimensions and v corresponds 
to vector in 10 dimensional spacetime. States with (1/2)P/ = 1 correspond to the non-zero 
weights of the adjoint of E 8 x E 8 or 50(32) which altogether correspond to 480 states in 
both cases. The extra 16 Nl = 1 modes combine with these 480 states to form the adjoints 
of E 8 x E 8 or 50(32) respectively. The right-movers give, as before, a v © s from the NS 
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and R sectors respectively. So putting the left- and right-movers together we finally get for 
the massless modes 


(v © Adj) <g) (v © s). 

Thus the bosonic states are (v © Adj ) <g) v which gives 

i.9nvi (j, Afj), 

where the A M is in the adjoint of E% x E$ or 50(32). Note that in the 50(32) case this is 
an identical spectrum to that of type 1 strings. 


1.1.5 Summary 

To summarize, we have found 5 consistent strings in 10 dimensions: Type IIA with N = 
2 non-chiral supersymmetry, type I1B with N = 2 chiral supersymmetry, type 1 with N=1 
supersymmetry and gauge symmetry 50(32) and heterotic strings with N=1 supersymmetry 
with 50(32) or E% x E 8 gauge symmetry. Note that as far as the massless modes are 
concerned we only have four inequivalent theories, because heterotic 50(32) theory and 
Type 1 theory have the same light degrees of freedom. In discussing compactihcations it 
is sometimes natural to divide the discussion between two cases depending on how many 
supersymmetries we start with. In this context we will refer to the type IIA and B as N = 2 
theories and Type I and heterotic strings as N = 1 theories. 


1.2 String Compactifications 

So far we have only talked about superstrings propagating in 10 dimensional Minkowski 
spacetime. If we wish to connect string theory to the observed four dimensional spacetime, 
somehow we have to get rid of the extra 6 directions. One way to do this is by assuming that 
the extra 6 dimensions are tiny and thus unobservable in the present day experiments. In 
such scenarios we have to understand strings propagating not on ten dimensional Minkowski 
spacetime but on four dimensional Minkowski spacetime times a compact 6 dimensional 
manifold K. In order to gain more insight it is convenient to consider compactifications not 
just to 4 dimensions but to arbitrary dimensional spacetimes, in which case the dimension 
of K is variable. 

The choice of K and the string theory we choose to start in 10 dimensions will lead to a 
large number of theories in diverse dimensions, which have different number of supersymme¬ 
tries and different low energy effective degrees of freedom. In order to get a handle on such 
compactihcations it is useful to first classify them according to how much supersymmetry 
they preserve. This is useful because the higher the number of supersymmetry the less the 
quantum corrections there are. 
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If we consider a general manifold K we find that the supersymmetry is completely broken. 
This is the case we would really like to understand, but it turns out that string perturbation 
theory always breaks down in such a situation; this is intimately connected with the fact that 
typically cosmological constant is generated by perturbation theory and this destabilizes the 
Minkowski solution. For this reason we do not even have a single example of such a class 
whose dynamics we understand. Instead if we choose K to be of a special type we can 
preserve a number of supersymmetries. 

For this to be the case, we need K to admit some number of covariantly constant spinors. 
This is the case because the number of supercharges which are ‘unbroken’ by compactification 
is related to how many covariantly constant spinors we have. To see this note that if we wish 
to define a constant supersymmetry transformation, since a space-time spinor, is also a spinor 
of internal space, we need in addition a constant spinor in the internal compact directions. 
The basic choices are manifolds with trivial holonomy (flat tori are the only example), SU (■ n) 
holonomy (Calabi-Yau n-folds), Sp(n ) holonomy (4n dimensional manifolds), 7-manifolds of 
G 2 holonomy and 8-manifolds of Spin(7 ) holonomy. 


1.2.1 Toroidal Compactifications 


The space with maximal number of covariantly constant spinors is the flat torus 
T d . This is also the easiest to describe the string propagation in. The main modification 
to the construction of the Hilbert space from flat non-compact space in this case involves 
relaxing the condition Pl = Pr because the string can wrap around the internal space and 
so X does not need to come back to itself as we go around a. In particular if we consider 
compactification on a circle of radius R we can have 


(Pl,Pr) 


, n 

2R 


n 


mR , ^ - mi?). 


Here n labels the center of mass momentum of the string along the circle and m labels 
how many times the string is winding around the circle. Note that the spectrum of allowed 
(Pl, Pr) is invariant under R —> 1/2 R. All that we have to do is to exchange the momentum 
and winding modes (n -H- m). This symmetry is a consequence of what is known as T-duality. 


If we compactify on a d-dimensional torus T d it can be shown that (Pl, Pr) belong to a 
2d dimensional lattice with signature (d,d). Moreover this lattice is integral, self-dual and 
even. Evenness means, Pf — Pr is even for each lattice vector. Self-duality means that any 
vector which has integral product with all the vectors in the lattice sits in the lattice as 
well. It is an easy exercise to check these condition in the one dimensional circle example 
given above. Note that we can change the radii of the torus and this will clearly affect the 
(P L ,P R ). Given any choice of a d-dimensional torus compactifications, all the other ones 
can be obtained by doing an SO(d , d) Lorentz boost on (P L , Pr) vectors. Of course rotating 
(P L , P R ) by an 0(d) x 0(d) transformation does not change the spectrum of the string states, 
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so the totality of such vectors is given by 


SO{d, d ) 

SO(d ) X 50(d). 

Some Lorentz boosts will not change the lattice and amount to relabeling the states. These 
are the boosts that sit in 0(d,d ; Z) (i.e. boosts with integer coefficients), because they can 
be undone by choosing a new basis for the lattice by taking an integral linear combination 
of lattice vectors. So the space of inequivalent choices are actually given by 

SO(d, d) 

SO(d ) x 50(d) x 0(d,d-, Z ). 

The 0(d,d ; Z) generalizes the T-duality considered in the 1-dimensional case. 


1.2.2 Compactifications on K 3 

The four dimensional manifold K 3 is the only compact four dimensional manifold, 
besides T 4 , which admits covariantly constant spinors. In fact it has exactly half the number 
of covariantly constant spinors as on T 4 and thus preserves half of the supersymmetry that 
would have been preserved upon toroidal compactihcation. More precisely the holonomy of 
a generic four manifold is 50(4). If the holonomy resides in an SU{ 2 ) subgroup of 50(4) 
which leaves an 577(2) part of 50(4) untouched, we end up with one chirality of 50(4) 
spinor being unaffected by the curvature of K 3, which allows us to define supersymmetry 
transformations as if K 3 were flat (note a spinor of 50(4) decomposes as (2,1) © (1, 2) of 
51/(2) x 51/(2)). 

There are a number of realizations of K 3, which are useful depending on which question 
one is interested in. Perhaps the simplest description of it is in terms of orbifolds. This 
description of K 3 is very close to toroidal compactihcation and differs from it by certain 
discrete isometries of the T 4 which are used to (generically) identify points which are in the 
same orbit of the discrete group. Another description is as a 19 complex parameter family 
of A'3 defined by an algebraic equation. 

Consider a T 4 which for simplicity we take to be parametrized by four real coordinates 
ay with i — 1,..., 4, subject to the identifications Xi ~ ay + 1. It is sometimes convenient to 
think of this as two complex coordinates Z\ — Xi + ix 2 and z 2 = x 3 + ix 4 with the obvious 
identifications. Now we identify the points on the torus which are mapped to each other 
under the Z 2 action (involution) given by reflection in the coordinates ay — y —ay, which is 
equivalent to 


Zi —Zi. 

Note that this action has 2 4 = 16 fixed points given by the choice of midpoints or the origin 
in any of the four ay. The resulting space is singular at any of these 16 fixed points because 
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the angular degree of freedom around each of these points is cut by half. Put differently, if 
we consider any primitive loop going ‘around’ any of these 16 fixed point, it corresponds to 
an open curve on T 4 which connects pairs of points related by the Z 2 involution. Moreover 
the parallel transport of vectors along this path, after using the Z 2 identification, results in 
a flip of the sign of the vector. This is true no matter how small the curve is. This shows 
that we cannot have a smooth manifold at the fixed points. 

When we move away from the orbifold points of K 3 the description of the geometry of K 3 
in terms of the properties of the T 4 and the Z 2 twist become less relevant, and it is natural 
to ask about other ways to think about K 3. In general a simple way to define complex 
manifolds is by imposing complex equations in a compact space known as the projective 
n-space CP". This is the space of complex variables (z i, ...,z n+ 1 ) excluding the origin and 
subject to the identification 

( 21 , •••, z n + 1 ) ~ A(zi,..., z n+ 1 ) A ^ 0. 

One then considers the vanishing locus of a homogeneous polynomial of degree d, Wd{zi ) = 0 
to obtain an n — 1 dimensional subspace of CP™. An interesting special case is when the 
degree is d — n + 1. In this case one obtains an n — 1 complex dimensional manifold which 
admits a Ricci-flat metric. This is the case known as Calabi-Yau. For example, if we take 
the case n = 2 , by considering cubics in it 

z i “h z 2 + £3 + aziZ 2 Z 3 = 0 

we obtain an elliptic curve, i.e. a torus of complex dimension 1 or real dimension 2. The 
next case would be n — 3 in which case, if we consider a quartic polynomial in CP 4 we 
obtain the 2 complex dimensional K 3 manifold: 

W = z'l + Z 2 + z\ + £ 4 + deformations = 0. 

There are 19 inequivalent quartic terms we can add. This gives us a 19 dimensional com¬ 
plex subspace of 20 dimensional complex moduli of the K 3 manifold. Clearly this way of 
representing K 3 makes the complex structure description of it very manifest, and makes the 
Kahler structure description implicit. 

Note that for a generic quartic polynomial the K 3 we obtain is non-singular. This is in 
sharp contrast with the orbifold construction which led us to 16 singular points. It is possible 
to choose parameters of deformation which lead to singular points for K 3. For example if 
we consider 

z\ A Z 2 + £3 + z\ + 4ziZ 2 Z3Z4 = 0 

it is easy to see that the resulting K 3 will have a singularity (one simply looks for non-trivial 
solutions to dW = 0). 

There are other ways to construct Calabi-Yau manifolds and in particular id’s. One nat¬ 
ural generalization to the above construction is to consider weighted projective spaces where 
the Zi are identified under different rescalings. In this case one considers quasi-homogeneous 
polynomials to construct submanifolds. 
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1.2.3 Calabi-Yau Threefolds 


Calabi-Yau threefolds are manifolds with SU( 3) holonomy. The compactification 
on manifolds of SU(3) holonomy preserves 1/4 of the supersymmetry. In particular if we 
compactify N — 2 theories on Calabi-Yau threefolds we obtain N — 2 theories in d — 4, 
whereas if we consider N — 1 theories we obtain N — 1 theories in d — 4. 

If we wish to construct the Calabi-Yau threefolds as toroidal orbifolds we need to consider 
six dimensional tori, three complex dimensional, which have discrete isometries residing in 
SU( 3) subgroup of the 0(6) = SU(A) holonomy group. A simple example is if we consider 
the product of three copies of T 2 corresponding to the Hexagonal lattice and mod out 
by a simultaneous Z 3 rotation on each torus (this is known as the ‘Z-orbifold’). This Z 3 
transformation has 27 fixed points which can be blown up to give rise to a smooth Calabi- 
Yau. 

We can also consider description of Calabi-Yau threefolds in algebraic geometry terms 
for which the complex deformations of the manifold can be typically realized as changes 
of coefficients of defining equations, as in the K 3 case. For instance we can consider the 
projective 4-space CP 1 defined by 5 complex not all vanishing coordinates Zi up to overall 
rescaling, and consider the vanishing locus of a homogeneous degree 5 polynomial 

P 5 (zi, z$) = 0. 

This defines a Calabi-Yau threefold, known as the quintic three-fold. This can be general¬ 
ized to the case of product of several projective spaces with more equations. Or it can be 
generalized by taking the coordinates to have different homogeneity weights. This will give 
a huge number of Calabi-Yau manifolds. 


1.3 Solitons in String Theory 

Solitons arise in field theories when the vacuum configuration of the field has a non¬ 
trivial topology which allows non-trivial wrapping of the field configuration at spatial infinity 
around the vacuum manifold. These will carry certain topological charge related to the 
‘winding’ of the field configuration around the vacuum configuration. Examples of solitons 
include magnetic monopoles in four dimensional non-abelian gauge theories with unbroken 
1/(1), cosmic strings and domain walls. The solitons naively play a less fundamental role 
than the fundamental fields which describe the quantum field theory. In some sense we can 
think of the solitons as ‘composites’ of more fundamental elementary excitations. However 
as is well known, at least in certain cases, this is just an illusion. In certain cases it turns out 
that we can reverse the role of what is fundamental and what is composite by considering a 
different regime of parameter. In such regimes the soliton may be viewed as the elementary 
excitation and the previously viewed elementary excitation can be viewed as a soliton. A well 
known example of this phenomenon happens in 2 dimensional field theories. Most notably the 
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boson/fermion equivalence in the two dimensional sine-Gordon model, where the fermions 
may be viewed as solitons of the sine-Gordon model and the boson can be viewed as a 
composite of fermion-anti-fermion excitation. Another example is the T-duality we have 
already discussed in the context of 2 dimensional world sheet of strings which exchanges the 
radius of the target space with its inverse. In this case the winding modes may be viewed 
as the solitons of the more elementary excitations corresponding to the momentum modes. 
As discussed before R —> 1/R exchanges momentum and winding modes. In anticipation of 
generalization of such dualities to string theory, it is thus important to study various types 
of solitons that may appear in string theory. 

As already mentioned solitons typically carry some conserved topological charge. However 
in string theory every conserved charge is a gauge symmetry. In fact this is to be expected 
from a theory which includes quantum gravity. This is because the global charges of a black 
hole will have no influence on the outside and by the time the black hole disappears due to 
Hawking radiation, so does the global charges it may carry. So the process of formation and 
evaporation of black hole leads to a non-conservation of global charges. Thus for any soliton, 
its conserved topological charge must be a gauge charge. This may appear to be somewhat 
puzzling in view of the fact that solitons may be point-like as well as string-like, sheet-like 
etc. We can understand how to put a charge on a point-like object and gauge it. But how 
about the higher dimensional extended solitonic states? Note that if we view the higher 
dimensional solitons as made of point-like structures the soliton has no stability criterion as 
the charge can disintegrate into little bits. 

Let us review how it works for point particles (or point solitons): We have a 1-form gauge 
potential A p and the coupling of the particle to the gauge potential involves weighing the 
world-line propagating in the space-time with background A p by 

Z —> Zexp(i / A), 

J'l 

where 7 is the world line of the particle. The gauge principle follows from defining an action 
in terms of F = dA : 

S = J FA*F, (1.7) 

where *F is the dual of the F, where we note that shifting A —y de for arbitrary function e 
will not modify the action. 

Suppose we now consider instead of a point particle a p-dimensional extended object. In 
this convention p — 0 corresponds to the case of point particles and p — 1 corresponds to 
strings and p = 2 corresponds to membranes, etc. We shall refer to p-dimensional extended 
objects as p-branes (generalizing ‘membrane’). Note that the world-volume of a p-brane is 
a p + 1 dimensional subspace 7 P+ i of space-time. To generalize what we did for the case of 
point particles we introduce a gauge potential which is a p + 1 form A p+1 and couple it to 
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the charged p + 1 dimensional state by 


Z —> Zexp(i / A p+ i). 

Ap+l 

Just as for the case of the point particles we introduce the held strength F = dA which is 
now a totally antisymmetric p + 2 tensor. Moreover we define the action as in (1 1. 7[) . which 
possesses the gauge symmetry A —>• de where e is a totally antisymmetric tensor of rank p. 


1.3.1 Magnetically Charged States 

The above charge defines the generalization of electrical charges for extended objects. 
Can we generalize the notion of magnetic charge? Suppose we have an electrically charged 
particle in a theory with space-time dimension D. Then we measure the electrical charge by 
surrounding the point by an S D ~ 2 sphere and integrating *F (which is a D — 2 form) on it, 
i.e. 


Qe= / *F. 

J s D ~ 2 

Similarly it is natural to define the magnetic charge. In the case of D — 4, i.e. four 
dimensional space-time, the magnetically charged point particle can be surrounded also by 
a sphere and the magnetic charge is simply given by 

Qm= [ F. 

Js 2 

Now let us generalize the notion of magnetic charged states for arbitrary dimensions D of 
space-time and arbitrary electrically charged p-branes. From the above description it is clear 
that the role that *F plays in measuring the electric charge is played by F in measuring 
the magnetic charge. Note that for a p-brane F is p + 2 dimensional, and *F is D — p — 2 
dimensional. Moreover, note that a sphere surrounding a p-brane is a sphere of dimension 
D — p — 2. Note also that for p = 0 this is the usual situation. For higher p, a p-dimensional 
subspace of the space-time is occupied by the extended object and so the position of the 
object is denoted by a point in the transverse (D — 1) — p dimensional space which is 
surrounded by an S D ~ P ~ 2 dimensional sphere. 

Now for the magnetic states the role of F and *F are exchanged: 

F -H- *F. 

To be perfectly democratic we can also define a magnetic gauge potential A with the property 
that 


dA = *F = *dA. 
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In particular noting that F is a p + 2 form, we learn that *F is an D — p — 2 form and thus 
A is an D — p — 3 form. We thus deduce that the magnetic state will be an D — p — 4-brane 
(i.e. one dimension lower than the degree of the magnetic gauge potential A). Note that 
this means that if we have an electrically charged p-brane, with a magnetically charged dual 
g-brane then we have 


p + q — D — 4. (1.8) 

This is an easy sum rule to remember. Note in particular that for a 4-dimensional space-time 
an electric point charge (p = 0) will have a dual magnetic point charge (q — 0). Moreover 
this is the only space-time dimension where both the electric and magnetic dual can be 
point-like. 

Note that a p-brane wrapped around an r-dimensional compact object will appear as 
a p — r-brane for the non-compact space-time. This is in accord with the fact that if we 
decompose the p+1 gauge potential into an (p +1 — r) +r form consisting of an r-form in the 
compact direction we will end up with an p+1 — r form in the non-compact directions. Thus 
the resulting state is charged under the left-over part of the gauge potential. A particular 
case of this is when r — p in which case we are wrapping a p-dimensional extended object 
about a p-dimensional closed cycle in the compact directions. This will leave us with point 
particles in the non-compact directions carrying ordinary electric charge under the reduced 
gauge potential which now is a 1-form. 


1.3.2 String Solitons 

From the above discussion it follows that the charged states will in principle exist if 
there are suitable gauge potentials given by p + 1-forms. Let us first consider type II strings. 
Recall that from the NS-NS sector we obtained an anti-symmetric 2-form B^. This suggests 
that there is a 1-dimensional extended object which couples to it by 

exp(i J B ). 

But that is precisely how B couples to the world-sheet of the fundamental string. We thus 
conclude that the fundamental string carries electric charge under the antisymmetric field B. 
What about the magnetic dual to the fundamental string? According to (11.81) and setting 
d = 10 and p = 1 we learn that the dual magnetic state will be a 5-brane. Note that as 
in the field theories, we expect that in the perturbative regime for the fundamental fields, 
the solitons be very massive. This is indeed the case and the 5-brane magnetic dual can be 
constructed as a solitonic state of type II strings with a mass per unit 5-volume going as l/g^ 
where g s is the string coupling. Conversely, in the strong coupling regime these 5-branes are 
light and at infinite coupling they become massless, i.e. tensionless 5-branes [?]. 

Let us also recall that type II strings also have anti-symmetric fields coming from the 
R-R sector. In particular for type IIA strings we have 1-form A M and 3-form C^p gauge 
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potentials. Note that the corresponding magnetic dual gauge holds will be 7-forms and 5- 
forrns respectively (which are not independent degrees of freedom). We can also include a 
9-form potential which will have trivial dynamics in 10 dimensions. Thus it is natural to 
define a generalized gauge held A by taking the sum over all odd forms and consider the 
equation T = *J- where J- = dA. A similar statement applies to the type IIB strings where 
from the R-R sector we obtain all the even-degree gauge potentials (the case with degree 
zero can couple to a 1-brane” which can be identified with an instanton, i.e. a point 
in space-time). We are thus led to look for p-branes with even p for type IIA and odd p 
for type IIB which carry charge under the corresponding RR gauge held. It turns out that 
surprisingly enough the states in the elementary excitations of string all are neutral under 
the RR helds. We are thus led to look for solitonic states which carry RR charge. Indeed 
there are such p-branes and they are known as D-branes , as we will now review. 


1.3.3 D-Branes 

In the context of held theories constructing solitons is equivalent to solving classical 
held equations with appropriate boundary conditions. For string theory the condition that 
we have a classical solution is equivalent to the statement that propagation of strings in 
the corresponding background would still lead to a conformal theory on the worldsheet of 
strings, as is the case for free theories. 

In search of such stringy p-branes, we are thus led to consider how could a p-brane 
modify the string propagation. Consider an p + 1 dimensional plane, to be identified with 
the world-volume of the p-brane. Consider string propagating in this background. How could 
we modify the rules of closed string propagation given this p + 1 dimensional sheet? The 
simplest way turns out to allow closed strings to open up and end on the p + 1 dimensional 
world-volume. In other words we allow to have a new sector in the theory corresponding 
to open string with ends lying on this p + 1 dimensional subspace. This will put Dirichlet 
boundary conditions on 10 — p — 1 coordinates of string endpoints. Such p-branes are called 
D-branes, with D reminding us of Dirichlet boundary conditions. In the context of type 
IIA,B we also have to specify what boundary conditions are satisfied by fermions. This 
turns out to lead to consistent boundary conditions only for p even for type IIA string and p 
odd for type IIB. This is a consequence of the fact that for type IIA(B), left-right exchange 
is a symmetry only when accompanied by a Z -2 spatial reflection with determinant -1(+1). 
Moreover, it turns out that they do carry the corresponding RR charge [?]. 

Quantizing the new sector of type II strings in the presence of D-branes is rather straight¬ 
forward. We simply consider the set of oscillators as before, but now remember that due 
to the Dirichlet boundary conditions on some of the components of string coordinates, the 
momentum of the open string lies on the p + 1 dimensional world-volume of the D-brane. It 
is thus straightforward to deduce that the massless excitations propagating on the D-brane 
will lead to the dimensional reduction of A? = 1, 17(1) Yang-Mills from d = 10 to p + 1 dimen¬ 
sions. In particular the 10 — (p + 1) scalar fields living on the D-brane, signify the D-brane 
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excitations in the 10 — (p + 1) transverse dimensions. This tells us that the significance of 
the new open string subsector is to quantize the D-brane excitations. 

An important property of D-branes is that when N of them coincide we get a U(N ) gauge 
theory on their world-volume. This follows because we have N 2 open string subsectors going 
from one D-brane to another and in the limit they are on top of each other all will have 
massless modes and we thus obtain the reduction of N — 1 U(N ) Yang-Mills from d = 10 
to d — p + 1. 

Another important property of D-branes is that they are BPS states. A BPS state is a 
state which preserves a certain number of supersymmetries and as a consequence of which 
one can show that their mass (per unit volume) and charge are equal. This in particular 
guarantees their absolute stability against decay. 

If we consider the tension of D-branes, it is proportional to l/g s , where g s is the string 
coupling constant. Note that as expected at weak coupling they have a huge tension. At 
strong coupling their tension goes to zero and they become tensionless . 

We have already discussed that in A'3 compactihcation of string theory we end up with 
singular limits of manifolds when some cycles shrink to zero size. What is the physical 
interpretation of this singularity? 

Suppose we consider for concreteness an n-dimensional sphere S n with volume e —> 0. 
Then the string perturbation theory breaks down when e << g s , where g s is the string 
coupling constant. If we have n-brane solitonic states such as D-branes then we can consider 
a particular solitonic state corresponding to wrapping the n-brane on the vanishing S n . The 
mass of this state is proportional to e, which implies that in the limit e —» 0 we obtain 
a massless soliton. An example of this is when we consider type IIA compactihcation on 
K3 where we develop a singularity. Then by wrapping D2-branes around vanishing S 2, s of 
the singularity we obtain massless states, which are vectors. This in fact implies that in 
this limit we obtain enhanced gauge symmetry. Had we been considering type IIB on A'3 
near the singularity, the lightest mode would be obtained by wrapping a D3-brane around 
vanishing S 2, s, which leaves us with a string state with tension of the order of e. This kind 
of regime which exists in other examples of compactihcations as well is called the phase with 
tensionless strings. 


This thesis is based on [3]- [32]. 

Our notations for the special functions we use are summarized in Appendix A. 
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2 P-branes dynamics in general backgrounds 


The probe branes approach for studying issues in the string/M-theory uses an approximation, 
in which one neglects the back-reaction of the branes on the background. In this sense, the 
probe branes are multidimensional dynamical systems, evolving in given, variable in general, 
external fields. 

The probe branes method is widely used in the string/M-theory to investigate many 
different problems at a classical, semiclassical and quantum levels. The literature in this 
field of research can be conditionally divided into several parts. One of them is devoted to 
the properties of the probe branes themselves, e.g., |33j. The subject of another part of 
the papers is to probe the geometries of the string/M-theory backgrounds, e.g., [33]. One 
another part can be described as connected with the investigation of the correspondence 
between the string/M-theory geometries and their field theory duals, e.g., [35], [36]. Let us 
also mention the application of the probe branes technique in the ’Mirage cosmology’- an 
approach to the brane world scenario, e.g., I33J. 

In view of the wide implementation of the probe branes as a tool for investigation of 
different problems in the string/M-theory, it will be useful to have a method describing their 
dynamics, which is general enough to include as many cases of interest as possible, and on 
the other hand, to give the possibility for obtaining explicit exact solutions. 

Here, we propose such an approach, which is appropriate for p-branes and Dp-branes, 
for arbitrary worldvolume and space-time dimensions, for tensile and tensionless branes, 
for different variable background fields with minimal restrictions on them, and finally, for 
different space-time and worldvolume gauges (embeddings). 

Now, we are going to consider probe p-branes and Dp-branes dynamics in D -dimensional 
string/M-theory backgrounds of general type. Unified description for the tensile and tension¬ 
less branes is used. We obtain exact solutions of their equations of motion and constraints 
in static gauge as well as in more general gauges. Their dynamics in the whole space-time 
is also analyzed and exact solutions are found [6j. 

Before considering the problem for obtaining exact brane solutions in general string theory 
backgrounds, it will be useful first to choose appropriate actions, which will facilitate our 
task. Generally speaking, there are two types of brane actions - with and without square roots 
0. The former ones are not well suited to our purposes, because the square root introduces 
additional nonlinearities in the equations of motion. Nevertheless, they have been used when 
searching for exact brane solutions in fixed backgrounds, because there are no constraints 
in the Lagrangian description and one has to solve only the equations of motion. The other 
type of actions contain additional worldvolume fields (Lagrange multipliers). Varying with 
respect to them, one obtains constraints, which, in general, are not independent. Starting 
with an action without square root, one escapes the nonlinearities connected with the square 

1 Examples of these two type of actions are the Nambu-Goto and Polyakov actions for the string. 
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root, but has to solve the equations of motion and the (dependent) constraints. 

Independently of their type, all actions proportional to the brane tension cannot describe 
the tensionless branes. The latter appear in many important cases in the string theory, and 
it is preferable to have a unified description for tensile and tensionless branes. 

Our aim now is to find brane actions, which do not contain square roots, generate only 
independent constraints and give a unified description for tensile and tensionless branes. 


2.1 P-brane actions 

The Polyakov type action for the bosonic p-brane in a D-dimensional curved space-time 
with metric tensor g m n{X) ■, interacting with a background (p+l)-form gauge field b p+ \ via 
Wess-Zumino term, can be written as 

S£= - I d p+1 ^V^h mn d m X M d n X N g MN (X)-(p-l)] ( 2 . 1 ) 

p.777.1 .. .77T.p-(-l >. 

- Q r (p+1) , d mi X M ‘...d mr+I X M ’"b Ml ,„ Mr+ ,(,X)}, 

d m = d/d^ m , m,n = 0,1,... ,p; M, N = 0,1,..., D — 1, 

where 7 is the determinant of the auxiliary worldvolume metric 7 mn , and r j mn is its inverse. 
The position of the brane in the background space-time is given by x M = X M ( y C, m ), and 
T p , Q p are the p-brane tension and charge, respectively. If we consider the action (12.11) as a 
bosonic part of a supersymmetric one, we have to set Q p = ±T P . I 11 what follows, Q p = T p . 

The requirement that the variation of the action (12. ip with respect to 7 mn vanishes, leads 
to 

(tV*" - 2 7 fc ”V n ) G mn = (P~ 1)7 W , (2-2) 

where G mn = d m X M d n X N g MN {X) is the metric induced on the p-brane worldvolume. Tak¬ 
ing the trace of the above equality, one obtains 

l mn G mn =p+ 1, 

i.e., 7 mn is the inverse of G mn : r f nn = G mn . If one inserts this back into ( 12 . ip . the result will 
be the corresponding Nambu-Goto type action (G = det(G mn )): 

S” G = I d p+1 iC NG (2.3) 

p.771l.. .77lp_|_i 

V-G - a„,X M •... d„ r+ 1 X M r+ 1 b M ,... Mp „(X) . 

This means that the two actions, (12.ip and (12.3p . are classically equivalent. 
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As already discussed, the action ( 12 .‘Ill contains a square root, the constraints ( 12 . 2 jl . follow¬ 
ing from ( 12 . 11 ) . are not independent and none of these actions is appropriate for description 
of the tensionless branes. To find an action of the type we are looking for, we first compute 
the explicit expressions for the generalized momenta, following from (12.311 : 

P M (0 = ~T P (y^GG 0n d n X N g MN - d x X M '... d p X A H MMl ...M [ ) ■ 

It can be checked that Pm{£) satisfy the constraints 

Co = g MN P M P N ~ 2T p g MN D Ml ... p P N + T°; [GG 00 + {-l) p D 1 ... pM g MN D m ... p ] = 0, 

C l = P M d l X M = 0, (z = l 

where we have introduced the notation 

Dmi... p = bMMi...M p diX Ml ... d p X Mp . 


Let us now find the canonical Hamiltonian for this dynamical system. The result is: 

Hcanon = f d?£ (P M O 0 X M - C NG ) = 0 . 

Therefore, according to Dirac [38], we have to take as a Hamiltonian the linear combination 
of the first class primary constraints C n : d 

H — J ,PGH = J d p f (A°C 0 + A %). 

The corresponding Hamiltonian equations of motion for X AI are 

(do ~ X%) X M = 2A °g MN (P N - T p D m ... p ), 
from where one obtains the explicit expressions for Pm 


Pm — (do — A ■’dj) X N + T p Dm\... p - 

With the help of (12.41) . one arrives at the following conhguration space action 


S P = 


J d? +1 ^C p — I - H) 


(2.4) 


(2.5) 


#+1? {4V 


9mn (X) (do - Xdr) X M (do - A j dj) X N - (2X°T p ) 2 GG 


oo 


T p b Mo ... Mp {X)doX M X..d p X Mp 
1 


[ Go ° 2XjGoj + yxjGlJ ~ ( 2 X ° t p) 2 gg 00 


T p b Mo ...M p (X)doX M ° ... d p X M A, 


2 In the case under consideration, secondary constraints do not appear. The first class property of C n 
follows from their Poisson bracket algebra. 
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which does not contain square root, generates the independent (p + 1) constraints, as we will 
show below, and in which the limit T p —» 0 may be taken. 

It can be proven that this action is classically equivalent to the previous two actions. It 
is enough to show that (12. 3p and (12.5p are equivalent, because we already saw that this is 
true for (12.ip and (12.31) . 

Varying the action S p with respect to Lagrange multipliers A m and requiring these varia¬ 
tions to vanish, one obtains the constraints 

G 00 - 2A j G 0j + A* A j Gij + (2A°T P ) 2 GG 00 = 0, (2.6) 

Go j — A l Gij = 0. (2.7) 

By using them, the Lagrangian density C p from ([275]) can be rewritten in the form 


C P = —T p \ I —GG 00 


Goo - G 0 , (G-'f Gj 0 + T p b Mo ... Mp (X)d 0 X M °... d p X M ”. (2.8) 


Now, applying the equalities 

GG 00 = det (Gy) = G, G = [g 0 o - G oi (G-') y G i0 ] G, 


(2.9) 


one finds that 


G 1 


oo 


s~i s~i 

^00 — ^ ) 'G'j 0 


= l. 


Inserting this in (12.8p . one obtains the Nambu-Goto type Lagrangian density L NG from (12.31) . 
Thus, the classical equivalence of the actions (12.3p and (12.5p is established. 

We will work further in the gauge A m = constants, in which the equations of motion for 
X M , following from (12.51) . are given by 


9ln [{d 0 - X%) {d 0 - X j dj) X N - (2A°T P ) 2 d t (G G ij djX N ) 

+r LM n [(0) - A %) X M {do - X j dj) X N - {2X°T p ) 2 GG i W l X M d J X 
= 2X %H* Mo ^ Mp d 0 X M °...d p X M ’’, 

where G is defined in (12.9p . 


( 2 . 10 ) 


N 


^l,mn — 9lk^mn — 2 ( 9m9nl + 9m9ml — 9l9mn ) 

are the components of the symmetric connection compatible with the metric jmjv and H p+ 2 = 
db p .|-i is the held strength of the (p + l)-form gauge potential b p+ \. 
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2.2 Dp>-brane actions 


The Dirac-Born-Infeld type action for the bosonic part of the super- Dp-brane in a D- 
dimensional space-time with metric tensor Qmn(x), interacting with a background (p+in¬ 
form Ramond-Ramond gauge field c p+ ± via Wess-Zumino term, can be written as 

S DBI = -T Dp J d p+1 c{e~ a ^ D ^^/- det ( G mn + B mn + 2tt a'F mn ) (2.11) 

-.7721.. .772p_|_i -v 

- . +1) , d mi X M ' ...d mr „X M ’+'c Ml ..M r „ )■ 

T Dp = (2'K)-( p ~ 1 ' , / 2 gJ 1 T p is the D-brane tension, g s = exp(4>) is the string coupling expressed 
by the dilaton vacuum expectation value ($) and 2na' is the inverse string tension. G mn = 
d m X M d n X N g MN (X), B mn = d m X M d n X N b MN (X) and $(A") are the pullbacks of the back¬ 
ground metric, antisymmetric tensor and dilaton to the Dp-brane worldvolume, while J mri (£) 
is the field strength of the worldvolume f/(l) gauge field A m (£): F mn = 2td[ m A n ]. The pa¬ 
rameter a(p, D) depends on the brane and space-time dimensions p and D , respectively. 


A Dp-brane action, which generalizes the Polyakov type p-brane action, has been intro¬ 
duced in (32]. Namely, the action, classically equivalent to (12. lip , is given by 

S AZH = J d p+1 ^[e- a ^V^C [X mn {G mn + B mn + 2vr a'F mn ) - (p - 1)] 

(-.7721 • • .THp-\-X -v 

- 2 d m X M ■... d mr „X M >+‘c 

where /C is the determinant of the matrix K. mn , 1C mn is its inverse, and these matrices have 
symmetric as well as antisymmetric part 


j^mn _ j^(mn) _|_ j^[mn] 


where the symmetric part K,( mn ) is the analogue of the auxiliary metric r f nn in the p-brane 
action (12.ip . 


Again, none of these actions satisfy all our requirements. In the same way as in the 
p-brane case, just considered, one can prove that the action 


Sd p — 


d p+ \C Dp = / cf +1 f 


a<I> 


4A° L 


G 


oo 


2AG 0 * + (A*A J - kV) Gij 


( 2 . 12 ) 


(2X°T Dp ) 2 G + 2A (j 0i - + A\ Q T Dp e a *c Mo ...M p d Q X M °... d p X M » 

T = ]-) _i_ Otto/' 

J mn J-'mn ~ 1 mm 


which possesses the necessary properties, is classically equivalent to the action (12. lip . Here 
additional Lagrange multipliers k 1 are introduced, in order to linearize the quadratic term 


(Jo* - A k F kl ) (G-y (J 0j - A'jy) 
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arising in the action. For other actions of this type, see HU - H2]. 

Varying the action Sn p with respect to Lagrange multipliers X m , k\ and requiring these 
variations to vanish, one obtains the constraints 

G 0 o ~ 2A j G 0j + {X i X j - kV) G tj + (2X°T Dp ) 2 G + 2V {F 0i - X j F jt ) = 0, (2.13) 
Goj - X l G l3 = k?J~ ij (2.14) 

X 0j • XXF,, kY;„, (2.15) 

Instead with the constraint (12.13[) . we will work with the simpler one 

G 00 - 2X j G 0j + {X i X j + kV) Gij + (2X°T Dp ) 2 G = 0, (2.16) 

which is obtained by inserting (12.15ft into (12.131) . 


We will use the gauge (A m , k 1 ) = constants and for simplicity, we will restrict our consid¬ 
erations to constant dilaton $ = <3> 0 and constant electro-magnetic field F mn = F^ n on the 
Dp-brane worldvolume. In this case, the equations of motion for X M , following from (12.121) . 
are 


g L N [{do - x l d t ) (do - X j dj) X N - {2X°T Dp ) 2 d i (G G ij djX N ) - Grdd^X 
+ r l,mn \ {do ~ x%) X M {do - X j dj) X N 


N 


- {2X°T Dp ) 2 GG ij diX M djX N - K l K J d r X M d 3 X 
= 2X°T Dp e a ' s>0 H^ Mq Mp d 0 X M °... d p X M * + H LMN n? {d 0 - X%) X M djX N , 


(2.17) 


where H p+2 = dc p+ 1 and H 3 = db 2 are the corresponding field strengths. 


2.3 Exact solutions in general backgrounds 

The main idea in the mostly used approach for obtaining exact solutions of the probe branes 
equations of motion in variable external fields is to reduce the problem to a particle-like one, 
and even more - to solving one dimensional dynamical problem, if possible. To achieve this, 
one must get rid of the dependence on the spatial worldvolume coordinates £*. To this end, 
since the brane actions contain the first derivatives diX M , the brane coordinates X M {^ m ) 
have to depend on £* at most linearly: 

X M {^°,C) — A-fC + V m (£°), Af are arbitrary constants. (2-18) 

Besides, the background fields entering the action depend implicitly on £* through their 
dependence on X M . If we choose Af 4 = 0 in (12.181) . the connection with the p-brane setting 
will be lost. If we suppose that the background fields do not depend on X M , the result 
will be constant background, which is not interesting in the case under consideration. The 
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compromise is to accept that the external fields depend only on part of the coordinates, say 
X a , and to set namely for this coordinates Af = 0. In other words, we propose the ansatz 

{X M = {x»,x a )y. 

A^(e°,D = + ^(£°), *°(£ 0 ,O = ^“(O, (2.19) 

9^9mn = 0 , d^b M n = 0 , d^b M 0 ... m p = 0 , d^CM 0 ...M p = 0 . ( 2 . 20 ) 

The resulting reduced Lagrangian density will depend only on £° = r if the Lagrange mul¬ 
tipliers X m , hi 1 do not depend on £ l . Actually, this property follows from their equations 
of motion, from where they can be expressed through quantities depending only on the 
temporal worldvolume parameter r. 

Thus, we have obtained the general conditions, under which the probe branes dynamics 
reduces to the particle-like one. However, we will not start our considerations relaying on 
the generic ansatz (12. 191) . Instead, we will begin in the framework of the commonly used 
in ten space-time dimensions static gauge : X m (£ n ) = £ m . The latter is a particular case of 
(12.191) . obtained under the following restrictions: 

(l):/ 1 = i = (2):A; = K) = 5)- (2.21) 

(3):Y**(t) = Y\t) = 0; (4):Y°(t) = t G {Y a }. 

Therefore, the static gauge is appropriate for backgrounds which may depend on A 0 = Y°(r), 
but must be independent on X\ (i — 1,.. .p). Such properties are not satisfactory in the 
lower dimensions. For instance, in four dimensional black hole backgrounds, the metric 
depends on X 1 , X 2 and the static gauge ansatz does not work. That is why, our next step 
is to consider the probe branes dynamics in the framework of the ansatz 

X^r,C) = Kr = Kr + KC, X°(t,C) = Y‘(t), (2.22) 

which is obtained from (j2. 19j) under the restriction Y , 1 (t) = AqT. Here, for the sake of 
symmetry between the worldvolume coordinates £° = r and £*, we have included in a 
term linear in r. At any time, one can put Aq = 0 and the corresponding terms in the 
formulas will disappear. Further, we will refer to the ansatz (12.22[) as linear gauges, as far 
as X M are linear combinations of £ m with arbitrary constant coefficients. 

Finally, we will investigate the classical branes dynamics by using the general ansatz 
(12.191) . rewritten in the form 

X^T,C)=Kr + KC + Y^T), X a (T,C) = Y a ( T ). (2.23) 

Compared with (12.191) . here we have separated the linear part of as in the previous ansatz 
(12.221) . This will allow us to compare the role of the term Aq r in these two cases. 


2.3.1 Static gauge dynamics 

Here we begin our analysis of the probe branes dynamics in the framework of the static 
gauge ansatz. In order not to introduce too many type of indices, we will denote with Y a , 
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Y b , etc., the coordinates, which are not fixed by the gauge. However, one have not to forget 
that by definition, Y a are the coordinates on which the background fields can depend. In 
static gauge, according to (I2.210 . one of this coordinates, the temporal one y°(r), is fixed to 
coincide with r. Therefore, in this gauge, the remaining coordinates Y a are spatial ones in 
space-times with signature (—, +,...,+). 

Let us start with the p-branes case. 

In static gauge, and under the conditions (12. 201) . the action (12.51) reduces to (the over-dot 
is used for d/dr) 

S* G = I drL s p G (r), V p = f d^, (2.24) 

L S p G (t) = ^L{g ab (Y a )Y«Y b + 2 [g 0a (Y a ) - X i g ia (Y a ) + 2X°T p b al .„ p (Y a )] Y° 

+g 00 (Y a ) - 2X i g 0i (Y a ) + XXfigfiY") - (2A°T p ) 2 det^W)) + 4A°T p & 01 ... p (y a )}. 

To have finite action, we require the fraction V p /X° to be finite one. For example, in the 
string case (p = 1) and in conformal gauge (A 1 = 0, (2A°Ti) = 1), this means that the 
quantity V\fa' = 2nV\T] must be hnite. 

The constraints derived from the action (12.241) are: 

gabY a Y b + 2 (goa — X 1 gia) Y a + poo — 2X l goi + X l X j gij + (2A°T P ) det (gij) = 0,(2.25) 
9iaY a + 9io ~ 9ijX J = 0. (2.26) 

The Lagrangian L p G does not depend on r explicitly, so the energy E p = p^ G Y a — L s p G is 
conserved: 

AX^E 

g a bY a Y b - poo + 2X l g 0i - A*A+ (2A°T p ) 2 det(p^) - 4A 0 T p 6 0 i...p = ' P = constant. 

Vp 

With the help of the constraints, we can replace this equality by the following one 

2A° p 

g 0a Y a + poo — A ? p,o + 2A°T p 6oi...p —-^ P ■ (2.27) 

Vp 

To clarify the physical meaning of the equalities (I2.26P and (I2.27p . we compute the mo¬ 
menta (12.4p in static gauge 

2A °F > m J = 9MaX a + 9mo ~ X l gMi + 2A °T p b M i ^ p . (2.28) 

The comparison of (I2.28P with (I2.27P and (I2.26P shows that P 0 SG = —E p /V p = const and 
Pf G = const = 0. Inserting these conserved momenta into (I2.25p . we obtain the effective 
constraint 

g ab Y a Y b = U s , (2.29) 
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where 


U s — — (2A°T P ) det(py) + goo — 2A*goi + YX^ g i3 + 4A° (T p 6 0 i...p + E p /V p ). 


In the gauge A m = constants, the equations of motion following from S'p G (or from (12.101) 
after imposing the static gauge) take the form: 

g ab Y b + r a , bc Y b Y c = X -d a U s + 2 d [a A s b] Y\ (2.30) 

where 

A% = g a o — A L g a i + 2A °T p b a i^ p . 

Thus, in general, the time evolution of the reduced dynamical system does not correspond 
to a geodesic motion. The deviation from the geodesic trajectory is due to the appearance of 
the effective scalar potential U s and of the field strength 2d[ a Af of the effective [/(l)-gauge 
potential A%- In addition, our dynamical system is subject to the effective constraint (12. 291) . 

Next, we proceed with the Dp-branes case. 


In static gauge, and for background fields independent of the coordinates X 1 
(conditions (12. 20p ). the reduced Lagrangian, obtained from (12.12j) . is given by 



Vo p e 


—a> I>o 


4A° 


g a bY a Y b + goo - 2X l g 0i + (A*A J - reV) 9ij 


2 ( goa — Yg ia + 2X 0 T^ p e a ' s>0 c a i,^ p + n l b a f) Y a 
(2A°T Dp ) 2 det(^) + 4A°T Dp e a$ V 0 i... p 
2tf fa - A %) + 4t ra'Y (F 0 °. - A PF$ 


As we already mentioned at the end of Section 2, we restrict our considerations to the 
case of constant dilaton $ = 4> 0 and constant electro-magnetic held Fff n on the Dp-brane 
worldvolume. 


Now, the constraints (12.161) . (12. 14)1 and (j2. 15[) take the form 

gabY a Y b + 2 (poa ~~ A l gia) Y a + goo — 2A l p 0 i (2-31) 

+ (YX j + kV) g l3 + (2A°T Dp ) 2 det(^) = 0, 

g ja Y a + goj - X l g i:j - Fb l3 = 2tt a'YF° (2.32) 

b aj Y a + b 0j - A %j - n l g l3 = —2ira' (Fff - X l Ff) . 

The reduced Lagrangian does not depend on r explicitly. As a consequence, the 
energy Eo P is conserved: 

g ab Y a Y b - g 00 + 2X i g 0i - (X i X j - «V) 9ij + (2X°T Dp ) 2 det( 9ij ) - AX Q T Dp e a ^c 0l ... p 

4A° F 

—2k 1 (boi — X^bjf) — Ana'n 1 [Ff — A J F°fj = — — Dp e a ®° = constant. 
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By using the constraints (12.31 j) and (12,32ft , the above equality can be replaced by the following 
one 

9 \0 p 

g 0a Y “ + g 00 - Xga + 2X 0 T Dp e a ^c 0 i... p + k* (b 0i + 2t ra'F£) = -— ^e a *°. (2.33) 

V Dp 

Now, we compute the momenta, obtained from the initial action (12.12ft . in static gauge 
2A= g Ma Y a + g M o - A j g Mj + 2A°T Dp e a$0 c m ... P + K?b Mj . (2.34) 

Comparing (12.341) with (12.33ft and (12.32ft . one finds that 

Pq C = - + ~p e ~ a ^° nj — constant, 

P sc = -^-e~ aiS>0 Ff = constants. 

As in the p-brane case, not only the energy, but also the spatial components of the momenta 
Pf G , along the X 1 coordinates, are conserved. In the Dp-brane case however, Pf G are not 
identically zero due the existence of a constant worldvolume magnetic held F°j. 

Inserting (12.32ft and (12.33ft into (12.31ft . one obtains the effective constraint 

g ab Y a Y b = U DS , (2.35) 


where 


U DS = - (2A°T Dp ) 2 det(^) + poo - 2A i g 0l + (X i X j - kV) 9ij 
+4A°e a$0 [r Dp coi... v + + 2 k * (b 0i - A >%) + 4 na'X (F£ - A ? F° z ) . 

In the gauge (A m , k 1 ) = constants , the equations of motion following from Lff^ (or from 
(12.17ft after using the static gauge ansatz) take the form: 

g ab Y b + r a , bc Y b Y c = l -d a U DS + 2 d [a A% s Y b , (2.36) 

where 

A GS = g a o - X l g ai + 2X°T Dp e a *°c al „. p + n l b ai . 

It is obvious that the equations of motion (12.301) . (I2.36P and the effective constraints 
(12.291) . (I2.35P have the same form for p-branes and for Dp-branes. The difference is in the 
explicit expressions for the effective scalar and 1-form gauge potentials. 
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2.3.2 Branes dynamics in linear gauges 


Now we will repeat our analysis of the probe branes dynamics in the framework of the more 
general linear gauges , given by the ansatz (12.221) . The static gauge is a particular case of the 
linear gauges, corresponding to the following restrictions: 


(l):// = i = l,...,p; (2):A£ = A* = 0; 

(3):A; = A$ = 5}; (4 ):Y°(r) = r e {Y a }. 


P-branes case 


In linear gauges, and under the conditions (12.201) . one obtains the following reduced 
Lagrangian, arising from the action (12. 5 p 




Y b + 2 


(Aq - A*Af) g, a + 2A °T p B al ... p 


+ (Aq - A*Af) (Aq - A J A(() g, v - (2A°T P ) 2 det(AfA^) 


+4A TpApP^i..^ >, ■ ■ ■ ^ P p ■ 


ya 


(2.37) 


The constraints derived from the Lagrangian (12.371) are: 

g ab Y a Y b + 2 (A(( - A*Af) g lw Y a + (K ~ 
x (Aq - A y Aj) r V + (2A°T p ) 2 det(AfAJr V ) = 0, 


Af 


+ (A 0 " - A y Aj) ^ 


= 0. 


(2.38) 

(2.39) 


The Lagrangian L p G does not depend on r explicitly, so the energy E p = p GG Y a — L GG i 


is 


conserved: 


g ab Y-Y b - (A£ - A*Af) (A£ - ALA") + (2A°T p ) 2 det(AfA^) 
4A°P„ 


—4A°T r ,AnP 




K 


— = constant. 


With the help of the constraints (j2.38[) and (12.391) . one can replace this equality by the 
following one 


am 

yi 0 


g pa Y a + (Aq - A- 7 A") 9pv + 2\°T p B pL .. p 


2X°E p 

'^T 


(2.40) 


In linear gauges, the momenta (j2.4[) take the form 

2A °P{f = g Ma Y a + (Aq - A 7 A") ,g Ml/ + 2A°T p P M1 ... p . 


(2.41) 
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The comparison of (12.41 j) with (I2.40j> and (I2.39ji gives 


AqP^ Ct = — —y- = constant , = constants = 0. 

Therefore, in the linear gauges, the projections of the momenta Pjf G onto Ajj are conserved. 
Moreover, as far as the Lagrangian (12.371) does not depend on the coordinates X the 
corresponding conjugated momenta P]f G are also conserved. 

Inserting (I2.40j) and (I2.39j) into (12.381) , we obtain the effective constraint 

g a bY a Y b — u L , 

where the effective scalar potential is given by 

U L = - (2A»r p ) 2 det(A'AJ^) + (Ag - A'Af) (Ag - A'A") g„„ 

+4A° (W, L , + f?) • 

In the gauge X m = constants, the equations of motion following from L GG take the form: 
g ab Y b + r a , bc Y b Yc = l -d a U L + 2 d [a A^Y b , 

where 


At = (a; - A‘Af) g m + 2A 0 T p B ol ..„ 

is the effective 1-form gauge potential, generated by the non-diagonal components g ail of the 
background metric and by the components b afl of the background (p + l)-form gauge 
field. 


Dp-branes case 

In linear gauges, and for background fields independent of the coordinates X 1 * 
(conditions (l2.20p ). the reduced Lagrangian, obtained from (I2.12p . is given by 

= y + « A » “ A ‘ A H ( A » - A A) ~ ft,, 

+ 2 [(A" - A'Af) g pa + 2A 0 T Dp e“*»C ol ... p + AA'V] Y“ 

- (2A°r Dr ) 2 det(Af + 4A%,rf*A{C^ 

- 2 K <Af (AS - AMJ) i>„„ + 4*aV (F£ - VFft }. 

where the following shorthand notation has been introduced 

Cmi... p = % l-./ipAi 1 • • • A^ p . 
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Now, the constraints (I2.16jh (12. 141) . and (12. 15ft take the form 


g ab Y a Y^ + 2 (Ag - A*Af) g IM Y- + (2X°T Dp ) 2 det(Af 
+ [(Aq - A*Af) (AS - A'A?) + kVA?A?] = 0, 
Af [^y“ + (AS - A J 'A?) < 7 ^ + tf'A^] 

Af L Q y“ + (AS - A J 'A?) b pu + n?A)g pv 


= 2na k 3 F°- 

J L 


= 2W (F 0 ° - A^) . 


(2.42) 

(2.43) 


The reduced Lagrangian does not depend on r explicitly. As a consequence, the 
energy Ef Jp is conserved: 

9abY*Y b - [(AS - A*Af) (Ag - \ 3 k») - «VAfAj] g pv 
+ (2A°T Dp ) 2 det(AfA^) -4A°T^e“ $0 ASC' / , 1 ... p 

4A° C 

-2/AAf (AS - A J AJ) b pv - Ana' k 1 (F 0 ° - A J F°) = ——^e a *° = constant. 

V Dp 

By using the constraints (j2.42(1 and (12.43ft . the above equality can be replaced by the following 
one 


K 


g pa Y“ + (Ag - YA 1 ') g, lv + 2A a T Dp e a ^C pl ... p + A^ pv 


(2.44) 


+27Tq:'k*F 0 o - = 


2A °E 


V, 


Dp Q a ^o 


Dp 


In linear gauges, the momenta obtained from the initial action (I2.12p . are 

2A °e a ^P^ G = g Ma Y a + (AS - YA-) g Mv + 2\ Q T Dp e a ^C M i... P + n 3 A ^ Mt/ . (2.45) 

Comparing (I2.45P with (I2.44P and (12.4311 . one hnds that the following equalities hold 

K p i G = ~ ^= constant, 

AjP rx: = -—-7-eY aA>0 K 3 F° = constants. 

They may be viewed as restrictions on the number of the arbitrary parameters, presented in 
the theory. 

As in the p-brane case, the momenta P p G are conserved quantities, due to the indepen¬ 
dence of the Lagrangian on the coordinates X A 

Inserting (12.43P and (12.44)1 into (12.421) . one obtains the effective constraint 

g ab Y a Y h =U DL , 
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where 


U DL = [(Aq - X l K) (AS - X j A v j ) - K i K j A£Aj\ g pv 
- {2X°T Dp ) 2 det(Af A) giUf ) + 4A°e a$0 (t Dp A»C^.. p + 

+2n i Af (AS - A J AJ) b pu + Ana'tf (F 0 ° - A'/-]') . 

In the gauge (A m , k*) = constants, the equations of motion following from take the 
form: 

g ab Y b + Y aM Y b Y c = l -d a U DL + 2d la Afi L Y h , 

where 

A™ L = (AS - A*Af) r/ a/i + 2X°T Dp e a *°Cai... P + n'A^b ap . 

It is clear that the equations of motion and the effective constraints have the same form 
for p-branes and for Dp-branes in linear gauges, as well as in static gauge. The only difference 
is in the explicit expressions for the effective scalar and 1-form gauge potentials. 


2.3.3 Branes dynamics in the whole space-time 

Working in static gauge X m (£ n ) = f m , we actually imply that the probe branes have no 
dynamics along the background coordinates x m . The (proper) time evolution is possible 
only in the transverse directions, described by the coordinates x a . 

Using the linear gauges, we have the possibility to place the probe branes in general 
position with respect to the coordinates aU, on which the background fields do not depend. 
However, the real dynamics is again in the transverse directions only. 

Actually, in the framework of our approach, the probe branes can have ’full’ dynamical 
freedom only when the ansatz (12.23P is used, because only then all of the brane coordinates 
X AI are allowed to vary nonlinearly with the proper time r. Therefore, with the help of 
(12.231) . we can probe the whole space-time. 

We will use the superscript A to denote that the corresponding quantity is taken on the 
ansatz 02.23]) . It is understood that the conditions (12.20(1 are also fulfilled. 

P-branes 
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Now, the reduced Lagrangian obtained from the action (12.51) is given by 


t a ( t \ = -^2L 
4A° 


+ 2 


(K ~ X*K ) 9,n + 2A °T p B m .. 


yN 


+ (AS - A*Af) (AS - A'A?) - (2A°T p ) 2 det(A^^) 

+4A °T p A%B pl „ 4 


The constraints, derived from the above Lagrangian, are: 

g MN Y M Y N + 2 (AS - A*Af) g pN Y N + (AS - A*Af) 
x (AS - X j A U j) g pv + (2A°T p ) 2 det(AfA^) = 0, 


A? 


= 0 . 


g, N Y N + (AS - A^AJ) 

The corresponding momenta are (Pm = Pm/V p ) 

2A°P m = + (AS - A J AJ) . 9 m, + 2X%B M1 .„ P , 

and part of them, P M , are conserved 

9p ,nY n + (AS - A J AJ) g^ + 2A°T p P /i i...p = 2A°P M = constants , 


(2.46) 

(2.47) 


(2.48) 


because L p does not depend on AW From (12.471) and fl2.48jl . the compatibility conditions 
follow 


A fP p = 0 . (2.49) 

We will regard on (12.491) as a solution of the constraints (12,47ft . which restricts the number 
of the arbitrary parameters A^ and P p . That is why from now on, we will deal only with 
the constraint (12.461) . 

In the gauge X m = constants, the equations of motion for Y N , following from L A , have 
the form 

9lnY n + r l, MN Y m Y n = l -d L U m + 2 d [L A%Y N , ( 2 . 50 ) 

where 

U™ = - ( 2 A°T p ) 2 det(Af A^) + (AS - AWf) (AS - A J 'AJ) g pu 

+4A°T p ASP p i... p , 

^ = (AS - AWf) ^ + 2A °T p Bm... P - 

Let us hrst consider this part of the equations of motion (12.50ft . which corresponds to L = A. 
It follows from (I2.20p that the connection coefficients T X! mn, involved in these equations, are 

bA,ab 2 X) a9 b\ T ^b 9 a\) i ~^pa 9 )iXi I 'X.jiu 0. 
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Inserting these expressions in the part of the differential equations (I2.50p corresponding to 
L — A and using that c/mn = Y a d a gMN, Bmi... p = Y a d a BM i... p , one receives 


d 

dr 


g, N Y N + (Aq - A J Aj) 9lw + 2A %B 


p i...p 


0. 


These equalities express the fact that the momenta P p are conserved (compare with (I2.48ji ). 
Therefore, we have to deal only with the other part of the equations of motion, corresponding 
to L = a 

g aN Y N + T aMN Y M Y N = l -d a U m + 2 d [a A^Y N . (2.51) 


Our next task is to separate the variables Yi J - and Y a in these equations and in the 
constraint (I2.46j) . To this end, we will use the conservation laws (12.481) to express Y^ through 
Y a . The result is 


y> 


(g~T 


2A °(P V — T p B u 



(A£-A*Af). 


(2.52) 


We will need also the explicit expressions for the connection coefficients T a Alb and T^*,, 
which under the conditions (12.201) reduce to 


Ta,/ib g ( d a9b P *9 f47a/i) k a ,fiu f 9 a g pp 


(2.53) 


By using (I2.52p and (j2.53[) . after some calculations, one rewrites the equations of motion 
(12.5ip and the constraint (I2.46p in the form 


hjr" + = l -a a u A + 2^r 4 , 

h„,y°Y b = u A , 


(2.54) 

(2.55) 


where a new, effective metric appeared 

dab gab ga P (g )^ 9vb- 

T\ c is the connection compatible with this metric 

r a,bc = \ (dbh C a + d c h ba - d a ll bc ) . 

The new, effective scalar and gauge potentials are given by 

U A = - (2X°T p ) 2 det(AfA^) - (2A 0 ) 2 (P M - T p B pl ... p ) (g- 1 )^ (P v - T p B ul ... p ), 

A a = 2A° [g a/l ( g~y " (P v - T p B vl ... p ) + T p B al ... p ] . 

We note that Eqs. (12.541) . (I2.55p . and therefore their solutions, do not depend on the 
parameters Aq and A* in contrast to the previously considered cases. However, they have 
the same form as before. 
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Dp-branes 

The reduced Lagrangian, obtained from (j2. 12j) . is given by 

l£ p (t) = V %T [ 9mnYMYN + [( A o - A ‘ A 0 ( A o - A ' A i) - kVA ^ A ;] 9v 

+ 2 [(Ag - A*Af) g pN + 2A °T Dp e a *°C m ... p + ac‘A ?b N/i ] Y N 

- (2X°T Dp ) 2 det(Af A v j9lu/ ) + 4:\°T Dp e a ® 0 AqC p i.,. p 

- 2k* A? (Aq - \ j A") b pu + 4t raV (F 0 ° - A j F^ }, 


The constraints (12.1611 . (12.141) . and (12. 15j> take the form 

9 mnY m Y n + 2 (A£ - A*Af) g, N Y* + (2X°T Dp ) 2 det(Af A v j9pv ) 
+ [(A£ - A®Af) (Aq - A'A?) + «VA^AJ] = 0, 

g pN Y N + (Aq - X j A") g, w + k?A ?&„„] = 27raViT 

+ (Aq - A J AJ) ^ + «dA^ J = 2W (F° - A'/•''') 


A? 

A^ 


(2.56) 

(2.57) 

(2.58) 


Because of the independence of L^ p on AT, the momenta P -f = P p A /Vr, p are conserved 

2A°e a$0 P / f = , 9/ijV y' v + (Aq - A J A^) g pv + 2A 0 7V a *°C;i... p + tPA^b^ = constants.( 2.59) 
From (12.571) and (I2.59|) . one obtains the following compatibility conditions 


\HpD _ n a -a<S>o i po 

j m yo e ^ U’ 


which we interpret as a solution of the constraints (12.571) . 


In the gauge (A m , n l ) = constants, the equations of motion for Y N , following from Lp p , 
take the form 

9lnY n + T l, mn Y m Y n = l -d L U Din + 2 d [L A°fY N , (2.60) 

where 

U Din = - (2A°T p ) 2 det(AfA^) + [(A£ - AhYf) (AS - X j Aj) - kVA?A?] g pv 
+4:X°T Dp e a ®°A qC p I'" P - 2^Af (Aq - A^) 6^, 

= (Aq - A J AJ) ^ + 2A°T Dp e Q,I>0 C' 7 v 1 ... p + ^A^. 

As in the p-brane case, this part of the equations of motion (I2.60p . which corresponds to 
L = A, expresses the conservation of the momenta P p , in accordance with (j2.59[) . The 
remaining equations of motion, which we have to deal with, are 

g aN Y N + T aMN Y M Y N = l -d a U Din + 2d [a A%\ n Y N . (2.61) 
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To exclude the dependence on in the Eqs. (12.611) and in the constraints (12.561) . (I2.58j) . 
we use the conservation laws (12.591) to express Y^ through Y°: 


y> = (g- l Y w 2AV*°(P ! d - T Dp C vL „ p ) - g ua Y- - n j A p b vp - (A p - A*Af). (2.62) 


By using (I2.62p and (I2.53p . one can rewrite the equations of motion (I2.6ip and the con¬ 
straint (I2.56P as 


h ab Y b + T h atbc Y b Y c = l -d a U DA + 2d [a Ay } A Y b , (2.63) 

h ab Y a Y b = U DA . (2.64) 

Now, the effective scalar and 1-form gauge potentials are given by 

U DA = - (2A°T p ) 2 det(AfA J t 9/w ) - AxAA p A^g pu 

- [2A°e a<&0 (P / f - T Dp C pl ... p ) - AAfb pX ] (<rT 
x [2 A 0 e“*° ( P? - T Dp C vl ... p ) - PA p b up \ , 

A? A = g ap {g~Y u [2\°e a *°(P u D -T Dp C ul ... p ) - ^A p b up \ 

+ 2\°T Dp e a ^C al ... p + K i A p b ap . 

Eqs. (I2.63p . (12.641) . have the same form as in static and linear gauges, but now they do 
not depend on the parameters Ag and A*. Another difference is the appearance of a new, 
effective background metric h ab and the corresponding connection T^ bc . 

In the D-brane case, we have another set of constraints (I2.58p . generated by the Lagrange 
multipliers P. With the help of (12.621) . they acquire the form 

{ [fw - g v (g-TU + V {g~T [ 2 A - t Dp c m ... p ) - ^Ay pi 

-k‘A,V}aJ = -W (FS s - X%). 


2.3.4 Explicit solutions of the equations of motion 

All cases considered so far, have one common feature. The dynamics of the corresponding 
reduced particle-like system is described by effective equations of motion and one effective 
constraint, which have the same form , independently of the ansatz used to reduce the p- 
branes or Dp-branes dynamics. Our aim here is to find explicit exact solutions to them. H 
To be able to describe all cases simultaneously, let us first introduce some general notations. 

3 The additional restrictions on the solutions, depending on the ansatz and on the type of the branes, will 
be discussed in the next section. 
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We will search for solutions of the following system of nonlinear differential equations 


G ab Y h + r %Y b Y c = -d a U + 2 d [a A b] Y b , 

G ab Y a Y b = U, 

where G ab , r® fec , U, and A a can be as follows 

Gab = i^Qabi hab ) , ^a,bc = (^ 0,60 ^ , 

u = (u s M DS M L M DL M A M DA ), 

A — (A s A ds A l A dl A a A da \ 

depending on the ansatz and on the type of the brane (p-brane or Dp-brane). 


(2.65) 

( 2 . 66 ) 


Let us start with the simplest case, when the background fields depend on only one 
coordinate X a = Y' a (r). 0 In this case the Eqs. (j2.65jh (I2.66P simplify to (d a = d/dY a ) 

^ (GaaY a ) - U a g aa (f°) 2 = l -d a U , (2.67) 

Gaa(Y a y=U, ( 2 . 68 ) 

where we have used that 

GabY b + r l bc Y b Y c = -jL (g ab Y b ^j - l -d a g bc Y b Y c . 

After multiplying with 2 g aa Y a and after using the constraint (12.681) . the Eq. (I2.67P reduces 
to 


d_ 

dr 



0. 


(2.69) 


The solution of (12.691) . compatible with (12.68ft . is just the constraint (I2.68p . In other words, 
(12.681) is first integral of the equation of motion for the coordinate Y a . By integrating (12.68p . 
one obtains the following exact probe branes solution 

r xa f U \ ~ 1/2 

r(X a )=r 0 ± — dx, (2.70) 

Jxg \yaaj 

where tq and Xfi are arbitrary constants. 


When one works in the framework of the general ansatz (12.231) . one has to also write down 
the solution for the remaining coordinates AW It can be obtained as follows. One represents 
as 


Y> 1 


^ya 

dY a ’ 


4 An example of such background is the generalized Kasner type metric, arising in the superstring cos¬ 
mology [H| (see also [13] , [35]). 
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and use this and (12,68ji in (12.52ft for the p-brane, and in (12.62ft for the Dp-brane. The result 
is a system of ordinary differential equations of first order with separated variables, which 
integration is straightforward. Replacing the obtained solution for X a ) in the ansatz 
(12.231) . one finally arrives at 


X^(X a , C) = X£ + Af [AV(X“) + C] 


r x a 

f IA a \ 1 

Qua =F 2A °(P U - TpB vl _ p ) — 

/ (s~T 

Ixg 

\ h'aa J 


(2.71) 


for the p-brane case, and at 


X> i {X a , C) = Xq + Af [AV(X a ) + f ] 

r x a f fuDA\- x l 2 

- I OrT | 9ua T [2A°e“ <&0 (P i f - T Dp C ul ... p ) - ^(j—j 


(2.72) 

dx 


for the Dp-brane case correspondingly. In the above two exact branes solutions, Xtf are 
arbitrary constants, and r(X a ) is given in (12.701) . We note that the comparison of the 
solutions AT(A" a ,£*) with the initial ansatz (12.231) for X M shows, that the dependence on Ag 
has disappeared. We will comment on this later on. 


Let us turn to the more complicated case, when the background fields depend on more 
than one coordinate X a = Y a (r). We would like to apply the same procedure for solving 
the system of differential equations (12.65ft . (I2.66j) . as in the simplest case just considered. 
To be able to do this, we need to suppose that the metric Q ab is a diagonal one. Then one 
can rewrite the effective equations of motion (12.651) and the effective constraint (12.661) in the 
form 


L - y-,% (c„jr, 


+u‘E 


b^a 


Gaa \ (-.VjA 2 A o a _ n \rb 


^ I ^ ) \ GbbY ) - ^[o^QaaY 


= 0, 


G„a (Y a ) +J2 Gbb V) =U ' 

b^a 


(2.73) 


(2.74) 


To hnd solutions of the above equations without choosing particular background, we fix 
all coordinates X a except one. Then the exact probe brane solution of the equations of 
motion is given again by the same expression (12.70ft for r( X a ). In the case when one is 
using the general ansatz (12.23ft . the solutions (12.711) and (I2.72j) still also hold. 

To hnd solutions depending on more than one coordinate, we have to impose further 
conditions on the background fields. Let us show, how a number of sufficient conditions, 
which allow us to reduce the order of the equations of motion by one, can be obtained. 
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First of all, we split the index a in such a way that Y r is one of the coordinates Y a , and Y a 
are the others. Then we assume that the effective 1-form gauge field A a can be represented 
in the form 


A a (yAyjAa) ( K A ry d a f') : 


(2.75) 


i.e., it is oriented along the coordinate Y r , and the remaining components A a are pure 
gauges. Now, the Eq. (l2.73p read 


■^(g aa Y a y -Y a d a (g aa u) 


+Y C 


d n 


+Y a 

P¥** 




Q rr Y r ) -2 g aa d a (A r -d r f)Y r 
= 0, 


y-(g rr Y r y -Y V d r (G rr U) 




d r 


After imposing the conditions 


d n 


G aa Y a + 2 g rr d a (A r - d r f) Y c 


= 0, d a [g rr Y r ) =0, 


= 0 . 


the Eq. (12.761) reduce to 


-^(g a aY°y -Y a d a {g aa 


U + 2(A r - d r f) Y r 


= 0, 


which are solved by 


(2.76) 


(2.77) 


(2.78) 


g aa Y a ) = D a (Y a * a ) + \u + 2(Ar~ drf) Y r 1 = E a (Y p ) > 0, (2.79) 


where D a , E a are arbitrary functions of their arguments. (E a = E a ( Y ^) follows from 

«). 


To integrate the Eq. (12.77(1 . we impose the condition 


dr ( g aa Y a j = 0. (2.80) 

After using the second of the conditions (12.7811 . the condition (12.801) . and the already obtained 
solution ((2.79(1 . the Eq. (12.7711 can be recast in the form 


d_ 

dr 


g rr Y r ) +2 g rr (Ar-drf)Y r 


= Y r d r < g rr 


(1 - n a ) (u + 2(A r - drf) Y r ) - 


D a (Y°Y«) 
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where n a is the number of the coordinates Y a . The solution of this equation, compatible 
with (12.791) and with the effective constraint (12.741) . is 



(1 — n a )U — 2 n a ( A r 


where E r is again an arbitrary function. 


drf) Y r - Y_ 
a 


Da {Y a * a ) 

Qaa 


E r (Y r ) > 0, (2.81) 


Thus, we succeeded to separate the variables Y a and to obtain the first integrals (I2.79p . 
(12.811) for the equations of motion (12.73!) . when the conditions (I2.75j) . (12.781) . (I2.80j) on 
the background are fulhllcd. @ Further progress is possible, when working with particular 
background configurations, having additional symmetries (see for instance, E3) 


To summarize, we addressed here the problem of obtaining explicit exact solutions for 
probe branes moving in general string theory backgrounds. We concentrated our attention 
to the common properties of the p-branes and Dp-branes dynamics and tried to formulate an 
approach, which is effective for different embeddings, for arbitrary worldvolume and space- 
time dimensions, for different variable background fields, for tensile and tensionless branes. 
To achieve this, we first performed an analysis with the aim to choose brane actions, which 
are most appropriate for our purposes. 


Next, we formulated the frameworks in which to search for exact probe branes solutions. 
The guiding idea is the reduction of the brane dynamics to a particle-like one. In view of the 
existing practice, we first consider the case of static gauge embedding, which is the mostly 
used one in higher dimensions. Then we turn to the more general case of linear embeddings , 
which are appropriate for lower dimensions too. After that, we consider the branes dynamics 
by using a more general ansatz, allowing for its reduction to particle-like one. The obtained 
results reveal one common property in all the cases considered. The effective equations of 
motion and one of the constraints, the effective constraint, have the same form independently 
of the ansatz used to reduce the p-branes or Dp-branes dynamics. In general, the effective 
equations of motion do not coincide with the geodesic ones. The deviation from the geodesic 
motion is due to the appearance of effective scalar and 1-form gauge potentials. The same 
scalar potential arises in the effective constraint. 

Also, we considered the problem of obtaining explicit exact solutions of the effective equa¬ 
tions of motion and the effective constraint, without using the explicit structure of the 
effective potentials. 

In the case when the background fields depend on only one coordinate x a = X a (r), we 
showed that these equations can always be integrated and give the probe brane solution in 
the form r = r( X a ), where r is the worldvolume temporal parameter. We also give the 
explicit solutions for the brane coordinates X 11 in the form X 11 = A" M (W a ,£*). They are 
nontrivial when one uses the more general ansatz (12.23ft . Let us remind that are the 
coordinates, on which the background fields do not depend. 

5 An example, when the obtained sufficient conditions are satisfied, is given by the evolution of a tensionless 
brane in Kerr space-time. Moreover, in this case, one is able to find the orbit r = r{9) [35]. 
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In the case when the background fields depend on more than one coordinate, and we fix all 
brane coordinates X a except one, the exact solutions are given by the same expressions as in 
the case considered before, if the metric Q a b is a diagonal one. In this way, we have realized 
the possibility to obtain probe brane solutions as functions of every single one coordinate, 
on which the background depends. In the case when none of the brane coordinates is kept 
fixed, we were able to find sufficient conditions, which ensure the separation of the variables 
X a = Y a {r). As a result, we have found the manifest expressions for n a first integrals of the 
equations of motion, where n a is the number of the brane coordinates Y a . 

In obtaining the solutions described above, it was not taken into account that some 
restrictions on them can arise, depending on the ansatz used and on the type of the branes 
considered. As far as we are interested here in the common properties of the probe branes 
dynamics, we will not make an exhaustive investigation of all possible peculiarities, which can 
arise in different particular cases. Nevertheless, we will point out some specific properties, 
characterizing the dynamics of the different type of branes for different embeddings. 

We note that in static gauge, the brane coordinates X a figuring in our solutions, are 
spatial ones. This is so, because in this gauge the background temporal coordinate, on 
which the background fields can depend, is identified with the worldvolume time r. 

The solutions X^(X a , f l ), given by (I2.7ip for the p-brane and by (I2.72p for the Dp-brane, 
depend on the worldvolume parameters (r, £*) through the specific combination Af (AV + £*). 
It is interesting to understand if its origin has some physical meaning. To this end, let us 
consider the p-branes equations of motion (I2.10p and constraints (j2.6D . (12.7p in the tensionless 
limit T p —>■ 0, when they take the form M 

g LN (d 0 - X%) (do - Xdj) X N + r LiMN (do - A%) X M (d 0 - X j dj) X N = 0, 

9mn (do ~ X%) X M (do - X j dj) X N = 0, (2.82) 

9mn (do - X%) X M djX N = 0. 

It is easy to check that in D- dimensional space-time, any D arbitrary functions of the type 
F ai = F m (AV + £*) solve this system of partial differential equations. Hence, the linear part 
of the tensile p- brane and Dp-brane solutions (12.711) and (12.72p . is a background independent 
solution of the tensionless p-brane equations of motion and constraints. 

Let us also point out here that by construction, the actions used in our considerations 
allow for taking the tensionless limit T p —> 0 (Td p —> 0). Moreover, from the explicit form 
of the obtained exact probe branes solutions it is clear that the opposite limit T p —» oo 
( Td p —> oo) can be also taken. 

We have obtained solutions of the probe branes equations of motion and one of the 
constrains, which have the same form for all of the considered cases. Now, let us see how 
we can satisfy the other constraints present in the theory. These are p constraints, obtained 
by varying the corresponding actions with respect to the Lagrange multipliers A*. For the 
Dp-brane, we have p additional constraints, obtained by varying the action with respect 
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to the Lagrange multipliers k 1 . Actually, the constraints generated by the A*-multipliers 
are satished. Due to the conservation of the corresponding momenta, they just restrict the 
number of the independent parameters present in the solutions. The only exception is the p- 
brane in static gauge case, where the momenta Pf G must be zero. Let us give an example how 
the problem can be resolved in a particular situation, which is nevertheless general enough. 
Let the background metric along the probe p-brane be a diagonal one. Then from (12.26ft 
and (12.28ft it follows that the momenta Pf G will be identically zero, if we work in the gauge 
A* = 0. In the general case, and this is also valid for the k 1 - generated constraints, we have 
to insert the obtained solution of the equations of motion into the unresolved constraints. 
The result will be a number of algebraic relations between the background fields. If they are 
not satished (on the solution) at least for some particular values of the free parameters in 
the solution, it would be fair to say that our approach does not work properly in this case, 
and some modification is needed. 

Finally, let us say a few words about some possible generalizations of the obtained results. 

As is known, the branes charges are restricted up to a sign to be equal to the branes 
tensions from the condition for space-time supersymmetry of the corresponding actions. In 
our computations, however, the coefficients in front of the background antisymmetric fields 
do not play any special role. That is why, to account for nonsupersymmetric probe branes, 
it is enough to make the replacements 


Tp^p+i 


—y Q 


pbp+i, 


T DpCp+l ^ QDpCp+l- 


In our Dp-brane action (12 .121) . we have included only the leading Wess-Zumino term of 
the possible Dp-brane couplings. It is easy to see that our results can be generalized to 
include other interaction terms just by the replacement 

Cp+l Cp+l + c p -1 A &2 + • • • • 

This is a consequence of the fact that we do not used the explicit form of the background 
held Cm 0 ...m p ■ We have used only its antisymmetry and its independence on part of the 
background coordinates. 


2.4 Particular cases 

2.4.1 Tensionless string in Demianski-Newman background 

The metric for Demianski-Newman space-time is of the following type: 

ds 2 = g 00 (dx 0 ) 2 + 2g 0 idx°dx 1 + 2 g 03 dx°dx 3 + 2gi 3 dx 1 dx 3 + g 22 (dx 2 ) 2 + g 33 (dx 3 ) 2 . 
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It can be put in a form in which the manifest expressions for g llL/ are given by the equalities 
(all other components are zero): 


5-00 = — exp(+2U) , g u = ( 1 
5-22 = ( TZ 2 — a 2 sin 2 O') exp(—2(7), 
933 = Zl 2 sin 2 dexp(—2(7) — 


a 2 sin 2 9 
1Z 2 


exp(—2C/), 


(2.83) 


2 (Mr + l)a sin 2 9 + 2lZ 2 l cos 9 


7Z 2 — a 2 sin 2 9 


exp(+2U), 


903 — 


2(Mr + l)a sin 2 9 + 27 Z 2 l cos 9 
1Z 2 — a 2 sin 2 9 


exp(+2[7), 


where 


exp(±217) = 


1-2 


Mr + l (a cos 9 + 1 ) 
r 2 + (a cos 9 + l) 2 


±i 


7^ 2 = r 2 - 2Mr + a 2 - / 2 , 


M is a mass parameter, a is an angular momentum per unit mass and l is the NUT parameter. 
The metric (12,83j) is a stationary axisymmetric metric. It belongs to the vacuum solutions 
of the Einstein field equations, which are of type D under Petrov’s classification. The Kerr 
and NUT space-times are particular cases of the considered metric and can be obtained 
by putting l — 0 or a — 0 in (12.831) . The case l = 0,a = 0 obviously corresponds to the 
Schwarzschild solution. 

Solving the equations of motion and constraints (\2.82\i for the string case (p — 1) in 
Demianski-Newman background, one can find the following solution [3j 


t — tn = ± dr 


r 0 


(C° + C 3 Ao)A 0 


+ = + dr 


1Z 2 siir 9 0 

exp(+2U 0 )IU" 1/2 , 


exp(+2Uo) — C 3 exp(—2f/ 0 ) 


IU” 1/2 , 


C° + C 3 Ao 

1Z 2 sin 2 9 1 


(2.84) 


o 


*•0 


C\{t — To) = ± drW- 1 / 2 , 


r o 


IU = (7^ 2 - 


a 2 sin 2 d 0 ) 


-i 


(c 3 ) 2 n 2 ~ 


(c° + c 3 AqY 

sin 2 9o 


exp(+4f/ 0 ) 


-4o 

to,r 0 , +oj t 0 


2(Mr + l)a sin 2 9 0 + 21Z 2 l cos 9 0 


1Z 2 — a 2 sin 2 9 n 


Uo — U\g=g 0 , 


constants. 
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2.4.2 Tensionless p-branes in a solitonic background 


The solitonic (d — l)-brane background is given by 

ds 2 = gMNdx M dx N = exp (2A) rj lw dx l ‘‘dx lJ + exp (25) (dr 2 + r 2 dVt 2 D _^^j , 

_ d i d 

( kj\ d + d f kj\ d + d 

1 + -A ) , exp (25) — f 1 H—| j , k~ d = const , 

d + d = D- 2, = diag(-,+,...,+), fi, v = 0,1, d - 1. 


The (5 — d — l)-dimensional sphere S D d 1 is supposed to be parameterized so that 

D—k—l 

g kk = exp (25) r 2 sin 2 9 n , D - k - 1 = 1, 2 ,D - d - 2, 

71=1 

g D -i,D-i = exp (25) r 2 . 


In this background the following tensionless p-brane solutions of the equations of motion 
and constraints (12.821) do exist [4] 


y* = yS±E‘> / du 1 + -J \E- 


' r o 


k 


(C^- 1 ) 2 £k 


- 1/2 


U u 
0 r-il 


U z 


+ 


W a 


r = y d , 


= (^5 U , 5\ . • •, 5 d_1 J = C L ,..., CT? 0 

- 1/2 

p = Po ± C D_1 


rr du 
T2 




'r 0 


IT 


W 


U u 


v = y D 


r = r 0 ± / du I 1 + 


r T’O 


<*+<* 
u c 


£ _(c-r + ^- i/2 


ir 




d—2 


£ = -E*E v 7) vv = (cc 1 - 1 ) - ( CC °) - ^ (C“) 2 > 0. 


Q=1 


(2.85) 


Let us restrict ourselves to the particular case of ten dimensional solitonic 5-brane back¬ 
ground. The corresponding values of the parameters 5, d and d are D = 10, d = 6, d = 2. 
Taking this into account and performing the integration in (12.851) . one obtains the following 
explicit exact solution of the equations of motion and constraints for a tensionless p-brane 
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living in such curved space-time (C = k$ — ( C 9 ) 2 /£ > 0) 


t = r 0 =F 


= Vo =F 


k 6 E^ 

( C£) lf 2 


In 


qEI 

r 


+ (1 + S) 


C \ V 2 \ 


^ + fi + 4 

V Q \ ** z 


1/2 


'£V2 


(C + r 2 ) 1/2 -(C + r9 


2\V 2 


(j9 

<P = <PoT -— In 


^ + (i + j) 1/2 ^ 


(C£) 


1/2 


fl + 4 

ro \ ^ 


1/2 


jU3 r 2 \ 1/4 


1/2 


T2 


r 2 2 
'0 '0 




T 


r(l/4)fc 6 Hr 


2r(3/4) V C£ 


1 - 


K 

c 


-1/4 


2^1 1/4,3/2; 3/4; 1- 


K 

c 


- 1 ' 


( 2 . 86 ) 


2.4.3 String and D-string solutions in other backgrounds 

Let us first give an explicit example of exact solution for a string moving in four dimensional 
cosmological Kasner type background. Namely, the line element is (x° = t) 

3 

ds 2 = gMNdx M dx N — —(dt) 2 + '^^t 2q,i (dx fi ) 2 , (2.87) 

M=1 

3 3 

E> = 1 ’ 2>S = i- < 2 - 88 ) 

/i=l /4=1 

For definiteness, we choose q M = (2/3, 2/3, —1/3). Then, one can obtain the following exact 
solution of the equations of motion and constraints in the considered particular metric [5] 

X* (t, a) = Xq + C£ (AV + a) ± Ap»(t), r(t) = r 0 ± I°(t), (2.89) 

I M (t) = [ duu~ 2qM (1/ ± )~ 1/2 , = (0, 2/3, 2/3, -1/3), 

dt 0 

and V ± is the corresponding effective scalar potential. 

Although we have chosen relatively simple background metric, the expressions for I AI are 
too complicated. Because of that, we shall write down here only the formulas for the two 
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limiting cases T = 0 and T —> oo for t > to > 0. The former corresponds to considering 
tensionless strings (high energy string limit). 


When T = 0, I M reads 
1 


l M = 


K ) 2 + (^) 2 


1 1/2 


j-2/3—2q M 

(q M ~ 1/3) A 


2 Fi ( 1/2, q M — 1/3; qM + 2/3; 


,5/3 2 qM 
<0 _ 

q M - 5/6 


2 -Fl (1/2, 5/6 - q M \ 11/6 - q M \ - A 2 t 2 0 ) + 


AH 2 

r (, q M - 1/3) r (5/6 - q M ) 


y/irA 5 / 3 


—2 qM 


where 


±\2 


A 2 = 


(•41) 


(•4l) 2 +(^) 2 ' 


When T —> oo, I M are given by the equalities 

1 


where 


r = 


AX°TC'i 


^t 1/3 2Fl f 1/2,-1/6; 5/6; 


C 2 t 2 


\C 2 F x (1/2, 2/3; 5/3; - CX) + F( ^J 2/3) 


7 - 1,2 4 . 1 

In 

(l + C 2 t 2 ) 1/2 -l 

— In 

(1 + CH 2 ) 1/2 - 1 " 

4A°TC , ± 


(1 + C 2 t 2 ) 1/2 + 1 

(l + C 2 f 2 ) 1/2 + l _ 


r = 


' 2\°TC±C 2 L 


(l + C 2 f 2 ) 1/2 -(l + C 2 f 2 ) 


2j2\4/2 


<W = 


(Ci) 2 +(C 2 )^ 


(<2r 


Our choice of the scale factors (f 2 / 3 , t 2 / 3 , t -1 / 3 ) was dictated only by the simplicity of the 
solution. However, this is a very special case of a Kasner type metric. Actually, this is one of 
the two solutions of the constraints ( 12 . 88(1 (up to renaming of the coordinates x M ) for which 
two of the exponents q are equal. The other such solution is q IJ: = (0, 0,1) and it corresponds 
to flat space-time. Now, we will write down the exact tensionless string solution (T = 0) for 
a gravity background with arbitrary, but different q^. It is given by (12.891) . where 

m (Af/Af) 2k 

I M (t ) = constant ——p 
A 0 


+v 


k =0 


k\T (1/2 — k) V 


x 



V 


2(<?2 - qz)k + 3 q 2 - 2q 1 + 1 - 2 q M ( A/ 


- <?i)’ 

^ 3 )^ + q2 + 1 • 


2 qM, 


2(<?2 - gi ) 
qM = ( 0 , qi, q 2 , q 3 ), 




^ 1 ] ^2(92-91) 


for gi > g 2 , 
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and 


I M (t) = constant + 


f* (Ai/Atf k 

A *h k ' T[1 i 2 ~ k '> Q 

2(^1 — qz)k + 3gi — 2 q 2 + 1 — 2 q M 


2Fl ( 1/2 + k ’^ q2 y 2(g, — q 2 ) 

Q = 2(qi - q 3 )k + qi + l- 2 q M , for q x < q 2 . 


A i' 

^2 ^ ^(q 1 -q 2 ) 

A 1 


Because there are no restrictions on q t ,, except q\ 0 q 2 0 q 3 , the above probe string solution 
is also valid in generalized Kasner type backgrounds arising in superstring cosmology. In 
string frame, the effective Kasner constraints for the four dimensional dilaton-moduli-vacuum 
solution are 


3 3 

^g M = l + /C, ^Tql = l-B 2 , 

fl=l fl= 1 

-1 - ^3 (1 - B 2 ) < K < -1 + ^3(1 -B 2 ), B 2 e [0,1]. 

In Einstein frame, the metric has the same form, but in new, rescaled coordinates and with 
new powers qp of the scale factors. The generalized Kasner constraints are also modified as 
follows 


X> = i, = i-e 2 -^ 2 , s 2 + l -fc- e[o,i]. 

fl= 1 fl= 1 

Actually, the obtained tensionless string solution is also relevant to considerations within a 
pre-big bang context, because there exist a class of models for pre-big bang cosmology, which 
is a particular case of the given generalized Kasner backgrounds. 

Our next example is for a string moving in the following ten dimensional supergravity 
background given in Einstein frame 

ds 2 = gf IN dx M dx N = exp(2 A)r] mn dx m dx n + exp(2£?) ( dr 2 + r 2 dit 2 ) , 

k 

exp [—2(0 — 0o)] = 1 + —, 0o, k = constants, 

3 1 

A = ^(0-0o), B = --(<!>-<j) 0 ), Bqi = — exp 

All other components of B MN as well as all components of the gravitino 0 m and dilatino A 
are zero. If we parameterize the sphere S 7 so that 

i - 1 

9io-j,io-j = exp(25)r 2 JJsin 2 z 10 ^, j = 2, 3,..., 7, g^ = exp(2 B)r 2 , 

i=i 
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the metric gf JN does not depend on x°, x 1 and x 3 , i.e. n = 0,1, 3. Then we set |5j y a = y q — 
constants for a = 4, ...,9 and obtain a solution of the equations of motion and constraints 
as a function of the radial coordinate r: 


(r, a) = Xtf + (AV + a) ± J M (r), r(r) = r 0 ± I(r), 

B± + 2\°Te nk Cl exp (-0 o /2) f 1 + 4 

V ir 


/ m (r) = r/ mn / du 

Jro 
D± /T 

J 3 M = -4 


1 4 ) 


[ w ± 1/2 , s = JJsin?/o 0 \ I(r) = exp (0 o /2) f duW. 

Jro U i = i Jro 


- 1/2 
± ) 


where 


W± = 


+ 2A°TC'iexp (-0 o /2) ( 1 + 2_ 


IT 


- 2A U TC” exp (—0 o /2) (1 + 4 




i + 4W^V4 


IT 


It 


+ (2A°T) 2 exp (0o) 1 (+)'-(+) 


1 H-77 

M 6 


-1 


(c+) 


2 2 
U 


This is the solution also in the string frame, because we have one and the same metric in 
the action expressed in two different ways. 

The above solution extremely simplifies in the tensionless limit T —> 0. Let us give the 
manifest expressions for this case. For ro < r, they are: 

0± 

lim I m (r) = n mn Bt ( J° + kJ 6 ) , lim J 3 (r) = -jj -J 2 , lim I(r) = J°, 

T^o v ' 'T^n v ' e2 T’^n v ' 


T->0 


T->0 


where 


J p {r) = 


7r 


(+) 2 -(+) 


±\ 2 


x ■ 


nE 


r(- 


6n+/3—5 


) (&A 


r/3_1 ^ (6n + /3 - 1) T (2^) T (- 


~ J n 


2n+/3-5' 


1 - 2—r 4 


-E 


r (+M) (-<?/+)' 




+' +„ (2n + j3 - 1) T (^) T (+f+ 
(Bi/s? 


pV 

n 


< 2n+/3-l 
4 


—n—1) 


1 - 2—r. 


-4 


(+f - (+) 


±\ 2 ’ 


and Pn a,f3 \z) are the Jacobi polynomials. To obtain the solution for r 0 > r, one has to 
exchange r and r 0 in the expression for J 13 . 
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Now let us turn to the case of a ZA-string living in five dimensional anti de Sitter space- 
time. The corresponding metric may be written as 


fi'oo — 




r^_\ 1 

R 2 J ’ 


2 - 23-24 2-24 2 

Q 22 = t sin x sm x , ^33 = r sin x , gu = r , 


where K = — 1 /R 2 is the constant curvature. 

The exact string solution as a function of r found in [5] is 


X 2 (r, a) = X 2 + Cl (AV + a) ± 
r(r) = r 0 ± [ du (g 00 V^°) 


Jr o 

50 r 


x° (r, a) = X$ + C£ (A't + a) =F -So* / * ( 1 + (goo^T' 72 


2 \ - 1 


C 


' ro 


d i boon") 


±0\-l/2 


-4-n\ —1/2 . 3 . 4 

' , c = sinx 0 smx 0 , 


' r o 


Thi(r) = - g s T D \ 2 




+ (cy 2 


where 


joor" = 


( B t) 2 - (^) + 


5, 


±\ 2 


ci? 


-y0\ 2 


Bf\ 2 1 


+A 


± 


a 


0 \ 2 


2 (f) 


A± 

R 


2 'C^ 


c j u 
2 




M 4 . 


This solution describes a ZA-string evolving in the subspace (a: 0 , x 1 , x 2 ). 

Alternatively, we could fix the coordinates r = r 0 , x 4 = = -0o and obtain a solution as 

a function of the coordinate x 3 = 9. In this case, the result is the following [5j 


X° (9, a) = X 0 ° + C° ± (AV + a) t 
X 2 ( 9 , a) = X 2 + C 2 (AV + a) ± 


^g f 

fi'oo Je 0 


Bf f e du 


t(9) =t 0 ±q du (-V±°) 


±o\-i/2 


g Ae 0 sm u 
p = r 0 sin '0o, 


*(-r")- 1/2 , 

(-vyr i/2 


'00 


F 0 i(9) = g s T D X 2 {C° ± ) 2 g° 00 + (gC 2 ± ) 2 sin 2 9 


where 


- V ±0 - 

V D ~ 


(So) 2 rf 1 -(^±Cj) 2 sSo -(AtCle) 


0 \ 2 0 


y2 \ 2 • 2 

sm u - 


sin 2 u 
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This is a solution for D-string placed in the subspace described by the coordinates (x°, x 2 , x 3 ). 


Finally, we will give an example of exact solution for a D-string moving in a non-diagonal 
metric. To this end, let us consider the ten dimensional black hole solution of B3- In string 
frame metric, it can be written as [48] 


9 • i 2 \ —1/2 / 9 • i 2 \ —1/2 

7q smn a\ f rZ sinn 7 \ 


ds 2 = 1 + -- 1 + 

\ r / V r* 

f r 2 

x < — dt 2 + (dx 9 ) 2 + (cosh xdt + sinh \dx 9 ) 

+ ( i + ^ J [_ . 

Tq sinh 2 7 


r 0 2 sinh 2 j (da , 5) 2 + (da .6 )2 + (rfx 7 )2 + (da .8 )2 ] 


+ 1 + 


rn sinh 2 Q! N 1,/2 / ,„2„;„u2 „,\ V 2 


1 + 


2 \ — 1 

f - 7 I dr 2 + r 2 dn 


2jr>2 


exp [-2(0 - 0oo)] = 1 + 


rn sinh 2 aA 71 -~2„:„-u2. 


1 + 


rn sinh 7 


(2.90) 


The equalities (I2.90j) define a solution of type IIB string theory, which low energy action in 
Einstein frame contains the terms 


d 10 xy/^g 


r - I(V^) 2 - Texp(f)//' 2 


(2.91) 


where H' is the Ramond-Ramond three-form field strength. The Neveu-Schwarz 3-form field 
strength, the selfdual 5-form field strength and the second scalar are set to zero. After some 
simplifications [5], the exact ZTstring solution as a function of the radial coordinate r reads 

X* (r, a) = (AV + a) ± J**(r), /r = 0, 2, 5, 6, 7, 8, 9, 

X 3,1 = Xq ’ 4 = constants , r(r) = r 0 ± J(r), 
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where 


/ u = 


du [B±g 99 - B±g 09 \ g u W 


- 1/2 


'r o 


I 9 = du [B±g m - B±g 00 ] g u W 1/2 , 


'r o 
?± 


du 
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1 Bl / 9 ° 

-'ro yll 

Foi = 9,T D A 2 CJQg“ (r). 


'ro 
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±\2 


(Bf) 


-2 ( B/Bj + 


(A±Cl)' 

9u 

AlC° ± C 9 ± \ 

,9ii / 


Sho + 
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(-4 ± C|) : 
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9 09 
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EM± c i) 2 + (Bif 
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5 2 \ 2 1 
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+ (A±C±c) 
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tT 


All previous considerations are based on the ansatz (12.1911 . However, there exist other 
embeddings which allow for simplification of the dynamics and as a consequence for obtaining 
exact solutions of the equations of motion and constraints. An example is the following one 

A" M (£ m ) = A^£ m + Z^(acr + /3t), X a (£ > m ) = Z a (acr + /3t), a, f3 = constants, (2.92) 

where r = £°, cr is one of the worldvolume spatial coordinates £*, and Z' 1 , Z a are arbitrary 
functions. This ansatz will be used further on. 


3 AdS/CFT 


The AdS/CFT duality [35] between string/M-theory on curved space-times with Anti-de 
Sitter subspaces and conformal held theories in different dimensions has been actively in¬ 
vestigated in the last years. A lot of impressive progresses have been made in this held of 
research based mainly on the integrability structures discovered on both sides of the cor¬ 
respondence. The most studied example is the duality between type 11B string theory on 
AdS 5 x S 5 target space and the Af = 4 super Yang-Mills theory (SYM) in four space-time 
dimensions. However, many other cases are also of interest, and have been investigated 
intensively (for recent review on the AdS/CFT duality, see [49]). 

Different classical string/M-theory solutions play important role in checking and under¬ 
standing the AdS/CFT correspondence [50] . To establish relations with the dual gauge 
theory, one has to take the semiclassical limit of large conserved charges [5T] . 

An interesting issue to solve is to find the finite-size effects, related to the wrapping 
interactions in the dual held theory [52] . 
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3.1 Classical string solutions and string/field theory duality 

In [7] and [8] the string dynamics in general string theory target space-times is considered 
by using the Polyakov action (12. Tj) (for strings p — 1). Exact solutions of the equations of 
motion and Virasoro constraints are found. This is done in the covariant worldsheet gauge 
7 mn = constants. The considerations in [7] are based on the ansatz (12.19k while in [8] 
a particular case of the ansatz (12.921) is used, corresponding to a = 1, j3 = 0. Then, the 
general results are applied for several string backgrounds having dual held theory description. 
Namely, AdS 5 x S 5 with held theory dual AT = 4 SYM, AdS 5 black hole with held theory 
dual finite temperature Af = 4 SYM, and AdS 3 x S 3 x A4, with NS-NS 2-form gauge held. 
In accordance with the AdS/CFT duality, the string theory on AdS 3 x S 3 x A4 is dual 
to a superconformal held theory on a cylinder, which is the boundary of AdS 3 in global 
coordinates. 

Analogous considerations have been made in [29]. The difference is that the most general 
form of the embedding (I2.92jl is applied for strings. Let us describe the general results 
obtained there. 

In what follow we will use conformal gauge fi mn = r] mn = diag(— 1,1) in which the string 
Lagrangian, the Virasoro constraints and the equations of motion take the following form: 

£ = — (Coo — G n + 2B 01 ), (3-1) 

Coo + Cn = 0, Goi = 0, 

9lk [(< 9 o 2 - d \) X K + r§ N (d 0 X M d 0 X N - diX M d\X N ')] = H LMN d 0 X M diX N . 

Now, let us suppose that there exist some number of commuting Killing vector helds along 
part of X M coordinates and split X AI into two parts 

X M = (X»,X a ), 

where X M are the isometric coordinates, while X a are the non-isometric ones. The existence 
of isometric coordinates leads to the following conditions on the background helds: 

d^gMN = 0, dfi)MN = 0. (3.2) 

Then from the string action, we can compute the conserved charges 

Q “ = S ia mxr) (3 - 3) 

under the above conditions. 

Next, we introduce the following ansatz for the string embedding 

Y M (r, a) — A^t + X^(aa + fir), X a (r, a) = X a (aa + fir), (3.4) 
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where A M , a, (3 are arbitrary parameters. Further on, we will use the notation £ = a a + (3t. 
Applying this ansatz, one can find that the equalities (13.11) . (13.31) become 


£ = 


T 
2 L 


- (a 2 - P 2 )g 


MN- 


dX M dX N 

di di 


dX 


N 


+ 2A M (/3g pN + ab pN ) + A^A u g fll 


(3.5) 


G, 


oo 


^ dX M dX N dX N AUAI/ 

+ Gn — (a + )gMN —yy-yy—1~ 2f3A^ g^—— —b A A g pi/ — 0, 


d£ d£ 


d£ 


(3.6) 


Go, 


OifigMN 


dX M dX N 

d£ d£ 




0, 


(3.7) 


a 


/3 2 ) 


9lk~ 


d 2 X 


K 


d£ 2 


+ r 


L,MN- 


dX M dX N 

d£ df 


N 


d X 

+ 2^,^—iAW^ 


= aA^H 


dX 


N 


L^iN- 


dH 


(3.8) 


Q„ = 


T 

a 


dt 


dX N 

{PduN + a fy*) -JJ- + 


(3.9) 


Our next task is to try to solve the equations of motion (13.81) for the isometric coordinates, 
i.e. for L — A. Dne to the conditions (13.21) imposed on the background fields, we obtain that 

1 1 

rA,ab 2 (d^adbx A dbg a x) i hA^a ~^d) a g p \ T_\ pu 0, 

H\ab dabbX A dbbxai H\ pa d a b\ ^j, H\ pu 0. 

By using this, one can find the following first integrals for X O 

dX^ 1 dX a 

— = -^rrp-2 \gT (a - am vp ) + - <r gv a—, (3.10) 

where C v are arbitrary integration constants. Therefore, according to our ansatz (13.41) . the 
solutions for the string coordinates AT can be written as 

X»(t, a) = A J d£ [g^ (C u - aA?b up ) + /W‘] - J g^g va dX a {i). (3.11) 
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Now, let us turn to the remaining equations of motion corresponding to L = a, where 

r a ,/xb r dbQa^i ^a,fiu ~^d a 9fiv^ 

H a fj,u dab^iui Hafib b) a hbj! ~t~ d b b ap . 

Taking this into account and replacing the first integrals for X p already found, one can write 
these equations in the form (prime is used for d/d£) 


(a 2 - (3 2 ) 


h ab x b " + r h abc x b 'x c ' 


= 2 d [a A b] X b - d a U, 


(3.12) 


where 


hab 9 ah Qubi ^ a,bc ^ (^^ ca ~ 9 c h ba d a H bc ) 

A a = g a ^ u (C v - a\ p b up ) + a A p b ap , 


U = 


1/2 


a 2 — [3 2 


[(C„ - aA p b„)sr (a - aA\x) + a 2 A" A*V] . 


(3.13) 

(3.14) 

(3.15) 


One can show that the above equations for X a can be derived from the effective Lagrangian 
£ e// (0 = i(« 2 - /3 2 )h ab X a 'X b ' + A a X a ' - U. 

The corresponding effective Hamiltonian is 

^ e// (0 = \{a 2 - P 2 )h ab x a 'x b ' + U, 


or in terms of the momenta p a conjugated to X a 


^ e// (0 = - (« 2 - p 2 )h ab (p a - Aa) (p b - A b ) + U. 


The Virasoro constraints (13.61) . (j3.7[) become: 
1 


Ua 2 - p 2 )h ai X°-X u +U = 0, aA = 0. 


(3.16) 


Finally, let us write down the expressions for the conserved charges (13.91) 


Qu = 


T 


a 2 — (3 2 


dti 


P 


a 


Cn + a.A v g pu + b pu g up (C p — aA x b p \) 


+ (<x 2 -p 2 ){b tia -b lu ,g l ' p g pa )X a 


(3.17) 
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3.1.1 Rotating strings in type IIA reduction of M-theory 
on G 2 manifold and their semiclassical limits 


The type IIA background, in which we will search for rotating string solutions, has the form 

H 

ds\o = r/ 2 C { — (dx 0 ) 2 + Sudx 1 dx J + A 2 [( g 1 ) 2 + ( g 2 ) 2 \ 

, r! r 2 

+ B 2 [(/) 2 + (g 4 ) 2 ] + D 2 (g 5 ) 2 } + t]' 2 —, (/, J= 1, 2, 3), r 0 = const , 

e $ — r o^C 3 / 2 , F 2 — sin 6id(j)i A d 61 — sin 62 dcj) 2 /\ d 62 . (3.18) 

Here, g 1 ,...^ 5 are given by 

g 1 = — sin 9 id(fti — cos0i sin Q 2 d(\>2 + sin0id6b, 
g 2 = dOi — sin-0! sin 6*2^02 — cos0 1 d0 2 , 
g 3 = — sin#id0i + cos0i sind 2 d(j) 2 — sin'ipidd 2 , 
g A = d6\ + sin ipi sin 6 2 d(p 2 + cos 01^6*2, 
g b = dijj 1 + cos Q\d(p\ + cos6 2 d(l)2i 


and the functions A, B, C and D depend on the radial coordinate r only: 


A = (r - 3r 0 /2)(r + 9r 0 /2), B = -^=y/(r + 3r 0 /2)(r - 9r 0 /2), 


C = 


(r - 9r 0 /2)(r + 9r 0 /2) 
(r — 3r 0 /2)(r + 3r 0 /2) ’ 


D = r/3. 


(3.19) 


In (I3.18p . $ and F 2 are the Type IIA dilaton and the field strength of the Ramond-Ramond 
one-form gauge field respectively. 


The above ten dimensional background arises as dimensional reduction of M-theory on a 
G 2 manifold with field theory dual four dimensional J\f = 1 SYM. 

The type IIA solution (I3.18P describes a D 6 -brane wrapping the S 3 in the deformed 
conifold geometry. For r —^ 00 , the metric becomes that of a singular conifold, the dilaton is 
constant, and the flux is through the S 2 surrounding the wrapped D 6 -brane. For r — 9r 0 /2 = 
e —>■ 0 , the string coupling e $ goes to zero like e 3 / 4 , whereas the curvature blows up as e ~ 3 / 2 
just like in the near horizon region of a flat D 6 -brane. This means that classical supergravity 
is valid for sufficiently large radius. However, the singularity in the interior is the same as the 
one of flat D 6 branes, as expected. On the other hand, the dilaton continuously decreases 
from a finite value at infinity to zero, so that for small r 0 classical string theory is valid 
everywhere. As explained in [55], the global geometry is that of a warped product of flat 
Minkowski space and a non-compact space, Y (t , which for large radius is simply the conifold 
since the backreaction of the wrapped D 6 brane becomes less and less important. However, 
in the interior, the backreaction induces changes on Yq away from the conifold geometry. For 
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r —>■ 9ro/2, the S 2 shrinks to zero size, whereas an S 3 of finite size remains. This behavior is 
similar to that of the deformed conifold but the two metrics are different. 


Three types of rotating string solutions have been found in 
The first one is given by (Ar = r — 31, Ari — r± — 31) 

lAr 


e(r) = 


(A 2 + A?.) 1/2 1(31-r 2 ) An 


1/2 


x 


(3.20) 


( 1/2; -1/2, -1/2,1/2,1/2,1/2; 3/2; 


Ar Ar Ar Ar Ar 


2 V 4/’ 6 V 3l-r 2 An 


Now, we can compute the conserved momenta on the obtained solution. They are: 


E _Pj 

K~ K 


= T 


2 7 lAn 


(A+ + A 2 ) (3/ — r 2 ) 


xF« I 1/2; 1/2; 3/2; 


1/2 


1 + 


A ri 
31 - r 2 


- 1/2 


1 31—r2 

1 ^ An 


(3.21) 


P (h = (Aq 1 - Aq 2 cos//;?) I a + (Aq 1 + Aq 2 cost/?) IBi 
P d2 = (Aq 2 - Aq 1 cos//;?) Ia + (A® 2 + Aq 1 cost/?) I b , 


where 


Ia = T 


2 7 l 5 An 


L(A+ + A 2 ) (3 l-r 2 ) 


xF® I 1/2;-1,-1,1/2; 3/2; 


1/2 


1 + 


Ar x \ f Ar x 


21 


1 + 
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1 + 


(3.22) 


Ari 


31 - r 2 


- 1/2 


1 _L 2/ ’ i 6/ ’ i _j_ 3l—r‘2 

Ari Ari Ari 


(3.23) 


Ir — — 


2 9 (lAriY 


(A^ + A 2 _)(3 l-r 2 ) 


1/2 


1 + 


Ari 


4/ 


1 + 


Ar! 
31 - r 2 


- 1/2 


(3.24) 


X ^C) ^ ( 1/2; 1, 1/2; 5/2; 4Z ’ . 3 l-r 2 

1 An 1 ^ Ari 


Our next task is to find the relation between the energy E and the other conserved 
quantities Pi, Pg 1 , Pg 2 , in the semiclassical limit (large conserved charges), which corresponds 
to r! —y oo. In this limit, 

E _ p ! _ 7tT(2 3 /) 1/2 _ 7tT (2/) 1/2 Vq 

(A^ + A 2 ) 1/2 ’ A ~ B ~ (A^ + A 2 _) 3/2 ’ 
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(3.25) 


which leads to the following energy-charge relation 

E 2 = P 2 + 2 t tT (6r 0 ) 1/2 ( P t \ + P 2 ) 1/2 , P 2 = SjjPjPj. 


The second type of rotating string solution can be written as 


?(r) = 


(A\ + A 2 _ + 4Ay3 ) 1/2 L( 3/ - r 2 )An 


(3.26) 


Fd 1/2; -1/2, - 1 / 2 , 1 / 2 , 1 / 2 , 1 / 2 ; 3/2; 


= Pi = 8T _ 2 fAn _ 

A[j Aq (A+ + A 2 + 4A|j/3) (3/ — r 2 ) 


Ar Ar Ar Ar Ar 


2/ 4/ ’ 6 / ’ 3/ — r 2 ’ Ari 


For E and Pj we have 


3 1 - r 2 


X-f/) 1/2; 1/2; 3/2; 


3Z-T2 


For the conserved angular momenta Pg and P ,/ one finds 


Pe = (^Aq - A^ sin - 0 ? sin Ja + (a® + A|J sin 0° sin 0 °) Jb , 

P 0 = (a* sin — Aq sin 0°j sin 0° J4 + ^Ag sin 0° + Aq sin 0) J j sin O^Jb 

+Aq cos 2 O^Jd, 


where 


Ja = 8 T 


2l 5 An 

(A 2 + + A 2 _ + AA 2 d /3) (3 l-r 2 ) 


A r\ \ ( A ri 

1 + ^f){ 1 + aJ 


X ( 1 + 3T7y) A 3 ’(1/2;-1.-1.1/2; 3/2 


(3.27) 


(3.28) 


(3.29) 


; 1 i 2 Pi | 6; > . 3 l-r 2 / ’ 

iT An T An 1 _r An / 


Jr = —T 


2 (ZAri ) 5 


9 (A 2 + A 2 + AA 2 d /3) (31 - r 2 ) 


1 + ^ fl + ^V 1/2 

4/ M 3/-rj 


xF [ d z> 1/2;-1,1/2; 5/2; 


1 , JL’li 3Z-r 2 / ’ 
iT An 1 "T" An / 


(3.30) 


Jd — 8 T 


20 An 

(I^TI^T4Ay3y^3r^) 


ArA ( Ari \ 1,72 

1 + ir 1 + 5ny 


xF'd 1/2; —2,1/2; 3/2; 


1 _l_ 3 * ’ 1 i 3Z-r 2 

iT An 1 _r An 


(3.31) 
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In the semi classical limit r\ —> oo, one gets the following dependence of the energy on the 
charges Pi, Pg and P^ 

E2 = p2 + 2 -T^ 1,2 { p ^j^el) ■ < 3 ' 32 > 

The third solution and the conserved charges can be computed in the same way. These 
computations lead to the following energy-charge relation after taking the semiclassical limit 

E 2 = P 2 + 2t x (3.33) 

[(3 - cos 2 6$) P 2 n + (3 - cos 2 91) Pl 2 - AP^ P^ cos 0? cos 9°] 1/2 , 


where 


A = 3 — cos 2 6l — cos 2 6*2 — cos 2 0° cos 2 9%. 


3.1.2 Strings in AdS^ x S 5 , integrable systems and 
finite-size effects for single spikes 

We use the reduction of the string dynamics on R t x S 3 subspace of AdS 5 x S 5 to the 
Neumann-Rosochatius (NR) integrable system to map all string solutions described by this 
dynamical system onto solutions of the complex sine-Gordon (CSG) integrable model. This 
mapping relates the parameters in the solutions on both sides of the correspondence. Then, 
we find finite-size string solutions, their images in the (complex) sine-Gordon (SG) system, 
and the leading finite-size effects of the single spike “E — Ayj” relation for both R t x S 2 and 
Rt x S 3 cases Pt 

Strings on R t x S 3 and the NR integrable system 

We choose to work in conformal gauge in which the string Lagrangian and the Virasoro 
constraints take the form (13.11) (in AdS 5 x S 5 the 2-form R-field is zero) 

£ s = — (Goo — Gn) (3.34) 

Goo + Gn = 0, G 01 = 0. (3.35) 

We embed the string in R t x S 3 subspace of AdS$ x S 5 as follows 

2 

Z 0 = R,e it(j ' a) , Wj = Rr,j (r, a)e 1 ^ (t ’ ct) , ^ W 3 W 3 = R 2 , 

3 = 1 
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where R is the common radius of AdS 5 and S 5 , and t is the AdS time. For this embedding, 
the metric induced on the string worldsheet is given by 


G ab = -d {a Z 0 d b) Z 0 + '%2 d (.« w j db)W j = R 2 


3 = 1 


-d a td b t + ^2 ip a rjd b r 3 + r 2 d a ipjd b (fj) 


3 =1 


The corresponding string Lagrangian becomes 


C 


C s + A s 



where A s is a Lagrange multiplier. In the case at hand, the background metric does not 
depend on t and <pj. Therefore, the conserved quantities are the string energy E s and two 
angular momenta Jj, given by 


E s 


da 


dC s 
d(dot) 1 


Jn 


dC s 

d(d 0 cpj )' 


(3.36) 


It is known that restricting ourselves to the case 


t( r , a) = kt, rj(r, a) = r 3 (£), a) = ujjT + /,-(£), (3.37) 

£ = aa + (3t , k, u>j, a, /3 — constants , 


reduces the problem to solving the NR integrable system [58] . For the case under consider¬ 
ation, the NR Lagrangian reads (prime is used for d/d!;) 


Lnr — (a 2 



cr 


-v 2 y 


r<2 

-j 222 
NT + « Uj T i 
3 


+ A s 



(3.38) 


where the parameters Cj are integration constants after single time integration of the equa¬ 
tions of motion for /,(£): 

f 'i = SVTgi + P u i) ■ (3 ' 39) 

The constraints (13.351) give the conserved Hamiltonian H^r and a relation between the 
embedding parameters and the arbitrary constants C 3 \ 


Hnr — (cn 2 — (3 2 ) ^ 


r' 2 + 


^ L J (« 2 - /3 2 ) 2 V r j 


C 2 


3 1 222 

. —-—\- cy uj r 

2 _ R 2\2 \ ^2 ^ r J I a 2 - f3 2 


a 2 + /3 2 


k 2 , (3.40) 


^2 CjLUj + fdn 2 = 0 . 

3 =1 


(3.41) 
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For closed strings, rj and fj satisfy the following periodicity conditions 

Tj{i + 2vr a) = fj(£ + 27ra) = /_,-(£) + 2wn a , (3.42) 

where n a are integer winding numbers. On the ansatz (13.3711 . E s and Jj introduced in (13.36ft 
take the form 


E„ = 


Vx 


K 


2tt a 


where we have used that 
by TR 2 = g. 


/ ^ J > = £^T 2 S* {a Cl + “ U ’ r ’) ’ (3 ' 43) 

the string tension and the’t ffooft coupling constant A are related 


In order to identically satisfy the embedding condition 


E 4 - 1 = °. 

3 = 1 

we introduce a new variable 0(f) by 

o(0 = sin 0(f), r 2 (f) = cos0(f)- 

Then, Eq. (13.4011 leads to 


(3.44) 


m = ± 


1 


(ct 2 + (3 2 )k 2 


= ± 


a 2 — /3 2 

' 0(9). 


Cf_ 

sin 2 0 cos 2 6 


Cl 


a 2 (uj 2 sin 2 6 + u: 2 cos 2 d) 


1 1/2 


(3.45) 


a 2 — f3 2 

which can be integrated to give 

£( 0 ) = ±(« 2 - P 2 ) j 

From Eqs. fl3.39p and (I3.44p . we can obtain 

/2 = Jv J 2± ° 2 , 


dd 

wr 


dd 


sin 2 6 0(0) 


dd 


cos 2 0 0(0)' 


(3.46) 

(3.47) 

(3.48) 


Let us also point out that the solutions for f(0) and fj must satisfy the conditions (13.411) 
and (13.42ft . All these solve formally the NR system for the present case. 


Relationship between the NR and CSG integrable systems 

Due to Pohlmeyer [59], we know that the string dynamics on R t x S 3 can be described by 
the CSG equation. Here, we derive the relation between the solutions of the two integrable 
systems - NR and CSG. 
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The CSG system is defined by the Lagrangian 


cw = + M'W 


1 — 00 


which give the equation of motion 


<9 a <9 a 0 + _ M 2^ _ = 0 

1 — 00 

If we represent 0 in the form 

0 = sin( 0 / 2 )exp(fx/ 2 ), 
the Lagrangian can be expressed as 

£( 0 ,x) = J [9 a 0a a 0 + tan 2 (0/2)a a x9“x+ ( 2 M) 2 sin 2 ( 0 / 2 )] , 
along with the equations of motion 

dad a (j) - \ d a xd a x ~ M 2 sin 0 = 0, (3.49) 

2 cos 3 ( 0 / 2 ) 

d a d a x + -^—d a (t)d a x = 0. (3.50) 

Sill 0 

The SG system corresponds to a particular case of y = 0. 

To relate the NR system with the CSG integrable system, we consider the case 

<£ = <K0» X = A(t + Bt + x(£), 

where 0 and x depend on only one variable £ = aa + 0r in the same way as in our NR 
ansatz (13.371) . Then the equations of motion (13.49)) . (13.50P reduce to 


1 sin (0/2) 

2 cos 3 (0/2) 


X /2 + 2 


Aa - Bf3 A 2 - B 


a 2 — 0 2 


X + 


a 2 — 0 2 


M 2 sin 0 
a 2 — 0 2 


= 0 , 


r + 20R + 4^ l = o . 


Sill i 


a 2 — 0 2 


(3.51) 

(3.52) 


We further restrict ourselves to the case of Aa = R0. A trivial solution of Eq. (13.520 is 
X = constant, which corresponds to the solutions of the CSG equations considered in 
for a GM string on R t x S 3 . More nontrivial solution of (13.52(1 is 


X = c x 




tan 2 (0/2) 


(3.53) 
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(3.54) 


The replacement of the above into (13 .5 ljl gives 


AT 2 sin (p 1 2 cos(0/2) 

a 2 — fd 2 ^ 2 x sin 3 (0/2) 


Integrating once, we obtain 


A 2 sin(0/2) 

/ 3 2 cos 3 (0/2) 


= ± 


CL- 


2M 2 


+ 


4A/ 2 


a 2 — /3 2 J a 2 — fd' 


sin 2 (</>/2) — 


A 2 //3 2 


1 — siir(0/2) 


= ±W), 


C? 


Sill' 


W 2 ) 


1/2 

(3.55) 


from which we get 

m = ± !wr xW = l il3a+aT)±c *I 

All these solve the CSG system for the considered particular case. It is clear from (j3.55[) 
that the expression inside the square root must be positive. 


Now we are ready to establish a correspondence between the NR and CSG integrable 
systems described above. To this end, we make the following identification 

sin 2 (</>/2) = (3.56) 

where G is the determinant of the induced metric G a b computed on the constraints (13.35ft 
and K 2 is a parameter which will be fixed latei@. For our NR system, \f—G is given by 

V^G = S- (3 2 [( r2 - + - ^ 2 ) cos 2 9] . (3.57) 


We want the field 0, defined in (I3.56P through NR quantities, to identically satisfy (I3.55P 
derived from the CSG equations. This imposes relations between the parameters involved, 
which are given in appendix A. In this way, we mapped all string solutions on R t x S 3 (in 
particular on R t x S' 2 ) described by the NR integrable system onto solutions of the CSG (in 
particular SG) equations. From (lA.ip one can see that the parameters A and C x are nonzero 
in general on R t x S 2 where 0 J 2 = C 2 = 0. This means that there exist string solutions on 
R t x S 2 which correspond to solutions of the CSG system. Only when M 2 = k 2 , all string 
solutions on R t x S 2 are represented by solutions of the SG equation. 


For the GM and SS solutions, which we are interested in, the relations between the NR and 
CSG parameters simplify a lot. Let us write them explicitly. The GM solutions correspond 
to C 2 = 0, K 2 = (jj\. This leads to 


A 2 


2 

a 2 — /3 2 




4 

a 2 / f3 2 — 1 



_j4_\ 

1 — /3 2 /a 2 ) 

) 

- fd 2 j a 2 J ’ 


K 2 = A 2 AT 2 , 


C x = 0 . 


(3.58) 


6 For K 2 = k 2 , this definition of the angle (f> coincides with the one used in EDI. which is based on the 
Pohlmeyer’s reduction procedure [551 . 
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Therefore, for all GM strings the field x is linear function at most. Since A = C x = 0 
implies % = 0, it follows from here that there exist GM string solutions on R t x S 3 , which 
are mapped not on CSG solutions but on SG solutions instead. This happens exactly when 


M 2 = cof ~ 


COt 


1 — (3 2 /a 2 


In that case the nonzero parameters are 


K = R 2 cof - 


COt 


cu = 


COt 


Wi - 


1 — (5 2 /a 2 


1 - P 2 /a 2 )' ^ a 2 -P 2 

and the corresponding solution of the SG equation can be found from (I3.55P to be 

1 


sin(0/2) = 


cosh 




rj 0 = const. 


(3.59) 


Replacing (I3.59jl in (13.561) . (13. 5 70 . one obtains the GM solution (IA.3[) as it should be. 


For the SS solutions C 2 = 0, k 2 = cof a 2 / f3 2 . This results in 


C<t> (3 2 - a 2 


2 2ooia 2 /p 2 + 


cot 


f3 2 /a 2 — 1 


-3 M 2 


A 2 = 
C x = 


4 

M 4 ( 1 - a 2 /(3 2 ) 
2tofco2a 3 
M 2 (/3 2 - a 2 )/3 2 


{oo\a 2 lfi 2 
, K 2 = 




(3.60) 


We want to point out that C x is always nonzero on S 3 contrary to the GM case, which 
makes x a l so non-vanishing. To our knowledge, the CSG solutions corresponding to the SS 
on R t x S 3 are not given in the literature. To study this problem, we will consider the case 
when A = 0. A can be zero when 

M 2 = k 2 = coW/(3 2 or M 2 = U2 (3.61) 

p A /a- — 1 

As is seen from (13.611) . we have two options, and we restrict ourselves to the first onc@. 
Replacing M 2 = cofa 2 /(3 2 in (13.601) and using the resulting expressions for and C x in 
(13.551) . one obtains the simplified equation 


i/2 


(3 2 — a 2 


^2 cos 2 (0/2) — 


COn 


/ 3 2 /a 2 — 1 


cot 2 (0/2) 


with solution 


sin 2 (0/2) = tanh 2 (C£) + 


cot 


cof (1 — a 2 /(3 2 ) cosh 2 (C^)’ 


7 It turns out that the second option does not allow real solutions. 


(3.62) 
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where 


C = 


au>i^/l — a 2 //3 2 — 


(3 2 (1 — a 2 / (3 2 ) 

This agrees with Eqs. (18.561) and (13.571) . By inserting (13.621) into (13.531) one can find 


X = X = 2 arctan 


— \/l — a 2 /(3 2 — tanh () 

UJ2 V 


Hence, the CSG field i[} for the case at hand is given by 


t tanh 2 (£?£) + 




x exp < i arctan 


ojf (1 — a 2 /f3 2 ) cosh 2 (C£) 

— \/l — a 2 / (3 2 — u'^/cof tanh (C£) 
UJ2 V 


(3.63) 


Here we have set the integration constants 0 0 , Xo equal to zero. Several examples, which 
illustrate the established NR - CSG correspondence, are considered in an Appendix. 

Finite-size effects for single spike string 

Here, we will give finite-size single spike string solutions, the corresponding conserved 
quantities, and the leading corrections to the SS “E — A ip" relation: first for the R t x S 2 
case, then for the SS string with two angular momenta. 

The solution for the SS on R t x S 2 can be written as (a 2 < (3 2 ) 

W± = Ry/l - (1 - k 2 /oj 2 ) dn 2 (Cf |m) 

x ex p < -“' i(y + -p) ± ( “ m(ca/32/ “ 2 “ 1|m) i • 


H' 2 = RyJ 1 — k 2 /<jj\dn (C£|m), Z 0 = i?exp(mr) 


C = ± 


aLOiy/l — K 2 /u}f 

/3 2 (1 — a 2 /(3 2 ) ’ 


m = 


(3 2 /a 2 — 1 

(jj\/k 2 — 1 


The conserved quantities for the present string solution are given by 


K 


rd n 


— — 2 


k(/ 3 2 jo? — 1) 


a Jdmin d ' (Uiy/1 - K 2 /u l 


K(m), 


cdr, 


J = 


a 


On 


de 

¥ 


sin 2 9 (f3f[ + tui) = 2 \J 1 — k 2 /oj\ 


1 —/3 2 K 2 /cc 2 a;? 

E(m)--- „ , n 1 K(m) 


1 — n 2 /u>l 


In addition, we compute A ipi 

/@max 

¥ f[ = “ 2 

min 


(3/a 


y /1 - K 2 !U}\ 


n ( 1 — ~p\ m ) — K(m) 
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Defining parameters 


e = 1 — m, v = /3/a, 

we can rewrite these as 

£ s = 2V(v 2 -l)(l-e)K(l-e), J = 2 
A(/? = — 2 n 


u 2 — e 


[E(l — e) — eK(l — e)] , 


v 2 — e 


; 2 — 1 


— A<^ = 2 n 


n 2 — e 


[n (1 — v 2 |l — e) — K(1 — e 
n (1 -n 2 |l -e) ~ (l- 


1)VT 


v\/v 2 — e 


K(l-e) 


Now we make small e expansion of the above expressions by using the following represen¬ 
tation for v 


v(e) = v 0 (p) + V! (p)e + v 2 (p)e log(e) 


and obtain 


J = 2jl- 


« ( ’i = 


(^ ; g ~ x ) + l°g( 1 6)) — 2 ] 

4Un 


V 2 = 


M v l - !) 


From the expansion for A </?, we obtain e as a function of A ip and J 


e = 16 exp 


J 


rj 

A p + arcsin ( — a/4 — J 2 


Using these results in the expansion for £ s — Aip, one can see that the divergent terms cancel 
each other for J 2 < 2 and the finite result is 


= A 

2lT ^ 7T 

= ^ 
7T 

where we used the identification 


- arcsm 
2 


jVi-J 2 ) + 


J 3 


p , A . 2 P, p 
—b 4 sm - tan - exp 
2 2 2 


16a/4 - J 2 

Aip +p' 


tan f 


(3.64) 


arcsin (A/2) = - = 9 = 7 t/2 — arcsin —. 

2 tai 

This includes the leading finite-size correction to the SS U E — A ip” relation (the term pro¬ 
portional to e). Let us also note that to the leading order, the length L of this SS string can 
be computed to be 


L — — (Aip + p). 

K 
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The full string solution on R t x S 3 is given by 


Z 0 = R exp(iKr), 


W\ = R \/l — z\dn 2 ( C^\m ) exp < iaqr H- 

V I y .*./A — /, ?■ 


Z+y/l-ul/ul 


X 


F (am(C'^)|m) 


k 2 / 4 
1-zl 


n am(C£), 


4-4 


1-z 2 


\m 


W 2 = Rz + dn (C^\m) exp <( iu 2 r H- '^ ^ ^ =F (am(C£)\m) 

z+y/l-ul/uil 


(3.65) 


The CSG solution related to (13.65(1 can be written as 

4 /M 2 


siir(0/2) = 


[(1 - k 2 /uil) - (1 - 4A4) (4 cn 2 (C^\m) + z 2 _sn 2 {C^\m)Y\ (3.66) 


/ R/a 2 - 1 

After that, we use ((3.66(1 in (13.5311 and integrate. The result is 

A C 

X = —(/3cr + or) - C x (aa + /3t) + ^fl (am(C£),n\m ), 


(3.67) 


where A//3 and C x are given in (jA.ip . C 2 = 0, and 

4 /M 2 


D = 


/3 2 /a 2 — 1 


[(1 - «74) - (! - ^74) 4] > n = 


(1-4/4) (4- 4) 

(i - k 2 / u \) - (i -4/4)4' 


Hence for the present case, the CSG field -0 = sin(0/2) exp(y\/2) is defined by (13.66(1 and 

(TO- 


The computation of the conserved quantities (13.4311 and A<pi now gives 
£. = 2 4 /a ( -/ K (1 - zi/4) , 

cuia/ 1 — w^/wpi 

9 , 7 ,, r 

Ji = 


4 = 

A (p = 


y/1 - 4/4 - 

2 ^ + cu 2 /c<;i 


E (1 _ £/4) _ 1 4 2/ “ 2 ^ k (1 - £/4) 


e (1 - *i/4), 


41 -44 

2/3/a 4/4 

41 - <4/44 4-4 


n 


4-4 


i-4 


|i-4/4 -k (1-4/4) 


Our next step is to introduce the new parameters 


e = 4 / 4 ’ v = /3/a, u = io\lio\, 
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and to expand the above conserved quantities about e = 0. We also need to consider the 
e-expansion for u and v as follows: 

v(e) = v 0 + v\e + v 2 e log(e), u(e) = u 0 + u\e + u 2 e log(e). 


The coefficients can be determined by the condition that J\ and J 2 should be finite, 

2Ji 


v 0 = 


V] = 


J'i 


\f(3l - jf) [4 - (J? - W\ 


’ U ° J-2 ’ 


(1 - Uo)vl 


{(u 0 - l)^ 1 + lc, g( 16 )) - 2 


4Oo - 1) (vq - l)v 0 
+ Vq [3 + log(16) + n 0 (log(4096) - 5)]} , 

v 0 [1 - (1 - u 0 )vl] [1 + 3n 0 - (1 - uo)vl\ 


v 2 = 

U\ = 


4(1 — u 0 )(vq - 1) 
u 0 [1 - (1 - uo)vl\ log(16) 


vl-l 


u 2 = 


Up [1 - (1 - Uq)vI] 
Vq - 1 


The parameter e can be obtained from A ip and to the leading order one finds: 


e = 16 exp 


V(1 - Uq)vI - 1 
u 0 2 - 1 


A ip + arcsin 


2 a/(1 — Uq)vI - 1 


(1 - u 0 )v'q 

From Eqs. (l3.68|h (j3.69|l and (I3.70|l . E s — A(p can be derived to be 


£ s - Aip = arcsin N{ J U J 2 ) + 2 (- J%) 


[4 - {Jl ~ Jl)\ 


x exp 


2 {J\ — J 2 ) J 2 ) 


[A ip + arcsin iV( Ji, J 2 )\ 




- 1. 


(3.68) 


(3.69) 


(3.70) 


(3.71) 

(3.72) 

(3.73) 


Here Jl — J.% < 2 is assumed. Finally, by using the SS relation between the angular momenta 


Ji = \jj 2 +4 sin 2 (p/2), 


we obtain (— 7 t /2 < p < 7 t/ 2 ) 



yx 


P . A • 2p + P 
—h 4 sm - tan - exp 
2 2 2 


/ tan|(A (p + p) \ 
\ tan 2 f + esc 2 p ) 


(3.74) 


This is our final result including the leading finite-size correction to the U E — A relation 
for the SS string with two angular momenta. It is obvious that for J 2 = 0 (I3.74P reduces to 
(I3.64p as it should be. 
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3.1.3 Finite-size effect of the dyonic giant magnons 
in A7 = 6 super Chern-Simons-matter theory 


The AdS/CFT correspondence between type IIB string theory on AdS 5 x S 5 and Af = 4 SYM 
theory led to many exciting developments and to understanding non-perturbative sturctures 
of the string and gauge theories. Another exciting possibility is that the same type of duality 
does exist. The promising candidate for the three-dimensional conformal field theory is 
Af = 6 super Chern-Simons (CS) theory with SU(N) x SU(N) gauge symmetry and level k 
[68]. In the planar limit of N, k —» 00 with a fixed value of’t Hooft coupling A = N/k, the 
Af = 6 CS is believed to be dual to type IIA superstring theory on AdS 4 x CP 3 . 

In [IS] we consider finite-size effects for the dyonic giant magnon of the type IIA string 
theory on AdS 4 x CP 3 by applying Liischer fi -term formula which is derived from a proposed 
S-matrix for the Af = 6 super Chern-Simons theory. We compute explicitly the effect for 
the case of a symmetric configuration where the two external bound states, each of A and B 
particles, have the same momentum p and spin J 2 . We compare this with the classical string 
theory result which we computed by reducing it to the Neumann-Rosochatius integrable 
system. The two results match perfectly. 

Classical string analysis 

Let us consider a classical string moving in R t x CP 3 . Using the complex coordinates 

z = y° + iy 4 , w\ = x 1 + ix 2 , W 2 = x 3 + ix 4 , W 3 = x 5 + ix 6 , W 4 = x" + ix 8 , 
we embed the string as follows [69] 



W a (r,a) = Rr a (r,a)e i ^\ 


Here t is the AdS time. These complex coordinates should satisfy 

4 4 


W a W a = R 2 , ( W * d mW a - WadmWa) = 0, 


a=1 a =1 


or 


4 4 


Y r « =1 ’ ’52 r l d mVa = 0, m = 0,1. 


(3.75) 


a =1 a =1 


NR reduction 


In order to reduce the string dynamics on R t x CP 3 to the NR integrable system, we use 
the ansatz 


t(r, a) = kt, r 0 (r, a) = r a (£), cp a {r, a) = uj a r + f a (g), 

£ = acr + (3t, k, oj a , a, /3 = constants. 


(3.76) 
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It can be shown [69] that after integration of the equations of motion for f a , which gives 


f = 

J a 


c n 


+ (3ui a ) , C a — constants , 


a 2 — /3 2 \ r 2 

one ends up with the following effective Lagrangian for the coordinates r, 

4 r 


(3.77) 


NR — 


r 2 — 


(a 2 (a 2_pY\rl 

a(X>1-iY 


^ a , 2 2 2 

—— + ol uj r 

O 1 ^ ^a' a 


(3.78) 


, a= 1 


This is the Lagrangian for the NR integrable system [[58] • hi addition, the CP 3 embedding 
conditions in (13. 75j) lead to 


J 2 ^a r l = 0 , J> = 0. 


(3.79) 


a= 1 


a=1 


The Virasoro constraints give the conserved Hamiltonian H^r and a relation between the 
embedding parameters and the arbitrary constants C a : 


4 r 


Hnr — (a 2 — /3 2 ) ^2 


a= 1 


r' 2 + 

' n 1 


(a 2 — /3 2 ) 2 \ r 2 


f <2 

'“'a i 2 2 2 

—— + otujr 

o 1 ^ a 


a 2 + (3 2 k 2 
a 2 - p 2 ~4 


^2 CaWa + / 3 (^/ 2 )“ — 0 . 


, (3.80) 


(3.81) 


a= 1 


The conserved charges can be defined by 

r f)C f d£ 

E s = — j da 0/ 0 , J a = da—— - a = 1,2, 3,4, 


<9(<9 0 t) 


<9(<9o£a) ' 


where £ is the Polyakov string Lagrangian taken in conformal gauge. Using the ansatz (13. 76ft 
and (I3.77p . we can find 


„ r 2 V 2 X r.. , 2 

Es 2a J Ja a 2 -P 2 J d ^\a Ca + aUJara 


(3.82) 


I 11 view of (I3.79p . one obtains 




(3.83) 


a= 1 


Dyonic giant magnon solution 
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We are interested in finding string configurations corresponding to the following particular 
solution of (I3.79|) 

n = r 3 = -y= sin 9, r 2 = r 4 = -^= cos 9, = — ca 3) uj 2 = —ca 4 . 

The two frequencies ca 4 ,ca 2 are independent and lead to strings moving in CP 3 with two 
angular momenta. From the NR Hamiltonian (13.401) one finds 


HO = 


(a 2 — (3 2 ) 2 


K -, „ _ lC\ + C 2 Cl + Cl 


^-(a 2 + (3 2 ) - 2 , . 

4 \ sm 9 


+ 


cos 2 9 


a 2 (a; 2 sin 2 9 + u>% cos 2 9) 


We further restrict ourselves to C 2 = C 4 = 0 to search for GM string configurations. Eqs. 
(13.791) and (I3.8ip give 

/3 k 2 


C i = -C 3 = 


8cui 


In this case, the above equation for 9' can be rewritten in the form 

kM 


(cos 9)' = =F 


oo 


UJo 


a 2 — f3 2 


(z\ — cos 2 6 ) (cos 2 9 — zC), 


(3.84) 


where 


z ± = 


ujI 


2(1 


vi + V 2 — n ± \ ( 2/1 -yrf 


cat 


K 2 f3 2 K 2 

Vl = l ~ 71 > 2/2 = 1 


Caf 


2 (yi + y 2 - 22/12/2)-o 


cat 


U "1 


caf 

u? 1 ’ 


4u f ’ or 4caf 

The solution of (13.841) is given by 


/ 2 2 

cosd = z + dn (CGm), C = q=-— 1 2 z + , m = 1 — z 2 _/zl. 

a 2 — p 2 


(3.85) 


To find the full string solution, we also need to obtain the explicit expressions for the 
functions f a from (13.771) 


fa = 


a 2 — (3 2 


df ( —y + /3ca a ) . 


Using the solution (I3.85j) for 9(£), we can find 

/3/a 


f 1 — ~f3 — 


z+^/l-ul/ul . 


c? - 


z 2 , — z 2 


1 -zi 


\m 


Si = -S\ = 

a 2 — p 2 


73 









































As a consequence, the string solution can be written as 


W 1 = -y=i/l — zfdn 2 (C£\m) e i(aJlT+/l) , 

V2 v 

W 2 = -^z+dn (C£jm) e i{uJ2T+h \ (3.86) 

v 2 

W3 = —j=\ll — £+dn 2 (Cf|m) e -^ WlT+/l) , 

v 2 v 

W 4 = i+dn (C£|m) e~ i{u}2T+h) . 

v 2 


The GM in inhnite volume can be obtained by taking —> 0. In this limit, the solution 

for 6 reduces to 


cos 9 


Sill : 


cost^C^) ’ 


where the constant z + = sin p/2 is given by 


2 _ V2 ~ ul/ul 
" + 1 - ool/ool ' 

One spin solution corresponds ou 2 = 0. Inserting this into (13.821) . one can find the energy- 
charge dispersion relation. For the single DGM, the energy and angular momentum J\ 
become inhnite but their difference remains finite: 


E s — Ji 


— + 2Asin 2 
4 2 


(3.87) 


Finite-size effects 


Using the most general solutions (13.861) . we can calculate the hnite-size corrections to the 
energy-charge relation (I3.87|) in the limit when the string energy E s —» oo. Here we consider 
the case of a 2 > f3 2 only since it corresponds to the GM case. We obtain from (I3.82p the 
following expressions for the conserved string energy E s and the angular momenta J a 


S = 2K(1 .. ^ 2/a2) =K (1 - zl/zl) , 


0JlZ + \Jl — 0J 2 /(jj\ 


Jl = 
J2 = 


2 z, 


1 — f3 2 (n/2) 2 / a 2 ujl 


\/l - ul/ul - 

2z + uj 2 /uji 


K (1 - z 2 _/z 2 + ) - E (1 - z 2 _/z\) 


, (3.88) 


\/l - ul/ul 


E (l — z 2 _/z\) , — —J7i, — —J 2 . 


As a result, the condition (j3.83[) is identically satisfied. Here, we introduced the notations 


S 


E s _ J a 

V 2 \ : ~ y/ 2 \' 


(3.89) 
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The computation of A</q gives 


P = Av?i = 


PUmax 

2 = 

J6rr.- ^ 


(3.90) 


2/3/a 


z+y/l-ul/ul _ 


(«/2 )>? 

I-2 2 


n 


l-d 


1 - z 2 _/z\ - K (1 - z 2 _/zl) 


Expanding the elliptic integrals, we obtain 


J 2 . oP 


E - J\ = 2\l + 2A sin 2 ^ 


(3.91) 


32A sin 4 | 


ypj% + 8A sin 2 | 


exp 


2 sin 


in 2 | (Vj + ^Jf + 8A sin 2 | j yj J% + 8A sin 2 | 
Jo + 8A sin 4 2 


This also gives the finite-size effect for ordinary GM by taking J 2 —> 0 

Ji 


E — Ji = 2\/2X sin ^ — 16\/ ^ sin 3 ^ exp 


A • 3 P 

— sm - 

2 2 


\/2A sin 2 


- 2 


(3.92) 


Finite-size effects from the 5-matrix 

The Af = 6 CS theory has two sets of excitations, namely /1-particles and 5-particles, 
each of which form a four-dimensional representation of 577(212) [TOj [7ll|. We propose an 
5-matrix with the following structure: 

S AA (pi,P2 ) = S BB (p 1 ,p 2 ) = 5 0 (pi,p 2 )5(pi,p 2 ) 

S AB {pi,P2) = 5 BA (pi,p 2 ) = 5 0 (pi,p 2 )5(pi,p 2 ), 

where 5 is the matrix part determined by the SU( 2|2) symmetry, and is essentially the same 
as that found for Af = 4 SYM in [72], [73]. An important difference arises in the dressing 
phases 5 0 , 5 0 due to the fact that the A- and 5-particles are related by complex conjugation. 

Liischer p-term formula 

Here we want to generalize multi-particle Liischer formula [73;, ;75] to the case of the bound 
states. Consider M4 number of A-type DGMs, |<5i, ■ ■ ■ Qm a ), and M B number of B-type 
DGMs, |Qi,... Qm b )• We use ak for the SU( 2|2) quantum numbers carried by the DGMs 
and Ck for A or 5, the two types of particles. Then we propose the multi-particle Liischer 
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formula for generic DGM states as follows: 


A f M a , 

= Et-W 1 

6=1 l 1=1 ' 

m a +m b 

x n s^ti( q \ Pk ) 

k^l 


e QM) \ —iq*L 

e[ m) 


Res S' 

q*=q* 


AA ba i 

ba t 


(' Q*,Pl ) 


(3.93) 


+ Ei - 1 )" 1 


i=i 



e~^ L 

Res S BB %(q*, Pl ) 

n* — n* L 

Ma+Mb 'l 

n s BCh £tW’P*)\ 


H — H 

kj^l ) 


Here, the energy dispersion relation for the DGM is given by 

eg(p) = + 4c/ 2 sin 2 |. 


(3.94) 


The coupling constant g = h( A) is still unknown function of A which behaves as h( A) ~ A 
for small A, and h( A) ~ ->/A/2 for large A. 


S-matrix elements for the dyonic GM 


The S'-matrix elements for the DGM are in general complicated. However, we can consider 
a simplest case of the DGMs composed of only A-type </>i’s which are the first bosonic particle 
in the fundamental representation of SU( 2|2). It is obvious that these bound states do exist 
since the elementary S'-matrix element S' Ay4 ^ does have a pole. The same holds for the 
B-type DGMs. However, the hybrid type DGMs are not possible because the S AB S'-matrix 
does not have any bound-state pole. 


The Luscher correction needs only those S'-matrix elements which have the same incoming 
and outgoing S77(2|2) quantum numbers after scattering with a virtual particle. In partic¬ 
ular, we can easily compute the matrix elements between an elementary magnon and a the 
bound-state made of only ffs (Q of them) denoted by 1 q [76] 


k=1 

where db are given by [S1I73 


n 


k=1 


^frO'BES (y,x k )a b (y,x k ) , 
y~ x t 


a\(y,x) 


ai(y,x) 

a 2 (y,x) 

cm(y,x) 


ai(y, x), a 2 (y, x) = a x (y, x) + a 2 (y, x), 

a 3 (y,x) = a 4 (y,x ) = a e (y,x) 
x~ ~ y + rj{x)ri(y) 
x + ~ y~ rj(x)fj(y) 

(y~ - y + )(x~ - x + )Qr~ - y+) v(x)r](y) 
(y~ - x+)(x-y~ - x+y+) fj(x)fj(y) 

y + _ x + 
y~ -x+fj(y)' 


(3.95) 


(3.96) 
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As noticed in [76], 02/^1 and a§/ai are negligible 0{l/g) corrections in the classical limit 
g » 1. Therefore, the S-matrix with b = 1 is a most important factor for our computation 
which can be written as 


S AAl i° Q (y,X^) = <Tbes(!/W<®) fl 

k=1 


1 - 


_ %k - y + vMv(y) 

xt - V~ rj(x k )rj{y) 


y x k 


~ ^ s (»,a' , « , )s bds (!/w ( 0)) |AA (ill) 


Q 


where the BDS S'-matrix is dehned by 


Sbds(v, x ) = 


1 - 


y^x 


- x - y 


y 


x + — y~ 


The spectral parameter for the DGM is dehned by 


X= 


Ag sin 

where we introduce 9 dehned by 




sinh - = 


Q 


2 4 g sin | 

The frame factors g and g are given by [73] 

vM 7 (^ 2 ) 


p • 


7 (^ 1 ) 7 (^ 2 ) 


= 1 


for the spin-chain frame and 


7 (^ 1 ) 

7 (^ 1 ) 



2 _ 

— 'I 
2 


7(^2) 

fj(x 2 ) 



(3.97) 


(3.98) 


(3.99) 


(3.100) 


(3.101) 


(3.102) 


(3.103) 


for the string frame. 

Symmetric DGM state 

The classical two spins solution is a symmetric DGM configuration for both of S 2 sub¬ 
spaces. Corresponding Luscher formula is given by Eq. (I3.94[) with M\ = Mb = 1, which 
can be much simplified as 


= -i£(-l) 


Fb £ ~iq*L 


6=1 


1 - 


€ q(Pi) 

e'i(g*) 


e 'q^y 


e'i (?*' 


Res S AA 

q*=q* 






s 6^71) • 




61. 


(9*^2) 


(3.104) 
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As mentioned earlier, only the two cases of b = 1,2 contributes equally in the sum of 
Eg. (13. 1041 since these elements contain eg. Instead of the summation, we can multiply a 
factor 2 for the case of b = 1. In that case, we can compute easily each term using the 
S-matrix elements (I3.97|> and (j3.98[) . Furthermore, we restrict ourselves for the case where 
the two DGMs are symmetric in both spheres, namely, pi = [)•> and Q = Q. This leads to 


SE tl = -Aie~^ L 



Res S 

q*=q* 


AA ll Q 
110 


(q*,p) 


qAB^Iq 

^ 11 Q 


(q*,p)- 


(3.105) 


Explicit computations of each factor in (13.1051) are exactly the same as those in [76] . There 
are two types of poles of 5 'bds(?/, X^). The s-channel pole which describe (Q + 1)-DGM 
arises at y~ = X^ + while the t-channel pole for (Q — 1)-DGM (for Q > 2) at y + = + . 

We consider the s-channel pole first. Using the location of the pole, we can find 


Q = 


2 gsm(2 fS) 
From Eq. (13.94I) , one can also obtain 




-iq*L 


exp 


2g sin (ef) 


(3.106) 


€q(p) _ sin § sin l - 

ei (q*) ~ 


p—iO 


cosh : 


(3.107) 


Furthermore, one can notice from Eqs. (13.971) and 


Res S 


AA ll Q (* 


<7 =<? 


11 c 


(q*,p) 


s AU \\ Q Q (q*iP) = Res ^sym L Ao(q*,p) 


11 c 


9=9 


(3.108) 


where S'sym is the S'-matrix of the AT = 4 SYM theory. Explicit evaluation of the residue 
term becomes in the leading order 


8 ige ip sin 2 - 


sm 


p—i0 


exp 


2 e -0 / 2 sin | 


sm 


p—iQ 


( rjjx^Y ] 2 (v(y)\ 2Q 


(3.109) 


Combining all these together, we get 


SE tl = 


8 ge w sin 3 | 


cosh | 


exp 


2 e" 0 / 2 sin \ 


sm-HF 2g sin 


p—id 

2 


(« m ™ 


32 g sin 


3 p ia. 


cosh | 


exp 


2 e 


2 sin 2 | cosh 2 2 


L-Q 


sin 2 | + sinh § \ 2g sin | cosh § 


+ 1 


32g 2 sin 4 ~ e" 

Q 2 + 16 g 2 sin 2 f 


: exp 


2 sin 


2 I (h + y / Q 2 + 16 i 7 2 sin 2 |) ^Q 2 + I63 2 sin 2 § 
Q 2 + 16 g 2 sin 4 f 
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The phase factor e ia includes various phases arising in the computation as well as the frame 
dependence of 7 . As argued in [76], we will drop this phase assuming that this cancels out 
with appropriate prescription for the Luscher formula. 

The t-channel pole at y + = X^ + gives exactly the same contribution up to a phase 
factor. Therefore, combining together, we finally obtain the finite-size effect of the two 
symmetric DGM configuration as follows: 

2 sin 2 | (l+ \Jq 2 + 1 Qg 2 sin 2 |^ \jQ 2 + 16 g 2 sin 2 | 

Q 2 + 16 g 2 sin 4 | 

This is exactly what we have derived in Eq. (l3.9ip if we identify J\ — L, J 2 = Q and 
9 = \/W- 


5E^ = 


64 g 2 sin 4 f 


\JQ 2 + 16 g 2 sin 2 | 


exp 


3.1.4 Finite-size dyonic giant magnons in TsT-transformed AdS 5 x S 5 

Investigations on AdS/CFT duality for the cases with reduced or without supersymme¬ 
try is of obvious interest and importance. An interesting example of such correspondence 
between gauge and string theory models with reduced supersymmetry is provided by an 
exactly marginal deformation of Af = 4 SYM theory [77] and string theory on a /3-deformed 
AdS§ x S 5 background suggested in ESI- When (3 = 7 is real, the deformed background 
can be obtained from AdS§ x S 5 by the so-called TsT transformation. It includes T-duality 
on one angle variable, a shift of another isometry variable, then a second T-duality on the 
first angle [781 [79]. Taking into account that the five-sphere has three isometric coordi¬ 
nates, one can consider generalization of the above procedure, consisting of chain of three 
TsT transformations. The result is a regular three-parameter deformation of AdS^ x S 5 
string background, dual to a non-supersymmetric deformation of Af = 4 SYM [79], which is 
conformal in the planar limit to any order of perturbation theory [80]. The action for this 
7 i-deformed (i = 1, 2, 3) gauge theory can be obtained from the initial one after replacement 
of the usual product with associative ^-product [78 j [79] [81.] . 

An essential property of the TsT transformation is that it preserves the classical inte- 
grability of string theory on AdS$ x S 5 |79j . The 7 -dependence enters only through the 
twisted boundary conditions and the level-matching condition. The last one is modified since 
a closed string in the deformed background corresponds to an open string on AdS§ x S 5 in 
general. 

The finite-size correction to the GM energy-charge relation, in the 7 -deformed background, 
has been found in [82], by using conformal gauge and the string sigma model reduced to 
R t x S 3 . For the deformed case, this is the smallest consistent reduction due to the twisted 
boundary conditions. It turns out that even for the three-parameter deformation, the reduced 
model depends only on one of them - 73. As far as there are two isometry angles 0 i, 02 on S 3 , 
the solution can carry two non-vanishing angular momenta J\, J 2 - Then, the GM is an open 
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string solution with only one charge J\ 7 ^ 0. The momentum p of the magnon excitation 
in the corresponding spin chain is identified with the angular difference A<fii between the 
end-points of the string. The other angle satisfies the following twisted boundary conditions 

ra 

A(j >2 = 2 TT(n 2 - 73 J 1 ), 

where n 2 is an integer winding number of the string in the second isometry direction of the 
deformed sphere S^. 

An interesting extension of this study is the dyonic giant magnon. This state corresponds 
to bound states of the fundamental magnons and stable even in the deformed theory. Un¬ 
derstanding its string theory analog in the strong coupling limit can be helpful to extend 
the AdS/CFT duality to the deformed theories. 

In pilj we investigated dyonic giant magnons propagating on y-deformed AdS 5 x S 5 by 
Neumann-Rosochatius reduction method with twisted boundary conditions. We compute 
finite-size effect of the dispersion relations of dyonic giant magnons, which generalizes the 
previously known case of the giant magnons with one angular momentum found by Bykov 
and Frolov. 

The bosonic part of the Green-Schwarz action for strings on the y-deformed AdS§ x S 'j) 
reduced to R t x can be written as (the common radius R of AdS 5 and is set to 1) [83] 

S = ~ J drda [-d a td b t + 8^8^ +Gr^d a (pid b ipi (3.111) 

+ Grlrlrl (yA^) (%d b pj)\ 

- 2 G e ab (%rlrld a ipid b tp 2 + lirlrld a (p 2 d b (p 3 + l 2 rlrld a ip 3 d b (pi )} , 
where ipi are the three isometry angles of the deformed S b , and 

3 

r i = G " 1 = 1 + %r\r\ + -{ir\r\ + y 2 r\r\. (3.112) 

i =1 

The deformation parameters yj are related to yj which appear in the dual gauge theory as 
follows 

7 i = 2nT'y i = x/Xy*. 

When y« = y this becomes the supersymmetric background of [78], and the deformation 
parameter y enters the Af = 1 SYM superpotential in the following way 

W oc tr (e i7r7 $i<F 2 $3 - e-^ 7 $i$ 3 <F 2 ) . 

By using the TsT transformations which map the string theory on AdS$ x S 5 to the 
yj-deformed theory, one can relate the angle variables 0* on S 5 to the angles ipi of the 
yrdeformed geometry [73]: 

Pi = 7 r», r 2 i 0' = r 2 (<p' - 2ne ijk 'y j p k ), i = 1, 2, 3, (3.113) 
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where p;, 77 are the momenta conjugated to 0;, ipi respectively, and the summation is over 
j, k. The equality pt = 77 implies that the charges 

Ji= I dapi 

are invariant under the TsT transformation. 

If none of the variables 77 is vanishing on a given string solution, from ( 13 . 113 ft one gets 

0i = $ - ZntijkljPk- 


Integrating the above equations and taking into account that for a closed string in the 
7-deformed background 


Ay Oi = y Oi(r) - tpi(-r) = 27 m;, 77 E Z, 

one hnds the twisted boundary conditions for the angles 0; on the original S 5 space 


A 0 ; = <j>i(r) - 4 >i(—r ) = 2tt (77 - zy), j-/fe¬ 

lt is obvious that if the twists 1\ are not integer, then a closed string on the deformed 
background is mapped to an open string on AdS$ x S 5 . 


As we already explained, instead of considering strings on the 7-deformed background 
AdS 5 x S^, we can consider strings on the original AdS 5 x S 5 space, but with twisted boundary 
conditions. Actually, here we are interested in string configurations living in the R t x S 3 
subspace, which can be described by the NR integrable system. Afer the NR reduction one 
obtains the following expressions for the conserved charges 


S 

Ji 

J2 


K 


- / de = 


a 


(1 — v 2 )w j' Xr ‘ 
Vl - W 2 Jxmi 


dx 


\](Xmax X) (X Xmin) (X 


t-Xmax [■]_ _ v 2 ^ w 2 _ u 2 ^ 




u* 


u 


VT 


u 


Xmin 

PXmax 


Xmin 


y/(Xmax X) (X Xmin) (X Xn) 

_(x - V 2 j) dx _ 

\J {Xmax X)(X Xmin)(X Xn) 



( 3 . 114 ) 


and for the angular differences 


P = A 0 i = (r) - 0 i(-r), 5 = A 0 2 = <h(r) - = 2 tt (n 2 - 73 Ji). 


P = / dU[ = 


Pui 


' —r 
V 


a 2 (l — v 2 ) J_ r 

Xmax f _ y2 j 


2 2 • 
W ~ U J 


d£ 


( 3 . 115 ) 


yr 


u 


1 - X 


- 1 


dx 


\J(Xmax X) (X Xmin ) (X Xn) 
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5 = 


rfe/a = 


/3uj 2 


uv 


a 2 ( 1 — v 2 ) J_ 

Xmax 



1 - 


di 


(3.116) 


vT 




Xmin 


l-l 


dx 


X / \/(Xmax X) (X Xmin) (X Xn) 


By using that 

pXmax 


dx 


' Xmin 
r Xmax 


\/{Xmax X) (X Xmin) (X Xn) 'JXmax Xi 

Xdx 


=K(l-e), 


Xmin \/{Xmax X) (X Xmin) (X Xn) 

= 2 Xn 

\JXmax Xr 

rXma-x 


K(1 - e) + 2yjXmax ~ XnE(l - f), 

dx 2 


r Xmin 
[‘Xmax 


H| i_ Xmm|i , , 


X\/ (X?naa; — X')(X — Xmm)(X ~~ Xn) Xmax V Xmax Xn V Xmai 

dx 


Xmin (i - x) VTx max -x)(x- Xmin)(X Xn) 
2 . . / Xmax Xmin 


(1 Xmax) \/Xmax Xi 


=n 


1 - Xn 


|l-e , 


where 


e = 


Xmin Xn 


Xmax Xr 


from (13. 1 14ji . (13.115ft and (13.116ft one finds 
Ah 


£ = 
Ji = 


K(l-e), 


Vi 1 -Xn)(l - v 2 ) 

- (oj{1 — Xn) — — (1 + vA 2 )\ K(1 - e) 

(l-uV(l-Xn)(l-£ 2 ) LV " / 


- w(l - Xn)(1 - v 2 )E(1 - e)] , 
4S 


(1 - “Xn)(l -V 2 ) 

+ K 1 - Xn)(1 - V 2 )E(1 - e)] , 

4 fen 

V = 


[(v 2 A 2 + VXn ))K(l-e) 


(3.117) 


5 = 


(1 - V 2 )^{1 -Xn)(l -V 2 ) M 1 - Xn)V* \ V 

2 KV 


1 + /yA ' 2 II ( ttt—( 1 — e)|l — e ) — ojK( 1 — e) 


(1 - V 2 )y/(l~Xn)(l-V 2 ) 
+ zy K(l - e)], 

1 - v 2 


; 2 
a 2 


n 


i - x. 


(1 — v 2 ) (l + Xnjz^r) y 1 + Xn yryr 


' (1 e ) 11 e 


K = 


2\/i 


OJ 2 — V 2 


82 























































In the above equalities we introduced the new parameters 

~2 1 Xmax Xmin Xn 

1 Xn Xmax Xn 

instead of Xmax and y mm . 

In order to obtain the finite-size correction to the energy-charge relation, we have to 
consider the limit e —>• 0 in (13.117b For the parameters in (13.1171) . we make the following 
ansatz 


v — Vq + vie + u 2 elog(e), v — v 0 + v^e + h 2 elog(e), cu = 1 + uqe, 

v = u 0 + zqe + u 2 e\og(e), A 2 = A 21 e, Xn = Xn (3.118) 

We insert all these expansions into (13.1171) and impose the conditions: 


1 . p - finite 

2. J 2 - finite 

2 g _ sj _ - \/' 't !/ n 

1 1/n 


(i-^o-^o) 372 rn ^t-T>V 
2(1—i/q) COS l®J e 


From the first two conditions, we obtain the relations 
2v oy /l -1 




p = arcsm 




v 0 = 




V^ 




2 ’ 


J2 = 


2 ^o 




Z 2 n 


(3.119) 


as well as six more equations. The third condition gives another two equations for the 
coefficients in (13.1181) . Thus, we have a system of eight equations, from which we can find 
all remaining coefficients in (13.1181) . except A 21 . A 21 can be found from the equation for S 
to be 

*. = — A (1 "If-If *.(♦)■ 

«o(l - ^o) 


where A is constant with respect to $ (actually, A can be fixed to 1). The equations (13.1191) 
are solved by 


u 0 = 


sin(p) 


\/ J 2 +4 sin 2 (p/2) ’ 


h 0 = cos (p/2), u 0 = 


J 2 


a/ J 2 + 4 sin 2 (p/2)' 


(3.120) 


Replacing (13. 12Gj) into the solutions for the other coefficients, one can obtain the expressions 
for the remaining parameters in terms of physical quantities. 

To the leading order, the equation for J\ gives 

2 (ji + \J J 2 + 4 sin 2 (p/2)) sj + 4 sin 2 (p/2) sin 2 (p/2) 

e = 16 exp------—j-——- 

Jj + 4 sin 4 (p/2) 
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Accordingly, to the leading order again, the equation for 5 reads 


2 vr | n 2 - ] + J-i — + + sin (p) = A<l> - ( 3 - 121 ) 

27T j Jf + 4 sin 4 (p/2) 

Finally, the dispersion relation, including the leading f ini te-size correction, takes the form 
S-Ji = y/j:# +4sin 2 (p/2) - A 6sm4(p ( 2) ,, = cos(1>) (3.122) 


exp 


._: cos(<h) 

^ + 4 sin 2 (p/2) 

2 (ji + + 4 sin 2 (p/2)) sj + 4 sin 2 (p/2) sin 2 (p/2) 


<Y 2 2 + 4 sin 4 (p/2) 


For J 2 = 0, (13.1221) reduces to the result found in [82lpl. 


3.1.5 Finite-size giant magnons on AdSi x CP 3 

In [23] we investigated finite-size giant magnons propagating on y-deformed AdS A x CP 3 type 
IIA string theory background, dual to one parameter deformation of the AT = 6 super Chern- 
Simoms-matter theory (ABJM theory) [ 68 ] • The resulting theory has AT = 2 supersymmetry 
and the modified superpotential is [84j 

W 7 oc Tr ( e -^ 7/2 AiPiA 2 P 2 - e i7Tl/2 A 1 B 2 A 2 B 1 ) . (3.123) 

Here the chiral superfields A*, P*, (i = 1 , 2 ) represent the matter part of the theory. As 
in the = 4 SYM case, the marginality of the deformation translates into the fact that 
AdS± part of the background is untouched. Taking into account that CP 3 has three iso¬ 
metric coordinates, one can consider a chain of three TsT transformations. The result is 
a regular three-parameter deformation of AdSn x CP 3 string background, dual to a non- 
supersymmetric deformation of ABJM theory, which reduces to the supersymmetric one by 
putting 7 i = y 2 = 0 and y 3 = 7 [ 84] , 

The dispersion relation for the GM in the 7 -deformed AdS^ x CP 3 background, carrying 
two nonzero angular momenta, has been found in [85] • Here we are interested in obtaining 
the f ini te-size correction to it. Analyzing the f ini te-size effect on the dispersion relation, we 
found that it is modified compared to the undeformed case, acquiring 7 dependence. 

8 We want to point out that our result is different from [52] which has extra cos 3 (p/4) in the denominator 
of the phase 4>. 
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Let us first write down the deformed background. It is given by [84^*1 


ab IIA 


- R 2 ( ^ ds 2 Ad Si + ds 2 CP 3 


ds 2 rp3 = dib 2 + G sin 2 0 cos 2 0 ( - cos 64d0i-cos 9 2 d(b 2 + d(b 3 

t' \2 2 , 

+- cos 2 0 [d6\ + G sin 2 64d0 2 ) + ^ sin 2 0 (d 6* 2 + G sin 2 9 2 d(pl) 

+ 7 G sin 4 0 cos 4 0 sin 2 64 sin 2 9 2 d<f>l, 


x 


R 2 = —R 2r yG sin 2 0 cos 2 0 

- cos 2 0 sin 2 dx cos 9 2 d(j) 3 A d0i + - sin 2 0 sin 2 d 2 cos $id0 3 A d0 2 
i (sin 2 6 *i sin 2 6* 2 + cos 2 0 sin 2 64 cos 2 6* 2 + sin 2 0 sin 2 6* 2 cos 2 64) dcfti A d0 2 


where 

G ' 1 = 1 + 0 2 sin 2 0 cos 2 0 (sin 2 64 sin 2 6* 2 + cos 2 0 sin 2 64 cos 2 6* 2 + sin 2 0 sin 2 9 2 cos 2 64) . 

The deformation parameter 7 above is given by 7 = -^ 7 , where 7 appears in the dual field 
theory superpotential (I3.123p . 

Further on, we restrict our attention to the R t x RP subspace of AdS 4 x CP^, where 
9\ = 6*2 = 7t/2, 03 = 0, and 

ds 2 = R 2 i^—^dt 2 + d0 2 + ^ cos 2 0d0 2 + ^ sin 2 ipd^^j , 

r2 

~ = bfafcdcp 1 A d0 2 = —— 7 G sin 2 V' cos2 0d0 1 A d0 2 , 

1 1 , -2-2.1 _ 2 ./. 


G 


1 = 1 + 7 2 sin 2 0 cos 2 0 . 


To find the string solutions we are interested in, we use the ansatz (j = 1, 2) 

f(r, a) = act, 0(t, o-) = 0(0, 0i(r, a) = Wj-t + /,■(£), (3.124) 

£ = cut + f3r, ac, ujj, a, /3 — constants. 

It leads to reduction of the string dynamics to the one of the 7 -deformed NR system. The 
string Lagrangian becomes (prime is used for d/d£) 


TR 2 

T 

Ga 2 


£ s = -R^-ia 2 - 0 2 ) 0 /2 + jcos 2 0 ( f[ - 


Y G . 2 f , (3 uj 2 

SwO +4 sm 


4 (a 2 _ ^2)2 (7 cos2 * + w 2 2 sin 2 V>) + Y- sil ' 2 * cos2 2/1 


(3.125) 


9 There are also nontrivial dilaton and fluxes iv, A 4 . but since the fundamental string does not interact 
with them at the classical level, we do not need to know the corresponding expressions. 
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while the Virasoro constraints acquire the form 


0 ,2 + r. cos 2 0(/( 2 + 


G 


p/2 


2/3ui 


:f[ + 


on 


a 2 + /3 2Ji a 2 + /3 2 


+T* ! q/?+ 


2f3ui2 


'/2 + 




a 2 + /5 2 " a 2 +/3 2 ) a 2 + /5 2 ’ 


k 2 /4 


(3.126) 


V/ 2 + t cos ^ ( ./T + ^./i ) + ^sin^ ( /" + ^/2 ) = 0. 


G 


e/2 


,, 


P 


G 


el 2 


<^2 w 


P 


The equations of motion for _/)•(£) following from (13.1 25 jl can be integrated once to give 


/( = 

/2 = 


1 


a 2 -/? 2 

1 


Ci 


a 2 — /3 2 [sin 2 0 


cos 2 0 
C 2 


+ /Juq + 7 (aa ;2 + 7 C 1 ) sin 2 0 


+ f5uj2 ~ 7 («wi — 7 C 2 ) cos 2 0 


(3.127) 


where Cj are constants. Replacing (13. 1271) into (13.1261) . one can rewrite the Virasoro con¬ 
straints as 


0' 2 = 


4(a 2 — /3 2 ) 2 


(a 2 + R)R- 


C? 


c 2 


cos 2 0 sin" 0 


(3.128) 


— (owi — 7 C 2) 2 cos 2 0 — (acu 2 + 7 C 1) 2 sin 2 0 
uqCi + UI 2 G 2 + /5k 2 = 0. 


(3.129) 


Let us point out that (13.1281) is the first integral of the equation of motion for 0. Integrating 
(13.1271) and (13.1281) . one can find string solutions with very different properties. Particular 
examples are (dyonic) giant magnons and single-spike strings. 


In the case at hand, the background metric does not depend on t and <pj. The corre¬ 
sponding conserved quantities are the string energy E s and two angular momenta Jj, given 
by 


E s 

Ji 

J 2 


TR 2 k 
4 a 
TR 2 




4 a 2 — f3 2 
TR 2 1 

4 a 2 — ft 2 



P 

a 

P 

a 


Ci + (aui - 7 C 2 ) cos 2 0 , 
C 2 + (aw 2 + 7 C 1 ) sin 2 0 . 


(3.130) 


Let us remind that the relation between the string tension T and the t’Hooft coupling 
constant A for the M = 6 super Chern-Simoms-matter theory is given by 


TR 2 = 2V2X. 







































If we introduce the variable 


X = cos 2 -0, 


and use (13. 1291) . the first integral (I3.128P can be rewritten as 


X 


1 2 


a 2 (l-v 2 ) 2{Xp 


X)(X - Xm)(x - Xn), 


where 


and 


2- (l + v 2 )W -u 

Xp 3“ Xm A Xn i — 1 


XpXm H - XpXn “I - XmXn 

K 2 


1 — u 2 

1 - (1 + v 2 )W + (vW - uKf - K 2 
1 - u 2 : 


XpXniXn 


1 — U 2 ’ 


(3.131) 


v = -£ u = ^i W=f±) k = ^L 

a ’ n 2 ’ [n 2 J ’ afl 2 ’ 

Ill — UJi f 1 — 7 - ] , H 2 = <^2 (1 + 7- 

V au i / V au 2 


We are interested in the case 


o < Xm < X < Xp <1, Xn < o, 

which corresponds to the finite-size giant magnons. 

In terms of the newly introduced variables, the conserved quantities (13.1301) and the 
angular differences 


Pi = A0i = 0i(r) - 0i(-r), p 2 = A0 2 = 02(r) - 02(~r), 


transform to 


£ = 


Ji = 


J'2 = 


Es 

TR 2 

Ji 


(1 -v 2 )VW K(l-e) 

\/l — U 2 y/Xp Xn 


UXn - VK 
TR 2 y/1 - U 2 L VXp ~ Xn 

Jo 1 


K(1 - e) + Uy/Xp - Xn E ( 1 - e) 


TR 2 

Vx P - Xv,E(l - e) 


1 — Xn — V {vW — uK) 
\/Xp Xn 


K(l-e) 


(3.132) 


(3.133) 

(3.134) 

(3.135) 
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4 


(3.136) 


Pi = 


VT 


u z 


x< - h TT 

Xp^Xp - Xn V Xp 


— [uv + ; yv (vW — uK ) — 7 (1 — % n )] 


K(l-e) 

y/Xp Xn 


~1\/Xp - Xn E (! - e) >, 


P2 = 


VT 


XT 


X 


vW — uK 


=n 


where e is given by 


(3.137) 


Xp Xm 

(1 Xp)\/Xp Xn V ^ Xp 
-7M\/Xp - XnE(l - e) >, 


1 - e - [v (1 - y/i) + tux™] 


K(l-e) 
VXp Xn 


e = 


Xm Xn 
Xp Xn 


(3.138) 


From (I3.133p - (l3.135p one can see that the conserved charges are not affected by the 7 - 
deformation as it should be. Only the angular differences are shifted. 

Further on, we will consider the case when £, J 2 and pi are large, while £ — 772 , J\ and 
P 2 are finite. To this end, we will introduce appropriate expansions. 

Expansions 

In order to find the leading finite-size correction to the energy-charge relation, we have 
to consider the limit e —> 0 in (13.1311) . (13.133D - 03.1381) 1. We will use the following ansatz for 
the parameters (x P , Xm, Xn, v, u, W, K) 

X P = Xpo + (Xpi + Xp 2 log(e)) e, 

Xm = Xmo + (Xml + Xm2 log(e)) 6, 

Xn = XnO + (Xnl + Xn2 log(e)) 6, 

V =v 0 + (x’l + v 2 log(e)) e, (3.139) 

u = u 0 + (xti + u 2 log(e)) e, 

W = w 0 + (W 1 + W 2 log(e)) e, 

K = K 0 + (Ad + K 2 log(e)) e. 

A few comments are in order. To be able to reproduce the dispersion relation for the infinite- 
size giant magnons, we set 


XmO — XnO — Ko — 0 , Wo — 1 . 


( 3 . 140 ) 




























Also to reproduce the undeformed case [69j in the 7 —» 0 limit, we need to £x 


Xm2 — Xn2 ~ W 2 — A 2 — 0. 


(3.141) 


Replacing (13.1391) into (13. 131 jl and (13.1381) . one finds six equations for the coefficients in 
the expansions of Xp, Xm, Xn and W. They are solved by 


= (1 - X,g) (1 - Jg°) (1 - -„g - M g) { - 2v ° u ^ - 

+2 (1 - ug) (1 - vl - u 2 0 ) [K lUo (l + vl) - (1 - vl)v i] 

+u 0 (l - Vq - 2mq)\/( 1 - «o “ V IY - - M o) 2 (! - u l ~ rD}> 


(3.142) 


Xp2 


= —2vt 


v 2 + (v 0 u 2 - u 0 v 2 )u 0 




2\2 


Xml 

Xnl 

W] = 


u o Z 2 m o ( 1 ~ t; o) + ( X ~ v o ) 2 + V / ( 1 ~ u l ~ V IY - 4A ?( X ~ u l) 2 ( l ~ U l ~ v o) 

2(1 - u l)(l-vl-ul) _^ 

Uq - 2m o(! - v o ) + (! - v o) 2 - V(! - u l - V IY - 4A 7(! - m o) 2 ( 1 - u l - v o) 


2A' 1 -u 0 u 0 (l - ul) + y/(l-ul~ Uq) 4 - 4 / 17(1 - wg) 2 (l ~ u l~ v o ) 


(1 - «o)(l - v o) 


As a next step, we impose the conditions for J \, p 2 to be independent of e. By expanding 
r.h.s. of (13. 1341) . (I3.266jl in e, one gets 


J = uo\/l~vl-ul 


1 -ul 


(3.143) 


p 2 = 2 arcs,„ ^Vl -- «§ 


1 - Ur 


1 -ug 


(3.144) 


along with four more equations from the coefficients of e and eloge. The equalities (13.1431) . 
(I3.144p lead to 


sin T 


vo = 


Uq = 


Ji 


2\J Jl + sin 2 (T/2) ’ ^ + sin 2 (T/2) 

where the angle T is defined as 


, p 2 = 2(T —2yJi), (3.145) 


T = arcsin 


2v oy /l -vl~u\ 






































After the replacement of (13. 142ft into the remaining four equations, they can be solved with 
respect to Vi, v 2l ui, u 2 , leading to the following form of the dispersion relation in the 
considered approximation 


S-J 2 = 


\/l - v o - u o 1 \/(! - v o - - 4A 7(! - U IY 


1 - Un 4 


1 - ul 


e. 


To the leading order, the expansion for J 2 gives 


e = 16 exp 


l ~ v l 


1 - 


1 


+ i 72\/1 — vl — ul 


By using (13.145ft and (13.147ft . (13.146ft can be rewritten as 


(3.146) 


(3.147) 


S - J 2 = \ Jl + sin 2 (T/ 2 ) - 4 1 


sin 8 (T/ 2 ) 


AKf 


exp 


J[ 2 + sin 2 (vI// 2 ) 

2 (j 2 + \/Ji+ sin 2 (T/2) N ) ^ J 2 + sin 2 (T/2) sin 2 (T/2)' 


J 2 + sin 4 (T/2) 


(3.148) 


The parameter K\ in (13.1481) can be related to the angular difference p \. To see that, let 
us consider the leading order in the e-expansion for it: 


Pi = 


4 Ki arctan . / 

Y Xml 


V(! - Uo)XpOXml(XpO - Xml) 


v / ( 1 - u l)x P o 


V( 1 - u o)Xpo 
So, it is natural to introduce the angle $ as 


[u 0 v 0 log(16) + 7 (2 Xpo ~ (1 - Vq) log(16))] 
[u 0 v 0 - 7(1 - Vq)] log(e). 


<f> 


= arctan 


X.pQ 


2 V Xml 

On the solution for the other parameters this gives 


- 1 . 


I<! = 




u ; 


i ) 3/2 


sin($) = 


sin 4 (T/ 2 ) 


sin($). 


2(1-wo) 2 v /j' 1 2 + shr(T/2) 

As a result, the relation (13. 149j) between the angles p\ and <f> becomes 


T Pi f „ sin T 

$ = — - ( 27 - Ji 


J 2 + sin 4 (T/2) 


J2 + Ji 


sm 


v I y \J J\ + sin 2 (T/ 2 ) 


J 2 + sin 4 (T/2) 


(3.149) 


(3.150) 


(3.151) 


(3.152) 
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where due to the periodicity condition we should set 

Pi = 27rni, ni G Z. 


Finally, in view of (13.1511) . the dispersion relation (13. 148 ft for the dyonic giant magnons 
acquires the form 

£-J, = sj3l + sinq^/2) - cos $ (3.153) 

V v J\ + sm 2 ('h/2) 

2 fj 2 + V^i 2 + sin 2 (^/2)) \[j\ + sin 2 ('h/2) sin 2 ('F/2)" 

CXP [- J?W(«/2 ) - ' 

Based on the Liischer //-term formula for the undeformed case [T9], we propose to identify 
the angle T (= y + ) with the momentum p of the magnon exitations in the dual spin 

chain. 

Let us point out that (13.153ft has the same form as the dispersion relation for dyonic giant 
magnons on R t x S 3 subspace of the y-deformed AdS$ x S 5 ng. Actually, the two energy- 
charge relations coincide after appropriate normalization of the charges and after exchange 
of the indices 1 and 2. The only remaining difference is in the first terms in the expressions 
for the angle <!>: 

Rt x RP* : 4> = ^ + ... 

Rt x S 3 : 4* = p 2 + • • • • 


All of the above results simplify a lot when one consider giant magnons with one angular 
momentum, i.e. J\ = 0. In particular, the energy-charge relation (13.153ft reduces to 


c rr . V 
£ - J2 = Sill - 


4 sin 2 | cos (ttui - 2y J2) e 2 2Jz csc 2 


(3.154) 


3.1.6 String solutions in AdS 3 x S 3 x T 4 with NS-NS B-field 

In [29J we developed an approach for solving the string equations of motion and Virasoro 
constraints in any background which has some (unfixed) number of commuting Killing vector 
fields (see the beginning of Section 3.1). It is based on a specific ansatz for the string 
embedding, which is the one given in (13.41) . 

Here, we apply the above mentioned approach for strings moving in AdS 3 x S' 3 x T 4 with 
2-form NS-NS B-field. We succeeded to find solutions for a large class of string configurations 
on this background. In particular, we derive dyonic giant magnon solutions in the R t x S 3 
subspace, and obtain the leading f ini te-size correction to the dispersion relation. 
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Strings in AdS 3 x S 3 x T 4 with NS-NS B-field 

The background geometry of this target space can be written in the following form 1^*1 : 

ds AdS 3 = -(! + r2 ) dt ' 2 + (i + r 2 )~ 1 dr 2 + r 2 d(p 2 , b t<t> = qr 2 , 
ds 2 g 3 = dd 2 + sin 2 6d4>\ + cos 2 6><i0 2 , b^fc = —q cos 2 9, 
ds^ 4 = (dtp 1 ) 2 , i = 1,2, 3,4. 


According to our notations 

X a =(r,6), 

\9tti 9**: 9*i*n 9*2*21 9ij) i 9ab \9rn 9dd) i 9afi 0, h ab 9abi 
bfiv \pt*i bfa * 2 )j b at / 0) 

A a = 0, (3.155) 

where 

9u = (g*)- 1 = -(1 + r 2 ), g** = (g^)- 1 = r 2 , g Ml = fo**)" 1 = sm 2 9, 

gfofc = (g^ 2 )~ l = cos 2 9, gij = (< g = 8 tJ , 

9rr = (g rr )~ l = (1 + r 2 ) _1 , gee = 1, 

bt* = qr 2 , b^fo = —q cos 2 6*. (3.156) 


Since r/ a/t = 0, the solutions (13.111) for the coordinates X ,J ’ are simplified to 

1 


X M (r, a) = A M r + A^(£) = A'V + 


a 2 -/? 2 


d£ [g^ (C v - ak p b up ) + /3A ^}, (3.157) 


where and must be replaced from above. 


Now, we want to find the solutions for the non-isometric string coordinates X a . To this 
end we have to solve the equations (13.121) . which in the case at hand reduce to 


(« 2 -/3 2 ) g ab X b "+T a , bc X b X c 


+ da U b — 0 , 

b=r,6 


(3.158) 


where the scalar potential U in (13.151) is represented as a sum of two parts: U r = U r (r) for 
the AdS 3 subspace and Uq = Uq{9) for the S 3 subspace of the background. 

Taking into account that the metric g ab is diagonal, one can find the following two first 
integrals of (I3.158jl 


X a = 


Ca - 2 Uq 

(a 2 - (3 2 )g a 


(3.159) 


10 


The common radius R of the three subspaces is set to 1, and q is the parameter used in 
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It follows from here that 




dX a 


Ca-2U a 

(o?-p)g a , 


(3.160) 


So, we have two different expressions for d£, which obviously must coincide. This is a 
condition for self-consistency. It leads to 


/ 


dr 


Cr—2U r 

9rr 


/ 


d9 


C e -2U e 

9ee 


(3.161) 


which actually gives implicitly the “orbit” r(9), i.e. how the radial coordinate r on AdS$ 
depends on the angle 9 in S 3 . 


Now, we have to check if the first integrals for -V a (£) are compatible with the Virasoro 
constraints (13.16ft . Replacing X a in the first of them, one finds 

C r + Cq = 0. 


Thus, we found all first integrals of the string equations of motion, compatible with the 
Virasoro constraints, which reduce to algebraic relations between the embedding parameters 
and the integration constants. 


Now, let us give the expressions for the conserved charges (13.1711 . corresponding to the 
isometric coordinates. 


—Qt = E s — 
Qa = S — 


a 2 — (5 2 

T 


aA l - -C t - q C Q ) / d£ + a( 1 - q 2 ) A* / d£r 


,(3.162) 


a 2 — /3 2 
(< lC t + q 2 a A*) / 


+ Qpt + 1 J d£ + (1 - q 2 )aA^ J d^r 2 


di 


1 + r 2 


(3.163) 


h — — 


T 


a 2 -P 2 


+ aA^ - qcA J d£ 


■(1 — q^aA^ 1 / cos 2 9d£ 


h = J2 — 


T 


a 2 — /3 2 


(P-Cfr-q^ + qa A 02 )) J d£ 


+ (1 — q 2 )a A^ 2 / cos 2 9dC, + q ( C ^ + gaA^ 2 ) 




1 — cos 2 9 


(3.164) 
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(3.165) 


Here we used the following notations: E s is the string energy, S is the spin in AdS 3, J\ and 
J 2 are the two angular momenta in S 3 , while Jj are the four angular momenta on T 4 . 

The explicit expressions for the string coordinates, the “orbit” r(9), and the conserved 
charges in this background are given in Appendix C. 

Giant magnon solutions 

The giant magnon string solution was found in [62]. It is a specific string configuration, 
living in the R t x S 2 subspace of AdS§ x S 5 with an angular momentum J\ which goes to 00. A 
similar configuration, dyonic giant magnon, has been obtained in [60] which moves in R t x S 3 
subspace with two angular momenta J\, J 2 with J\ —>■ 00 . These classical configurations 
have played an important role in understanding exact, quantum aspects of the AdS/CFT 
correspondence. In particular, corrections due to a large but finite J\ obtained in [66] and 
[57 ] can provide a nontrivial check for the exact worldsheet A-matrix. 

Here we provide similar string solutions in Ad A3 x A 3 x T 4 with NS-NS B-£elcl for a large 
but finite J\. Dyonic giant magnon solution with infinite angular momentum J\ has been 
constructed in [86] with the following dispersion relation 0 

E s - ./, = J (J 2 - qTAcpi) 2 + 4T 2 (1 - q 2 ) sin 2 (3.166) 

This relation is already quite different from those for the ordinary (dyonic) giant magnons. 
We will show that there exist even bigger differences for the finite-size corrections. 

Exact residts 

In order to consider dyonic giant magnon solutions, we restrict our general ansatz (13.411 
in the following way: 

X l = t = kt , i.e. A 4 = «, X\£) = 0, 

X+ = 0 = 0, i.e. A^ = 0, X*(£) = 0 

X r = r = X r (£) = 0, 

X* 1 =(/>!= cj! r + X^iO, i.e. A^ 1 = wi, 

X^ 2 =(j> 2 = lo 2 t + X* 2 (i), i.e. A^ 2 = w 2 , 

X 9 = 9 = X e (Qi X'f = (p* = 0. 

As a result, we can claim that 


C t = /3k, 

11 The terms proportional to q are due to the nonzero B-field on S 3 . 
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which comes from ^- = 0. 

d£. 


Now, we can rewrite the first integrals for on S 3 as 


dX^ 


d£ a 2 - p 2 

dX* 3 _ 1 

“*T “ V X 


(Cfa + qau 2 ) -- + Poj 1 - gatu 2 


c, 


<t>2 


i - X 
+ / 3uj 2 - gawi ) , 


(3.167) 


where x = cos 2 0. 


The first Virasoro constraint, which in the case under consideration is the first integral of 
the equation of motion for 6, reduces to 


dx 

d£ 


(a 2 — /3 2 ) 2 


x(i - x) 


(a 2 + /3 2 K- 


(Q>i + qauj 2 xY 


1 - X 


(Q 2 - gacaix)^ 
X 


2/ 2 2\ 2 2 
- a ( u 2 -uq)x - awj 


Also, the second Virasoro constraint becomes 

WiCtj, i + Lu 2 C ( j ) 2 + /3k 2 = 0. 


(3.168) 


(3.169) 


Taking (13.1691) into account, we can rewrite (13.168jl as 

2 ,2 1 „,2 


dxA * A /-, 2 \ a ’i 1 — u 


dt) g 'a 2 (l-u 2 ) 2 


(X P - X)(X - Xm)(x - Xn), 


where 


(3.170) 


- (u 2 lT + (W + u 2 - 2 + q 2 )) + 2 q (uvW + iX(l - u 2 ))) . o 1 ^. 
Xp T Xtn T Xn ,.9\ 7 (3.171) 


XpXm T XpXn T XmXn 
K 2 


(1 - g 2 )(l -m 2 ) 

(1 + u 2 ) IT + Jl 2 - (ulT - uK f - 1 + 2 qK 
(1 — g 2 )(l — u 2 ) ’ 


XpXmXn 


(1 — g 2 )(l — u 2 ) ’ 
and we introduced the notations 


P U 2 ( k\ T' C <t>2 

v = -, u= —, W = — , K — 

a u>i V u>i J acoi 


This leads to 


d£ = 


a 


1 — v 2 


dx 


2wi ^/{l-q 2 )(l -w 2 ) V(X P - X)(X - Xm)(x - Xn) 


(3.172) 
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Integrating (13.1 72 |) and inverting £(x) to x(0 = cos 2 [$(£)], one finds the following explicit 
solution 


X = (X P - Xn) dn 2 


sj{l - q 2 ){l - u 2 )(x P ~ Xn) . v Xp Xm 
-Wi (a - vt), 


1 — v 2 


Xp Xn 


+ Xn- (3.173) 


Next, we integrate (13.1671) . and according to onr ansatz, obtain that the solutions for the 
isometric angles on S 3 are given by 

2 


>1 = OJiT + 


^/(l-q 2 )(l-u 2 )(x P -Xn) 
vW — Ku + qu 


1 - Xp 


II arcsin 


"V — 'V V — "V "V — V 

A p A A p Am A p Ar 


Xp Xm 1 Xp Xp Xn 


Xp X Xp Xn 


— (v + qu)F arcsin 

\ V Xp Xm Xp Xn 


(3.174) 


02 = to 2 r + 


^(l - q 2 )(l - u 2 )(x P ~ Xn) 


7^ n / . I Xp X 1 Xm Xp Xn 

— 11 arcsm 4 / —--, 1-, 

Xp V 


v — v V V — 'V 

A P Am A p A P A r 


— {uv + q)F (arcsin 


Xp X Xp Xn 


Xp Xm Xp Xn 


(3.175) 


By using (I3.172|) . one can find also the conserved quantities, namely, the string energy E s 
and the two angular momenta Ji, Jo : 


(1 -v 2 )VW 


E s = 2 T ——___ 

V( 1 -9 2 )(l-‘“ 2 )(Xp-Xn) 


K(l-e), 


(3.176) 


Ji = 


2 T 


(! q^) (1 U 2 ) (Xp Xn) 

-(1 - r) [xn K(1 - e) + (x P ~ Xn) E(1 - e)] 


[1 - v 2 W + K(uv -q)]K{l-e) 


(3.177) 


2 T r 

J2 = /n 2V1 2 w y U 1 - [Xn K(1 

V (! - r)(! - u 2 ){Xp - Xn) L 

- [Kv + q {vW - Ku) + q 2 u] K(1 - e) 


vW — Ku + qu„ 
+q --—:——n 

1 Xp 


Xp Xn 

1 - Xp 


(l-e),l-e 


e) + (Xp - Xn) E(1 - e)] 

(3.178) 
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where e is defined as 


e = 


Xm Xn 
Xp Xn 


(3.179) 


We will need also the expression for the angular difference A^. It can be found to be 



2 


(3.180) 


-u 2 )(x P -Xn) 


vW — Ku + q u 


1 - X P 



(v + qu ) K (1 — e) 


The expressions (I3.176H . (13.17711 . (I3.178[) . (13. 180jl are for the finite-size dyonic strings 
living in the R t x S 3 subspace of AdS 3 x S 3 x T 4 . 

Leading finite-size effect on the dispersion relation 

In order to find the leading finite-size effect on the dispersion relation, we have to consider 
the limit e —>■ 0, since e = 0 corresponds to the infinite-size case. In this subsection we restrict 
ourselves to the particular case when Xn = K = C@. Then the third equation in (13. 171|) is 
satisfied identically, while the other two simplify to 


Xp + Xm 


2 - (1 + v 2 )W -u 2 - 2 q(uvW + f) 


(3.181) 


(1 — q 2 )( 1 — u 2 ) 


(1 - W)(l -v 2 W) 
(1 — q 2 )( 1 — u 2 ) 


and e becomes 



(3.182) 


The relevant expansions of the parameters are 


Xp — Xpo + (Xpi + Xp-2 l°g(e)) e, II — 1 + Wie, 

V — V 0 + (fi + n 2 log(e)) e, u = u 0 + (u\ + u 2 log(e)) e. (3.183) 


12 As we will see later on, this choice allow us to reproduce the dispersion relation in the infinite volume 


limit [86( . 
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Replacing (13. 182ft . (13.183ft into (13.181ft . one finds the following solutions in the small e limit 


1 - v l ~ u l - 2g(woWo + f) 

Xr0 ~ (i- 9 2 )( i-« 2 ) 

v 0 + quo 

Xpl (1 - < J 2 )=(1 - «„ 2 )(1 - ulf X 
(l - 4 - “o - 2g(uovo + |)) (t>j + 9!io(l + 3w^) - t>o(l - 2 mJ 

+2(1 - q 2 )( 1 - Vo) ((1 - ul)vi + (■ UqVq + q)ui) 

2{v 0 + qu 0 ) ((1 - ul)v 2 + {u 0 v 0 + q)u 2 ) 

Xp2 ~ (i - « 2 )(i - «g) 2 

Ir _ (1 - V% - u 2 o - 2q(u 0 v 0 + |)) 2 

1 (l-^)(l_ M 2 )(1 _ Uo2) • 


(3.184) 


2g 2 ) 


The coefficients in the expansions of v and u, will be obtained by imposing the conditions 
that J 2 and A0i do not depend on e, as in the cases without R-field (AdS§ x S 5 and 
AdS 4 x CP 3 ) and their TsT -deformations, where the R-field is nonzero, but its contribution 
is different. 


Expanding (13.178p and (13.180ft to the leading order in e (now \ n = K = 0), one finds that 
on the solutions (13.184ft 


J 2 — 2 T 


UoyJl-ul-v$- 2q{u 0 Vo + |) 


l~u 2 o 


+q arcsin 


1 ~ u 2 0 - vl - 2 gjupyp + f) 
(l-q 2 )(l-ul) 


(3.185) 


A^i 


2 arcsin 



u 2 o - vl - 2q(u 0 v 0 + 
(l-q 2 )(l-u 2 ) 



(3.186) 


1 - ul - v'l - 2q(u 0 v 0 + |) 

4(l- 9 2 )(l-« 2 ) 

x [u 0 (l - log 16 - Uq( 1 + log 16)) - 2 qvo log 16)] , 


(3.187) 


_ 1 -u 2 o~vl- 2q(u 0 v 0 + f) 
t ' 1_ 4(1 — 9 2 )(1 — «o)(l — Vo) 
x [v 0 ((1 — 4g 2 )(l — log 16) — Mq( 5 — log4096)) 

Vq (l - log 16 - u o(l + log 16)) - 4 quo (l - log4 + Ug(l - log 64))] , 


(3.188) 
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u 2 = 


(■U 0 (l + Vo) + 2gvo) (l - ul - - 2 q(u 0 v 0 + §)) 

4(1 - <? 2 )(1 - i’o) 


(3.189) 


v 2 = 


1 - u o - v l ~ 2( ?(%v 0 + f) 


4(1 -g 2 )(l-u 2 )(l-u 2 ) 
x [u 0 (1 - vl - ul (3 + vjj)) - 2g (u 0 (l + 3 uq) + 2gu 0 )] . 


(3.190) 


Now, let us turn to the energy-charge relation. Expanding (13.176jl and (13.177ft in e and 
taking into account the solutions (13.184ft . (13.187ft - (13.1901) . we obtain 


E s — J\ — 2 T 


yjl-ul-vl- 2q(u 0 v Q + f) 


l-«§ 


1 - 


1 - M o - v o - 2 <?(woV 0 + f) 

4(1 — q 2 ) 


(3.191) 


The expression for e can be found from the expansion of J\. To the leading order, it is given 
by 


e = 16 exp 


Ji V 1 _ M o - v l ~ M^oVo + I ) 1 -ul- vl - 2q(u 0 v 0 + f) 


T 


1 - Vq 


- 2 - 


(l-v 0 2 )(l-vg) 


(3.192) 


Next, we would like to express the right hand side of (13.191ft in terms of J 2 and A0i. To 
this end, we solve (13.185ft . (13.186ft with respect to uq, vq. The result is 


u 0 = 


v 0 = 


J 2 - qT A0i 


yj (J 2 - gTA0 x ) 2 + 4(1 - q 2 )T 2 sin 2 
T(1 — g 2 ) sin A0i — g( J — gTA0i) 
y/(J 2 - qTAcpi) 2 + 4(1 - q 2 )T 2 sin 2 


(3.193) 

(3.194) 


Replacing (13.193ft . (13.194ft into (13.191ft . (13.192ft . one finds 


E a -J 1 = \ ( J 2 - qTA(j>i) 2 + 4(1 - q 2 )T 2 sin 


2^T2 A - 21 


1 - 


(1 -q 2 )T 2 sin 4 ^i 


(J 2 - qTA(f)i) 2 + 4(1 - q 2 )T 2 sin 2 ^ 


where 


(3.195) 


2 ( J i + \/(J'2-9TA<^i) 2 +4( 1 -g 2 )T 2 sin 2 ■^ 1 )\/(J 2 -qTA</> 1 ) 2 +4(l- 9 2 )T 2 sin 2 sin 2 

C = 16 e (J 2 -?TA<#> 1 ) 2 +4T 2 sin 4 ^l+2 9 Tsin A</> 1 ((J 2 -gTAc ! l 1 )+^Tsin A^j) 


(3.196) 
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Our result 0 matches with that of [86] in (13.16611 when we take e —>■ 0 limit by sending 
J\ —> oo. This dispersion relation is different from the ordinary giant magnon’s one. 


The dispersion relation for the ordinary giant magnon with one nonzero angular momen¬ 
tum cam be obtained by setting J 2 = 1 and taking the limit T —>■ oo. To take into account 
the leading finite-size effect only, we restrict ourselves to the case when ^ » 1. The result 
is the following: 


Ji = T 


p 2 q 2 + 4(1 


• 2 P , , 

Sill - | 1 


(1 


q 2 ) sin 4 I 


p 2 q 2 + 4(1 


sin 2 1 


(3.197) 


where 


e = 16 exp 


-2 


_q 2 (p — ship) 2 + 4sin 4 | \T 


Ji 


p 


— + \ p 2 q 2 + 4(1 — q 2 ) sin 2 - 


2 P ■ 2 P 


p 2 q 2 + 4(1 — q 2 ) sin" - sm 


Our results on the leading finite-size correction to the dispersion relation can provide an 
important check for the exact integrability conjecture and S-matrix elements based on it. 


3.1.7 Finite-size giant magnons on p-deformed AdS§ x A 5 

A new integrable deformation of the type IIB AdS§ x S 5 superstring action, depending on 
one real parameter r/, has been found recently in [88]. The bosonic part of the superstring 
sigma model Lagrangian on this p-deformed background was determined in [89]. Then the 
authors of [89] used it to compute the perturbative 5'-matrix of bosonic particles in the 
model. 

Interesting new developments were made in {90]. There the spectrum of a string moving on 
p-deformed AdS$ x S 5 is considered. This is done by treating the corresponding worldsheet 
theory as integrable held theory. In particular, it was found that the dispersion relation 
for the infinite-size giant magnons [62] on this background, in the large string tension limit 
g —* oo is given by 

E = 2gy/l + fj arcginh sin P\ (3.198) 

p V 2/ 

where fj is related to the deformation parameter rj according to 

V = 2 ■ (3-199) 

1 — r; 

13 Eas. (l3.19511 and (13.1961) have been confirmed by an independent analysis based on algebraic curve method 
m after our result has been appeared in the arXiv. 
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Here, we are going to extend the result (13.1981) to the case of finite-size giant magnons [30]. 


String Lagrangian and background fields 

The bosonic part of the string Lagrangian C on the //-deformed AdS$ x S 5 found in [89] 
is given by a sum of the Lagrangians C a and C s , for the AdS and sphere subspaces. Since 
there is nonzero H-field on both subspaces, which leads to the appearance of Wess-Zumino 
terms, these Lagrangians can be further decomposed as 

Ca = K + if z , C, = LI + Lf z , (3.200) 

where the superscript “g” is related to the dependence on the background metric. The 
explicit expressions for the Lagrangians in (13. 200 j) are as follows |89] 


L 9 a 


'2 7 


ck/3 


(1 + p 2 )d a tdpt 
1 — rj 2 p 2 


+ 


p 2 d a (dp £ 

(1 + p 2 )( 1 — p 2 p 2 ) ' 1 + p 2 p 4 sin 2 £ 


dapdpp 


+ 


p 2 cos 2 C 2 . 2 . „ , „ ' 

- . . 2 + P Sin £ Oa'lfodpl )2 

1 + f] 2 p 4: sm £ 


(3.201) 


L ™ Z = TfV £ a \ ,^4 ^ 2 ^ dafadpC, 


1 + r/ 2 p 4 sin 2 £ 


(3.202) 


L-l = 


T 

-V 


aft 


(1 - r 2 )d a (pde(f) 


1 + rfr 2 


+ 


r 2 d a £dp€ 

(1 — r 2 ) (1 + fj 2 r 2 ) ' 1 + fj 2 r 4 sin 2 £ 


d a rdpr 


+ 


r 2 cos 2 £ dafadpfa 2 • 2 t a , ~ , 

+ i i ~2 4 ' 2 c + r SH1 f OafoOfsfc 
1 + // z r 4 sm £ 


(3.203) 


tWZ ~ 

L 7 = -7T ? 1 e 


aft 


r 4 sin 2£ 

1 + r/ 2 r 4 sin 2 £ 


dafpidpt,, 


where we introduced the notation 


T = gyj\ + if. 


(3.204) 


(3.205) 


Comparing (13.20ip - (l3.204p with the Polyakov string Lagrangian, one can extract the 
components of the background fields. They are given by 


9tt — 


1-01 


1 + p 2 


1 — rj 2 p 2 ’ 
p 2 cos 2 £ 

1 + i/ 2 p 4 sin 2 £ 


9pp — 


(1 + p 2 )(l - ifp 2 ) ’ 


9 CC = 




, 9p2i’2 = P 2 Sin2 C, b 4’l( = V 


1 + fj 2 p 4 sin 2 £ 
p 4 sin 2£ 

1 + p 2 p 4 sin 2 £ 


(3.206) 
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1 

(1 — r 2 )(l + fj 2 r 2 ) ’ 


(3.207) 


300 — 


9rr 


1 + rj 2 r 2 ’ 
r 2 cos 2 £ 

1 + £pr 4 sin 2 £ 


30202 = r Sil1 f, fc 01« = ~V 


1 + ? 7 2 r 4 sin 2 £ 
r 4 sin 2£ 


1 + '3 2, r 4 sin" £ 


GM solutions 

Since we are going to consider giant magnon solutions, we restrict ourselves to the R t x S^ 
subspace, which corresponds to the following choice in AdS n 

p = 0, £ = 0, ip! = -02 = 0 => = 0. 

On Sp we hrst introduce the angle 9 in the following way 

r = sin 6, 


which leads to 


dSq 5 


cos 2 9 


d<p 2 + 


d~9 2 


+ 


sin 2 9 


1 + rj 2 sin 2 9 1 + p 2 sin 2 9 1 + p 2 sin 4 9 sin 2 £ 

sin 2 9 cos 2 £ 


d.e 


1 + rf sin 4 9 sin 2 £ 


d<pl + sin" 9 sin" £ d£> 2 , 


, _ sin 4 9 sin 2£ 

— ~9~ | — . 4 p. . —y 
1 + rj sm 9 sin £ 

Now, to go to S%, we can safely set (p = 0, 9 = | (we also exchange (pi and <p 2 and replace 
£ with 9). Thus, the background seen by the string moving in the R t x S^ subspace can be 
written as 


9 it 

9ee = 


30i0i = sin 2 9, 
1 


cos 2 9 


1 + f) 2 sin 2 9 


b<t> 2 e — —g 


30202 i | ~n ■ 2/)’ 
1 + t? 2 sm 9 

sin 2 9 


1 + fj 2 sin" 9 


(3.208) 


Working in conformal wordsheet gauge, we impose the following ansatz for the string 
embedding 

t(r,a) = KT, (pi(r,a) — upr + T)(£), 9(r, a) = 6>(£), £ = aa + fir, i = 1,2,(3.209) 

where r and a are the string world-sheet coordinates, iy(£), $(£) are arbitrary functions of 
£, and K,Ldi,a,(3 are parameters. 
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Then one can find the following solutions of the equations of motion for </>;(r, a) (we 
introduced the notation x = cos 2 9) 


1 !' ( C 

(f> 1 (T,a)=U 1 T+ / <%' 


0 2 (r,(x) = uj 2 t + 


a 2 -p 2 

1 


d(i 


+ [3u\ j , 

1 - X J 

(1 + ff)C2 R 

- + /5CU2 -r\ C 2 


a 2 — ( 3 2 J ~ L X 

where C i, C 2 are integration constants. 

By using (13.21011 . (13 .211ft . one can show that the Virasoro constraints take the form 


(3.210) 

(3.211) 



4x(l - x) [1 + *7 2 (1 ~ x)] 

(a 2 — (3 2 ) 2 

2 2/i \ 22 

-a ^i(l — X) ~ a ^2 


( a 2 +/3 2 )/s .2_ T ^L_ a2 l + f(l X 


1 - X 


X 


3.212) 


X 


1 + f] 2 {l - x) 


W 1 C 1 + U 2 C 2 + pn 2 = 0. (3.213) 

Next, we solve (13.2131) with respect to C\ and replace the solution into (13.212)1 . The result 


is 


dx\ = 4 

MJ {a 2 -P 2 ) 


« V^iiXv - x)(Xp - x)(x - Xm)(x - Xn), 


where 


X»? T Xp T Xm T Xn 


a 2 [a; 2 - a; 2 + f, 2 {n 2 - 3w 2 )] + fj 2 p 2 n 2 + i) 4 /? 2 

9 ~9 9 ’ 

a z r) z ujf 


(3.214) 


(3.215) 


XpXri T (Xp T XrpXn T Xm(Xp T Xp T Xn) 

- 2 ^ 4 {£ 2 « 2 [^ 2 (« 2 - 2w?) - W?] + 2C 2 P'fj 2 K 2 UJ2 

+ a 2 ojf [(2 + 3p 2 ) u\ — uj 2 — (l + 2fj 2 ) k 2 ] 

+ C 2 V(a; 2 2 -(2 + 3r) 2 )^)}, 


(3.216) 


XmXnXp T XmXnXr) T XmXpXr) T XnXpXp 

-4^4 K(1 + 3 ^Vi - 2C 2 £k 2 u; 2 - C 2 a; 2 
r) a u>l 


(3.217) 


— (k 2 — a jI)(/ 3 2 k 2 — a 2 a; 2 )] , 


Ci( l + fj 2 ) 2 

XmXnXpXr] ~2 2 2 

r] 2 a 2 oj( 


(3.218) 
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The solution £(y) of (13.2141) is 


f(x) = 


a 2 — 0 2 


7 ]QlU)i \J {Xp Xm) (Xp Xri 


X 


( 


F arcsin 




(X»? Xm)(Xp X) {.Xp Xm){Xp Xn) 
(Xp - Xm){Xv - x) ’ (Xv - Xm)(x p - Xn) 


where 


Xp Xp -' > X ^ Xm ^ Xn- 
Inverting £(%) to y(£), one finds 

XviXp - Xn) dn 2 (x|m) + (x v - Xp)Xn 


x(0 = 


where 


{Xp ~ Xn) dn 2 (x|m) + x v ~ X P 
fjOlUJ\ \J{Xp Xm) (Xp Xn) 


X = 


m = 


a 2 — 0 2 

(Xp Xm) {Xp Xn) 
(Xt? Xm)(Xp Xn) 


e, 


(3.219) 


(3.220) 


By using (13. 214ft we can find the explicit solutions for the isometric angles 0i, 02 - They 
are given by 


01 (r,cr) = OllT + 


f3 (ft 2 + CiT(x ?7 — 1) + <^ 2 ^ 2 ) 


muj(Xr, - l)\/(x »7 - Xm) {Xp - X 

( 


X 


(3.221) 


77 I ; (Xr/ Xm){Xp X) 

b I arcsin 4 / 7 — ! -rr—^--, m 




(Xp Xm){Xp x) 


n„ - vX/^ + cw n / csin ^ 


(Xp Xm) (Xp X) (Xv l)(Xp Xm) 

(Xp Xm) {Xp X) (1 Xp)(Xp Xm) 


m 


02(r, a) = tu 2 r + 


V<XVlXvy /(Xp - Xm) (Xp - Xn 


X 


(3.222) 


<^2 (1 - l/ 2 (Xp - 1)) + Pu 2 Xr t 
C 2 (l + V 2 )(Xv - Xp) 


(. 


rp I I (Xp Xm) (Xp x) 

b | arcsm 4 / 7— 1 - 77 —^- 7 , m 




(Xp Xm)(Xn X) 


X 


Xp 


T-r I ; (Xp Xm) (Xp x) Xp(Xp Xm) 

II I arcsm 4 / —-( 7 - J --r, m 

(Xp Xm) (Xp x) (Xp — Xm) Xp 
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Now, let us go to the computations of the conserved charges i.e. the string energy E s 
and the two angular momenta J±, J 2 . Starting with 


Qu= da- 


dC 


d (d T X») ’ 

and applying the ansatz (13.411 . one finds 


T 


V 


P 2 \ K 


E„ = - 1 - — 


cr 


"Xp 


x* = &<(>!,fa), 


dx 


Jxm y/(xv - x)(x P - x)(x - Xm)(x ~ Xn) ’ 


(3.223) 


Ji = 


T 

n 


__ (3{(3k 2 + £ 2 ^ 2 ) \ 


rx P 


dx 


a 


r-Xp 


2uJ l J Jxm y/{Xr, - x)(Xp - x)(x - Xm)(x - Xn) 

xdx 


(3.224) 


' Xm 


y/(Xv ~ X)(X P - X)(X - Xm) (x - Xn) 


j = L 

2 rj 3 




dx 


V J ^lJ X m ( 1 + 4 - X) V(Xv - X)(Xp - X)(X - Xm)(X - Xn) 


<^2 ~2 fdC-2 \ 

-77 —- 


<-Xv 


n 

U\ a 


dx 


/ Jxm VUv ~ x)(x P ~ x)(x - Xm)(x - Xn) 


(3.225) 


We will need also the expression for the angular difference A0i. The computations give 
the following result 


A 0 i = 




a 


<-Xp 


dx 


y/iXr, ~ x)ix P ~ X'Xx ~ Xm)(x - Xn) 


(3.226) 


_ + UJ 2 C 2 ] 


i-Xp 


dx 


au\ aujf J J Xm (1 - x)y/{Xr, ~ xXx P ~ x)(x ~ Xm)(x - Xn) 

Solving the integrals in (I3.223[i - (I3.226[) and introducing the notations 

X ^2 Tjf/ K 2 C 2 {x v ~ Xp){Xm - Xn) 

a wi u( au>i [Xv ~ Xm){X P ~ Xn) 


(3.227) 


we finally obtain 


„ 2 T (1 -v 2 )VW 

-L /s — “ . zn 

'd V (Xt? Xm){Xp Xn) 


K(l-e), 


(3.228) 
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•/, = 


2 T 


VViXr 1 ~ Xm)(Xp ~ Xn) 


(l — v 2 W + K 2 uv — Xrj) K(1 — e) (3.229) 


+(xv - x P ) n ( Xp *"‘ ,i 


Xp ~ Xr: 


J 2 — 


2T 


( 1 + ?) 




- Xm)(Xp - Xn) \ (l + ^ - 


X 


Y — Y I (Xp Xm) ( 1 2“ ^2 Xp ) 

K(1 - e) - ^ X \ Xp n [ - \ - 1 --f, 1 - e 


1+5^2 Xp y (Xr; — Xm) (l + jj? ~ Xp) 

-(u + fj 2 K 2 v ) K(1 — e) >, 


(3.230) 


A 0 i = 


^V(X»7-Xm)(Xp-X 

uVF — K‘)U 


x 


(Xp - 1)(1 - Xp) 

-(1 -Xp) K(l-e) 


(xv ~ Xp) n 


-v K(l-e) 


(Xp l)(Xp Xm) 
(Xp Xm)(l Xp) 


, 1 -e 


(3.231) 


Small e-expansions and dispersion relation 


In this section we restrict ourselves to the simpler case of giant magnons with one nonzero 
angular momentum. To this end, we set the second isometric angle <p 2 = 0. From the solution 
(I3.222P it is clear that 02 is zero when 

W 2 = C‘2 = 0 , 

or equivalently (see (I3.227p f 

u = K 2 = 0. 


Then it follows from (I3.218P that Xn = 0 because Xv > Xp > Xm > 0 for the finite-size case. 
In addition, we express Xm through the other parameters 

XpXp 

Xm = - jz -7— e. 

X v ~ (! - e )x P 

As a consequence (I3.215j'l - (I3.217D take the form 


(! - e )xl ~ 2 eXpXv ~ X 


X v ~ (! - e )Xp 


+ 3- (1 + u 2 )1T + — = 0, 
r] A 


(3.232) 
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XpXv + 


eXpXviXp + Xy) 2 - (1 + v 2 )W + (3 - (2 + v\2 - W)) W) y 2 
Xv ~ (! - f )Xr> V 2 

*xlxl (l + y 2 )(l-W)(l-v 2 W) Q 

X v - (1 - e)x P V 2 


0, (3.233) 

(3.234) 


In order to obtain the leading finite-size effect on the dispersion relation, we consider the 
limit e —> 0 in (I3.232n - fl3.234j) first. We will use the following small e-expansions for the 
remaining parameters 


Xv = Xvo + (Xvi + Xv? log e)e (3.235) 

Xv = X P o + (Xpi + X P 2 loge)e, 
v = v 0 + (ui + v 2 log e)e, 

W = 1 + W x e. 


Replacing (I3.235P into fl3.232p - fl3.234p and expanding in e one finds the following solution of 
the resulting equations 


XpO 
XvO 
W = 


1 - vl, Xpi = 1 - vl - 2v 0 Vi - 

1 

1 + X.r/\ = Xv2 — 0 ) 

(l + ^ 2 )(l-t;g) 

1 + T] 2 Vq 


(1 - ^ o 2 ) 2 

1 + rfvl ’ 


Xp2 


—2vqV 2 , 


(3.236) 


Next, we expand A0i in e and impose the condition that the resulting expression does 
not depend on e. After using 03.2361) this gives 


A</>i = 2 arccot vq\ 


1 + t / 2 

T ^ 2 


and two equations with solution 

u 0 (l - Vq) [1 - log 16 + y 2 (2 - Ug(1 + log 16))] 


Vi = 


4(1 + ffvl) 
Solving (13.2371) with respect to vq one finds 


cot 


A 0 i 


V 0 = 


y 2 + esc 2 


(3.237) 


V'2 = 


-U 0 (l - Uo) 


(3.238) 


(3.239) 
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Now let us go to the e-expansion of the difference E s — J\. Taking into account the 
solutions for the parameters, it can be written as 


E s — J\ — 2e7 -\/1 


Tj z 


V 


arcsinh ( rj sin - ) — 


p\ (1 + rf) sin' 


3 P 
2 


A\ 1 + rf sin 2 | 


(3.240) 


where the expression for e can be found from the expansion of J\. To the leading order, the 
result is 


e = 16 exp 


J\ , 2 a /1 + rf . („ . p 

- 1 - 1 -arcsmh r? sin - 

9 rj V 2 


1 + rf sin 2 
(1 + rf) sin 


2 P 


(3.241) 


In writing (13. 240 p . (I3.24ip . we used (13. 205ft and identified the angular difference A0i with 
the magnon momentum p in the dual spin chain. 


For e = 0, (I3.240P reduces to the dispersion relation for the infinite-size giant magnon 
obtained in [90j for the large g case. In the limit fj —» 0, (I3.240P gives the correct result for 
the undeformed case found in [ 66 ]. 


3.2 Membrane results 

3.2.1 M2-brane solutions in AdSj x S 4 

In [9j different M2-brane conhgurations in the M-theory AdS 7 x S 4 background with field 
theory dual Ajv_i(2,0) SOFT have been considered. New membrane solutions are found 
and compared with the known ones. Here we will give an example of such solution chosen 
among the ones obtained there. 

We use the following coordinates for the AdSr x S 4 metric 

lp 2 d s Ads 7 xS 4 = 4-R 2 {— cosh 2 pdt 2 + dp 2 + sinh 2 p (difl + cos 2 t/’ich /’ 2 + sin 2 ifx dfi 2 ) 

+ ^ [da 2 + cos 2 add 2 + sin 2 a [d/3 2 + cos 2 /3d'y 2 )] | , (3.242) 

dVt 2 = d-03 + cos2 f’.idw'l + cos2 Vb cos2 ^hdf 2 , 
and embed the membrane according to the ansatz 

X°(r, 6, a) = t(r, 6, a) = A+ A^a + H°(t), 

X\r,d,a) = Y\t) = p(r), 

X 2 (t, 5, a) = ME 5, v) = A?5 + A 2 n + Y 2 (t), (3.243) 

A" 3 (t, 5, a) = ip 5 (r, 5, a) = A 3 <5 + A\cr + F 3 (t), 

-A 4 (t, <5, a) = Y 4 (t) = a(r), 

X 5 (r, a) = 0(r, 5, a) = A\5 + A 5 2 a + Y 5 (t), 

_ ^"0,2,3,5 
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Then the background seen by the membrane is (ipi = 7 r/4) 


ds 2 = (2 l p R) 2 


— cosh 2 pdt 2 + dp 2 + ^ sinli 2 p (dify + d^ 2 ) + ^ (da 2 + cos 2 add 2 ) 


,(3.244) 


and in our notations X M = A" 0 , 2 ’ 3 , 5 ,X a = A" 1,4 . 


Performing the necessary computations, one finds the following two first integrals of the 
equations of motion for p(r) and a(r) 


, .,2 (2A») 

WnP) = 


2 r 


E 2 


2(pi+p 2 3 y 


+ 


+ (2l p Rf (x°T 2 y 


(27t) 4 |_cosh 2 p sinh 2 p 
x [2 (Aq 2 + Aq 3 ) cosh 2 p — A 2 3 sinli 2 p] sinli 2 p — 4d = F x (p) > 0, 


G? 44 d ) 2 = d+ (l p R) 6 (4A°T 2 Ao 5 ) 2 cos 2 a - 


(2A °p 5 ) 2 

(27t) 4 cos 2 a 


(3.245) 


= F 4 (a) > 0. (3.246) 


The general solutions of the above two equations are 

t(p) = (2l„R) 


s/FM 

One can also find the orbit p = p(a): 

f dp 


2 / dp / \ n t~>\ 2 f dot 

1 , r(a) = ( l p Ry 1 


AT 


a 


da 


a/Fi(p) J \ZF 4 (a) 


(3.247) 


The solutions for the M2-brane coordinates X 11 are given by 

, rl , A 0 T \ 2 

A' + 

2A °E f 


X°(p, a; 5, a) = t(p, a; S, a) = A? [A 4 r(p) + 5] + A° [A 2 r(p) + a] 


dp 


+ f [C(Pi a )]> 


+ f 2 [C(p, a)], 


+ f 3 [C(p, a)], 


X 5 (p, a; S, a) = 9(p, a; 8, cr) = — { (A \E - A \p 2 - A 3 p 3 ) [AV(a) + d] 

+ (A°£ - A^o 2 - F\p 3 ) [A 2 r(a) + a] } 
2 A°p 5 f da 




( 2 vr )2 J 

cosh 2 pyjF\ (p) 

X 2 (p,a;S, a) 

Q 

(M 

A 

III 

S, a) = A 2 

<1 

+ 

1-1 

+ 

3 

AT 
A; i 



4A°p 2 

f d P 



+ ( 2 it ) 2 J 

’ sinh 2 Pa/Fi (p) 

X 3 (p, a; d, a) 

= V>5 (p,a; 

d,a)=A 3 

[AV(p) + 5] + A: 



4A°p 3 

f dp 



( 2 tt ) 2 j 

sinli 2 p\JF\(p) 


( 2 vr ) 2 J cos 2 asj F 4 (a) 


+ j[C{Pi a)], 


where / M [C(p, a)] are arbitrary functions of C(p,a). In turn, C(p,a) is the first integral of 
the equation (13.24711 . 
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3.2.2 M2-brane solutions in AdS'4 x S 7 


The metric and the three-form gauge field are given by 

ds 2 Ad s 4 xS 7 = ^11 [ — cosh 2 pdt 2 + dp 2 + sinh 2 p [da 2 + sin 2 ad/3 2 ) + B 2 ds 2 ] , 

k o 

63 = — sinh p sin adt Ada A df3 , k = const, 

3 

where i? is the relative radius of AdS± with respect to the seven-sphere. We choose to 
parameterize S 7 as 


ds 2 = 4d£ 2 + cos 2 £ (d0 2 + d(j) 2 + d-0 2 + 2 cos Od^di/f) 

+ sin 2 £ [d6\ + d(fil + di/)\ + 2 cos . 

Now, consider the following membrane embedding [10] 

X°(r, 5, a) = t[r, 6, a) = AqT, 

^[t, <5, cr) = Z x [a) = p(cr), 

X 2 (r,5,a) = Z 2 (cr) = a (cr), 

A" 3 (r, S, a) = (3 (t , 5, a) = A^r + A 3 <5 + A \o, 

X 4 (r, <5, a) = (p[r, 5, a) = AqT + A 4 5 + A^a, 

X 5 (t, 5 , a) = 5, a) = A 3 r + A 3 <5 + A 3 a, 


where in our notations p = 0, 3,4, 5, a = 1,2. The relevant background seen by the mem¬ 
brane is 


ds 2 


ih [— cosh 2 pdt 2 + dp 2 + sinh 2 p [da 2 + sin 2 ad/3 2 ) 
B 2 [d(J) 2 + di/j 2 + 2d(j)d4>)] 
k 

&023 = — — sinh 3 p sin a. 
o 


For simplicity, we choose to work in diagonal worldvolume gauge A* = 0 in which we must 
have Goi = 0. There exist four types of solutions for these constraints, for the membrane 
embedding used: 


A 3 = 0, A; 5 = -A 4 , (3.248) 

A 3 = 0, Aq = -A 4 , (3.249) 

A 3 = 0, A 3 = -A 4 , 

A 3 = 0, Aq = -A 4 . 

Let us note that in the first two cases, which will be considered here, the induced £>-field is 
zero, while for the last two, it is not. 


110 


Working in the framework of ansatz (13.2481) . one obtains that detG mn = G = 0, i.e. this 
case corresponds to tensionless membrane. Then one finds that the membrane trajectory 
p = p(a) is given by 


sinhp(a') = 


(fi/Ag) 2 (Ag + Ag) 2 - 
1 — (Aq/Aq) 2 sin 2 a 


1/2 


In the case under consideration the conserved charges are connected with each other by the 
equality 

9\0 

A°£ = A^+^J 2 , 

where E , S and J are the membrane energy, spin and angular momentum respectively. 

In the framework of ansatz (13.2491) . one obtains that the conserved quantities read 


E = ^A° J d 2 ^ cosh 2 p, 

S = ^A l J d 2 ^ sinh 2 psin 2 ct, 
J = 0. 


Taking a = 0, we find the solution 

p(a) = In tan (a/2A p ) , A p = 2\°T 2 luB ^ 1 . 

For a = a 0 7^ 0,7T, there exist two different solutions: 

P (°0 = \ ln j + snla/A^) ’ k2 = l ~ (Ao/A°) 2 sin 2 a 0 G (0,1); 

tanh p(a) = -^=L=sn k a^j , k 2 = (Aj)/A°) 2 sin 2 a 0 - 16 (0,1), 

Fixing p = p 0 ^ 0, one obtains 

a(a) = arcsin [sn (a/A a )\ , a G (—7t/2, 7t/2), 

A a = A p tanhp 0 , k 2 = (Aq/Aq) 2 tanh 2 p 0 G (0,1). 


Now, let us turn to the general case, when none of the coordinates p and a are kept fixed. 
In order to be able to give explicit solution, we set Aq = 0 and find 


cosh p(cr) 


A 

cn(Ca)' 
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A = 


\ 


1 + \ 1 + 


2 d y 
hiKK) 


r _hiK 

K 


1 + 


2d 


hiKK 


1/4 


and d is an arbitrary constant. The solution for the membrane trajectory is the following 


a(p) = 


d 


(A 2 -1)CK 2 _ 


<p, 


A 2 - 1 


,k)-(A 2 -l)F(<p,k) 


where 


ip = arccos 



k 


1 + 


2d 


2 


-1/4 


1 

2 



^Tj 2 -i 

hiKKJ 


The condition Aq = 0 leads to S — 0, and the membrane energy E remains the only 
nontrivial conserved quantity. On the obtained solution, it is given by 


E 


A 2 E 0 + 


-rCK 2 

2A°Aq 


sn(27rC)dn(27rO) 

cn(27rC) 


E (k) 


Eq — E p= o- 


3.2.3 Exact rotating membrane solutions on a G 2 manifold 
and their semiclassical limits 

We obtain exact rotating membrane solutions and explicit expressions for the conserved 
charges on a manifold with exactly known metric of G 2 holonomy in M-theory, with four 
dimensional Af = 1 gauge theory dual. After that, we investigate their semiclassical limits 
and derive different relations between the energy and the other conserved quantities, which 
is a step towards M-theory lift of the semiclassical string/gauge theory correspondence for 
Af —1 field theories HU- 

To our knowledge, the only paper devoted to rotating membranes on G 2 manifolds at that 
time is [S3], where various membrane configurations on different G 2 holonomy backgrounds 
have been studied systematically, but not exactly. I 11 the semiclassical limit (large conserved 
charges), the following relations between the energy and the corresponding conserved charge 
K have been obtained: E ~ K 1 / 2 , E ~ A' 2//3 , E — K ~ I\ 1 Z 3 . E — K ~ In K. 

Here, our approach will be different. Taking into account that only a small number of G 2 
holonomy metrics are known exactly, we choose to search for rotating membrane solutions 
on one of these metrics. Namely, the one discovered in [SS], First, we describe the G 2 
holonomy background of [55]. Second, we obtain a number of exact rotating membrane 
solutions and the explicit expressions for the corresponding conserved charges. Then, we 
take the semiclassical limit and derive different energy-charge relations. They reproduce 


112 






























and generalize part of the results obtained in [53], for the case of more than two conserved 
quantities. 


The background we are interested in is a one-parameter family of G 2 holonomy metrics 
(parameterized by r 0 ), which play an important role as supergravity dual of the large N limit 
of four dimensional J\f = 1 SYM. These metrics describe the M theory lift of the supergravity 
solution corresponding to a collection of D6-branes wrapping the supersymmetric three-cycle 
of the deformed conifold geometry for any value of the string coupling constant. The explicit 
expression for the metric with SU(2 ) x SU(2 ) x 1/(1) x Z 2 symmetry is given by [55j 


with the following viclbeins 

,1 


e = 


e = 


e = 


e = 


a= 1 

A{r)(a l - Si) , 
D{r)(a 3 - S 3 ) , 
B(r)(cr 2 + S 2 ) , 
dr/C(r ), 


(3.250) 


e 2 = A(r)(a 2 - S 2 ) , 
e 4 = B(r)(a 1 + S x ) , 
e 6 = r 0 C(r)(a 3 + S 3 ) 


(3.251) 


where 


A = 


C = 


V(r--3r 0 /2)(r + 9r 0 /2), B = — y/(r + 3r 0 /2)(r - 9r 0 /2), 


y/Vl 


(r - 9r 0 /2)(r + 9r 0 /2) 
(r-3r 0 /2)(r + 3r 0 /2)’ 


D = r/3, 


(3.252) 


and 


(j 1 = sin -0 sin 9drf> + cos i^dO, 
a 2 = cos -0 sin 9d(j) — sin i/jd6, 
a 3 = cos 9d(f) + di/j, 


51 = sin t[) sin 9d(j) + cos ifjd9, 

5 2 = cos il> sin 9d(j) — sin if)d9, 

5 3 = cos 9d(f> + difi. 


(3.253) 


This metric is Ricci flat and complete for r > 9ro/2. It has a (^-structure given by the 
following covariantly constant three-form 


$ = -T^tabc (Oa A C b A a, 
lb 

, 27 r 2 


S a A S b A S c ) 


d 


r 

18 


^0 


((Ti A Si + cr 2 A S 2 ) + — ( r 2 


81r o , _ A v 

<j 3 A S 3 


which guarantees the existence of a unique covariantly constant spinor [55 
The M-theory background for our case can be written as 

-dt 2 + 5ijdx I dx J + ds 2 , 


l~ 2 dA - 

‘11 u *n — 


(3.254) 
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where In is the eleven dimensional Planck length, ( I,J=1,2,3 ) and ds 2 is given in (I3.250M3.253I) . 
In other words, the background is direct product of flat, four dimensional space-time, and a seven 
dimensional G 2 manifold. 

We will search for solutions, for which the background felt by the membrane depends on only 
one coordinate. This will be the radial coordinate r, i.e. the rotating membrane embedding 
along this coordinate has the form r = r(a). Then, the remaining membrane coordinates, which 
are not fixed, will depend linearly on the world volume coordinates r, 5 and a. The membrane 
configurations considered below are all for which, we were able to obtain exact solutions under the 
described conditions. 


First type of membrane embedding ]11J 


Let us consider the following membrane configuration: 

X° = t = A[Jt + ^ [(Ao.Ai) 5 + (A 0 .A 2 ) a], X 1 = A ! 0 t + A{<5 + A [a, 

X 4 = r(a), X 6 = 0 = A gr, X 9 = 0 = A gr; (A 0 .A,) = SjjA^Af. (3.255) 

It corresponds to membrane extended in the radial direction r, and rotating in the planes given by 
the angles 9 and 9. In addition, it is nontrivially spanned along X° and X 1 . The relations between 
the parameters in X 0 and X 1 guarantee that the constraints are identically satisfied. At the same 
time, the membrane moves along t-coordinate with constant energy E, and along X 1 with constant 
momenta Pj. In this case, the target space metric seen by the membrane becomes 

l 2 

— l2 l2 e _ Ll 

9 00 — 9tt — bi> 9ij — Li viJi 9 44 — 9rr — 1 

9m = 9ee = l{ 1 [A 2 (r) + B 2 (r )] , g 99 = g §§ = l 2 u [A 2 (r) + B 2 (r )] , 

969 = 9 e 'e = ~ l l\ [A 2 (r) - B 2 (r)\ . (3.256) 

Therefore, in our notations, we have g = (0, /, 6,9) = (t, /, 9,0), a = 4 = r. The metric induced on 
the membrane worldvolume is 


Goo = -llx [(A^) 2 - Ag - {A- 0 fA 2 - (A +) 2 B 2 ] 


Gn — ^11 Ain, G12 — /^A/12, G22 — ^11 


M 22 + 


„/2 


c 2 


where 


M„ = (Ai.A,) - Af = A§ ± A§. 

l A o) 

The constants of the motion V 2 , introduced in m, are given by 


O \0rp2]l 

Vfi = - 2 11 [(A 0 .Ai) Mi 2 — (A 0 .A 2 ) Mu], 

yv o 

Pj = 2\°T 2 l 4 1 (A{Mi2 - A 2 Mh) , V 2 = Vl = 0. 


(3.257) 


(3.258) 
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The membrane Lagrangian takes the form 


= 4^0 i R rrr' 2 - V) , K rr = -(2A °T 2 l 2 u ) 2 ^, 

V = (2A °T 2 l 2 u ) 2 det Mij + [(Aq ) 2 - A 2 - (A„ ) 2 A 2 - (A +) 2 B 2 ] . 

Let us first consider the particular case when Ag = 0, i.e. 6 = 6. From the first integral of the 
equation of motion for r(a) 


K rr r' 2 + U = 0, U = V + 4A°A %V 2 , 

one obtains the turning points of the effective one-dimensional periodic motion by solving the 
equation r' = 0. In the case under consideration, the result is 


= 31, 


— r\ — l [ 2\ 1 + 


3ttg \ 

0 +1 >31, 




i "2 — ( 2i /1 + 


3 Un 




- 1 < 0, 1 = 3r 0 /2, 


where we have introduced the notation 


u 2 = (2A°T 2 / n ) 2 det M tj + (A °) 2 - A 2 + 4A°A ^ 2 // 2 1 


= (Ag ) 2 - A 2 - ( 2 A u r 2 I n ) 2 det M, 


ij- 


(3.259) 


Now, we can write down the following expression for the membrane solution (Ar = r — 31) 

1/2 


pr 

a(r) = / 

J 31 


pr 

Krr(ty 

1/2 16A°T 2 / n 

MulAr 

)3l 

[ U{t) \ 

cue i 

At 

(ri - 31) (31 - r 2 )_ 


F, 


(5) 


D 


1/2;-1/2,-1/2,1/2,1/2,1/2; 3/2; 


A?’ Ar Ar 


x 

Ar 


Ar 


2 r M ’ 6 r 3 1-r 2 ri~ 3/ 

where the following normalization condition must be satisfied (Ari = n — 3£) [ 11 ] 


,(3.260) 


2 vr = 2 


m 

K rr (ty 

13/ 

[ m \ 


1/2 ,u _ 32A 0 r 2 Z n (M n 0 1/2 w 

— . | / 0 X 

Ao (3 l-r 2 ) 1/2 

An Ari 


= 


F®(l/2;-1/2.-1/2,1/2,1/2,1/2; 3/2;- ^ , 4( . ,, , „ _ 

16vrA 0 T 2 / n (M n l) 1/2 (4 ) / /n . /0 /0 /0 /0 . An An An 

A+(3(-r 2 n V 7 '' 7 ’ 7 ’ 7 ' 7 ’ ’ 1 ’ 2T’ JT’ 6T’ 


Ari 


167rA°r 2 /n (A/nQ 1/2 

Aq (3/-r 2 ) 1/2 


i + -y /2 

21 J 


xf? ( 1/2; —1/2,-1/2,1/2,1/2,; 1; 


1 + 

1 


An A 
4/ J 


1/2 


1 + 


Ari 

nr 


- 1/2 


1 + 


31 - r 2 
An 


3/ - r 2 


14- 2i ’ i , 4Z ’i, 6i 
1 + AF7 1 + AFT 1 + 


3 l—r 2 


n ^ Ari 


(3.261) 
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Now, we can compute the conserved charges on the obtained solution. They are: 


E = —Pq = 

Pe = Pn = 


r 2 li 


_a° 

A o A o> 


P = 


7T 2 / 2 

n ni 

A° ' 


(3.262) 


7 r/? 


_y. a+ 

e ~ a° 0 


rr 1 

Krr(tY 

/:« 

[ U(t ) J 


1/2 


B 2 (t)dt = 


dyrgagi (MnZ 3 ) 

3(3/-r 2 ) 1/2 


1/2 


Ar,F^ 4) ^3/2; -1/2, -3/2,1/2,1/2,; 2; - 
_ 4ir 2 T 2 l 3 u (M n / 3 ) 1/2 


3 (3/ — r 2 ) 1/2 


-An 1 + 


Ar ^ 1/2 
21 


1 + 


x^ 1 ( 1/2;-1/2,-3/2,1/2,1/2,; 2; 


<1 

<1 

< 

1 

4 1 

’ 6Z ’ 

31 - r 2 

Ari A 

4 1 ) 

. 3/2 / An A : 
1 ( 1+ «) 

1 

l 

1 


1 + 


An 


3 1 - r 2 


- 1/2 


ii 2/ ’ -i , 4i ’ i , 6J > i , 31—T2 
1 An 1 + An 1 "T" An 1 + An 


(3.263) 


Our next task is to find the relation between the energy E and the other conserved quantities P, 
Pq = Pq in the semiclassical limit (large conserved charges). This corresponds to n —>• oo, which 
in the present case leads to 3uq/[Z 2 (Aq") 2 ] —» oo. In this limit, the condition (|3.261l) reduces to 

A+ = 2V3A°T 2 /nM 1 1 1 /2 , 


while the expression (13.2631) for the momentum Pq, takes the form 


Pe = p s = V 1 / "" 


(AJ ) 5 


Combining these results with (13.211) . one obtains 


{lE 2 ( E 2 - P 2 ) - (27 T 2 T 2 l 3 n ) 2 {(Ai x A 2 ) 


2 E 2 


— (4\Z3?r 2 T 2 l\ 1 ) 2 E 2 [a \E 2 - (Ai.P) 


PS = o, 


[(AixA 2 )xP] 2 }} 2 (3.264) 

(Ai x A 2 ) 7 = eijk Af Af^. 


This is fourth order algebraic equation for E 2 . Its positive solutions give the explicit dependence 
of the energy on P and Pq: E 2 = E 2 (P.Pq). 

Let us consider a few particular cases. In the simplest case, when Aq = 0, i.e. P = 0, and 
A^ = cA{, which corresponds to the membrane embedding (see (13.2551) 1 

X° = t = AqT, X 1 = A[(5 + ca), X 4 = r(a), X 6 = 6 = AqT = X 9 = 9 = AqT, 

(13.2641) simplifies to 

E 2 = 4v / 37r 2 T 2 /f 1 | Ai | Pq. (3.265) 

This is the relation E ~ A 1 / 2 obtained for G 2 -manifolds in [29] . If we impose only the conditions 
Aq = 0, and A( remain independent, (13.2641) gives 

E 2 = (2vr 2 r 2 /? 1 ) 2 (Ai x A 2 ) 2 + 4\/37r 2 T 2 ^ 1 | Ai | Pq. (3.266) 
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Now, let us take Aq 7 ^ 0, = cA{. Then, (13.2641) reduces to 


E 


( E 2 - P 2 ) - (4\/3tt 2 T 2 Z? 1 ) 2 A?P 0 2 + (4737r 2 T 2 ^ 1 ) 2 ( Al .P ) 2 P| = 0, 


which is third order algebraic equation for E 2 . If the three-dimensional vectors Ai and P are 
orthogonal to each other, i.e. (Ai.P) = 0, the above relation simplifies to 


E 2 = P 2 + 4V3tt 2 T 2 lh | Ai | P e . 


(3.267) 


The obvious conclusion is that in the framework of a given embedding, one can obtain different 
relations between the energy and the other conserved charges, depending on the choice of the 
embedding parameters. 


by 


Now, we will consider the general case, when A 0 7 ^ 0, i.e. 8^8. The turning points are given 


min — 3Z, i'max — n — l 
r 2 = —l 


2./A±4 + 


3«q 


+ k 


2 ./Atl + 


3«q 


4 P ( (A +)2 + (A -)2) 

(Aq + ) 2 -(Ao ) 2 


4 P ( (A +)2 + (A -) 2 ) 
Now the solution for er(r) is 


- k 


k = 


( Ao +)2 + (A-)2 


^€[0,1], 


air = 


r 

K rr (ty 

1/2 16A°T 2 / n 

M n /Ar 
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[ U{t) \ 

[(Aq ) 2 + (Aq ) 2 ] 1/2 

CN 

1 

CO 

'—0 

CO 

1 


4 5) f 1/2; -1/2, -1/2,1/2,1/2,1/2; 3/2; 


1/2 


A r A r Ar A?’ Ar 


2/ ’ 4/ ’ 6 / ’ 3Z — r 2 ’ n - 3/ 


.(3.268) 


The normalization condition reads 
8 A°T 2 Z n (M n Z ) 1/2 


[(A „ + ) 2 + (A 0 -) 2 ] I/ 2 (3(-r 2 ) 1/2 

„C4'i / , , , An An An 

F ° ('/2; -1A -1/2,1/2,1/2, ;1; A > _L t _I 

8 A°T 2 l n (AfnQ 1/2 
[(A +) 2 + (Aq ) 2 ] 1/2 (3( - r- 2 )V 2 * 


Ari 


3 1 - r 2 


1 + 


[ 1 / 2 ; - 1 / 2 , — 1 / 2 , 1 / 2 , 1 / 2 ,; 1 ; 


Ari A Ari 


2 Z 


1 + 


4Z 


1/2 A + AiV 1 ' 2 (i+ 


6 / 


1 


3 1 - r 2 

1 1 


-1/2 


l + AL’i+AL’i + AL’ii _ 

1 ^ An 1 ^ An 1 ^ An 1 ^ An 


31—T2 


= 1. (3.269) 


Computing the conserved momenta, one obtains the same expressions for E and P as in (13.211 ~^1 . 


14 


Actually, these expressions for E and P are always valid for the background we use. 
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and 


■(p.p, ( Mn ?) 1 ' 2 

216 ’’ 3[(A+)2 + (A 0 -)2] 1/2 (3;-r 2 )'' 2 

An4 4) (^3/2; —1/2, -3/2,1/2,1/2,; 2; — 1 A ' 


An 


An 


21 ’ 4/ ’ 6Z ’ 3/ — r 2 


(M n l 3 ) 1/2 

3 [(A^) 2 + (Aq ) 2 ] 1/2 (3/ — r 2 ) 1/2 

3/2 


An l + 


[ 1/2;-1/2,-3/2,1/2,1/2,; 2; 


21 


1 + 


4 1 


1 + 


6 1 


An \ A Ari \ 3 ^ 2 / An\ 1 A Ari 


1 + 


- 1/2 


3 l — r 2/ 

1 1 


1 _i_ AL ’ 1 _i_ _iL ’ 1 _i_ _§L ’ 1 _i_ 3 l-r 2 
' Ari ‘ An ' Ari ‘ An 


(3.270) 


1,„ 8>r 2 T 2 i 2 1 A 0 -(M 11 ! 5 ) 1/2 

2 A 0 “ A/ =-- 


[(A+) 2 + (A 0 -) 2 ] 1/2 (3(-r 2 ) 1 ' 2 


F, 


(4) 


D \ 1/2; -3/2,-1/2,-1/2,1/2,; 1;- — 


Ari Ari Ari 


Ari 


4Z 


6Z 3( — r 2 


8n 2 T 2 l 3 n A~ (M u l 5 ) 


1/2 


[(A+)2 + (A 0 -) 2 ] 1/2 (SZ-r,) 1 / 2 
Ari \ 3/2 / An \ 1/2 / AA'n 

1 + A) ( 1 + ir) ( 1 + A, 

(4) / - 1 


Ari \ 1 /' 2 (. Ari 


1 + 


-1/2 


Fg> 1/2; -3/2, —1/2,-1/2,1/2,; 1; 


31 — r 2/ 

1 1 


"i i 2/ ’ i i 4/ " "i i 6/ ’ i i 3/—7*2 
1 An A Ari 1 ^ Ari ^ An 


(3.271) 


Now, we go to the semiclassical limit n —>• oo. The normalization condition gives 

[(A+) 2 + (Ag ) 2 ] 1/2 = 2V3X°T 2 l u Ml( 2 , 


whereas (13.2701) and (13.271 p take the form 


I <P , „ p AiiMiNAAd 

5l " [(Aj ) 2 + (A 0 -) 2 ] 3/2 ' 

The above expressions, together with (13.211) . lead to the following connection between the energy 
and the conserved momenta 


[e 2 (E 2 - P 2 ) - (2n 2 T 2 l 3 11 ) 2 {(Ai x A 2 ) 2 E 2 - [(Ai x A 2 ) x P] 2 }}^ 


(3.272) 


-6(2tt 2 T 2 11 1 ) 2 E 2 A\E 2 — (Ai.P 


2 ^2 


P 2 + P 2 )= 0. 
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Obviously, (|3.272l) is the generalization of ([3.2641) for the case Pg / Pg and for Pg = Pg coincides 
with it, as it should be. The particular cases (13.2651) . (13.2661) and (13.2671) now generalize to 


E 2 = 2V6v t 2 T 2 1 3 u | A, | (p 0 2 + Pf) V2 , 

E 2 = (2vr 2 T 2 l 3 u ) 2 (A 1 x A 2 ) 2 + 2x/6tt 2 T 2 Z? 1 | A, | (p 2 + Pf) , 

1 /2 

P 2 = P 2 + 2\/67r 2 r 2 /? 1 | A, | (p| + P 2 ) " . (3.273) 


Finally, let us give the semiclassical limit of the membrane solution ([3.268D . which is 

1/4 


cr s d(r ) = < 


32(47T 2 r 2 /? 1 )2 

A \E 2 - (Ai.P) 2 

27 E 2 | 

[ p t pp D 


(ZAr) 1/2 


X ( 1A - 1/2, -1/2,1/2; 3/2; j 

1/4 

(ZAr) 1 / 2 


Ar Ar Ar \ 


. Ar\ 1/2 / Ar\ 1/2 / Ar\ 1/2 


32(4 7 r 2 T 2 Z? 1 ) 2 

A\E 2 - (Ai.P) 2 

27P 2 | 

[ P e + P l) 


F§ ] 1;-1/2,-1/2,1/2,; 3/2; 


1 


1 


1 + JL’ I . JL’ 1+ JL 

Ar 1 ^ Ar 1 ^ Ar , 


(3.274) 


Second type of membrane embedding [llj 

Let us consider membrane, which is extended along the radial direction r and rotates in the 
planes defined by the angles 9 and 9, with angular momenta Pg and Pg. Now we want to have 

nontrivial wrapping along A 6 and A 9 . The embedding parameters in A 6 and A 9 have to be chosen 

in such a way that the constraints are satisfied identically. It turns out that the angular momenta 
Pg and Pg must be equal, and the constants of the motion V 2 are identically zero for this case. In 
addition, we want the membrane to move along A° and X 1 with constant energy E and constant 
momenta Pj respectively. All this leads to the following ansatz: 

A° = t = Agr, X 1 = A It, A 4 = r(a), 

A 6 = 9 = A 6 0 t + A?<S + A 9 ct, A 9 = 9 = AqT — (A®<5 + A^cx). (3.275) 


The background felt by the membrane is the same as in (13.2561) . but the metric induced on the 
membrane worldvolume is different and is given by 


Goo = ~l \i [(A 9 ) 2 - A 2 - (A+) 2 P 2 ] , G n = 4/ 2 1 (A®) 2 A 2 , 


G , 2 = Ali^A^A 2 , G 22 = l 2 u 


„/2 


C 2 


+ 4(A 


6 \ 2^2 
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For the present case, the membrane Lagrangian reduces to 


£ V) = 7^0 { K rrf' 2 - V) , K rr = -( 4 A°T 2 Zf 1 ) 2 (A 6 ) 2 ^ j 


4A° 

V = U = l 2 u [(A °) 2 - A 2 - (A+) 2 B 2 ] . 

The turning points of the effective one-dimensional periodic motion 


K rr r' 2 + V = 0, 


are given by 


fmin — 3Z, fmax — fl — Z { 2 * / 1 — 


3^0 


* 2 (A 0 + )‘ 


+ 1 ] >3 Z, 


r 2 — —l I 2 y 1 + 

Now, the membrane solution reads: 


3r/ 


- 1 I < 0, r 0 2 = (Aq ) 2 - A 2 . 


Z 2 (A +) 2 


air = 


rr 

K rr (t) 

1/2 J 32A°T 2 /hAi 

Z 3 Ar 

131 

[ V(t) \ 

dt - A + 

A o 

<M 

1 

OO 

OO 

1 


1/2 


X 


A 4 ) 


1/2;-1,-1/2,1/2,1/2; 3/2; - 


Ar Ar Ar Ar 


D l‘/“’ 2 Z 4Z ’ 3Z-r 2 ’n-3Z; ' 

The normalization condition leads to the following relation between the parameters 

Ari A?’i Ari 


16A°ToZnA?Z 3 / 2 ( 3 ) / , 

Jp-4 3 > (l/2; -1-1/2, 1/2; 1; - 

16A°T 2 Z 11 A®Z 3 / 2 / An A / An 
Aq (31 - r 2 ) 1/2 V 2 Z A 4Z 


2 Z ’ 4Z ’ 3 l-r 2 


V 2 / A X -1/2 

1 + 1 


xiA 3) I 1/2;-1,-1/2,1/2,; 1; 


3 1 - r 2 
1 


ixA’niL’ix 3i—V2 
1 + Ari ^ Ari Ari 


= 1. 


(3.276) 


(3.277) 


(3.278) 


In the case under consideration, the conserved quantities are E. P and Pg = Pg. We derive the 
following result for Pg = Pg 


87t 2 T 2 Z?, A ?/ 5 / 2 ( 3 ) ( , Ari Ari 

P ‘ = Fi= 3(3/,> (3/2;-l.-3/2.1/2;2;- ——, 


Ari 


(3Z - r 2 ) 
87r 2 T n 2 Z3 1 AfZ 5 / 2 
3 (3/ — r 2 ) 1/2 


3Z - r 2 


, Ar, A / Ari A 3/2 / Ari 

An l + ^)fl + ^| (l + 


21 


4 1 


3 1 - r 2 


- 1/2 


x ^ 1 I 1/2;-1,-3/2,1/2,; 2; 


1 


1 _1_ 2/ ’ i I 41 ’ i I 31—T2 
1 "l - Ari 1 Ari 1 ' Ari 


(3.279) 


In the semiclassical limit, (13.2781) and ((3.2791) reduce to 

( A+)= = h/h°7y n A? [(A§) 2 - Ag] 1/2 , P„ = P 6 = [(A§) 2 - Agf /2 
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From here and (13.2621) . one obtains the relation 

E 2 = P 2 + 3 5/3 (2TrT 2 ll 1 A e 1 ) 2/3 Pg /3 . (3.280) 

In the particular case when P = 0, (13.2801) coincides with the energy-charge relation E Tv 2 / 3 , 
first obtained for GVmanifolds in [29]. For the given embedding (|3.275l) . the semiclassical limit of 
the membrane solution (13.3431) is as follows 


<?sd{r) = 8 tt 1/3 




( Ar 

f1/2; — 1) 1/2;3/2; — 


A r 

IT 


= Stt 1 / 3 



(3.281) 


xF^ 1;-1,-1/2; 3/2; 


1+ 1 , JL 

Ar 1 ^ Ar , 


Third type of membrane embedding [ll| 


Again, we want the membrane to move in the flat, four dimensional part of the eleven dimensional 
background metric (13.2541) . with constant energy E and constant momenta Pj. On the curved part 
of the metric, the membrane is extended along the radial coordinate r, rotates in the plane given by 
the angle ip+ = ip + ip, and is wrapped along the angular coordinate ip- = ip — ip. This membrane 
configuration is given by 


X° = t = AqT, X 1 = AqT, X 4 = r(a), 
ip+ = A^t, ip- = A^5 + A^cr, ip± = ip ± ip. 


(3.282) 


In this case, the target space metric seen by the membrane is 

2 2 

500 = 9tt = —hh 9IJ = 544 = 9rr = 


C 2 {r) 


5+4- = l 


11 


21 


C Z {r), g-=l( 1 D 2 (r). 


(3.283) 


Hence, in our notations, we have /i = (0,/,+,—), a = 4 = r. Now, the metric induced on the 
membrane worldvolume is 


Goo = -if i 


(A») 2 - A 2 - (A+) 2 


21 


C 2 


G ll = l 2 l {KYD z , G 12 = l( 1 A^A^D 2 , G 22 = l 


li 


„/2 1 


(Aa ? d2 + 


C 2 


The constraints are satisfied identically, and V 2 = 0. The Lagrangian takes the form 


CA{a) = 4^ (Krr/2 " ^ ’ Krr = -(2A°T 2 / 2 1 AD 2 ^, 


V = U = l 2 u (Ag) 2 - A 2 - (A+) 2 


C 2 ' 


21 


C 2 
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The turning points read 


Train — 31 , T max — V] — l 


N 


1 + 


1 _ 9t, 0 


> 3/, 


r 2 = —l 


N 


1 + 


i_Ell 


4«2(A+)2 

< 0, Uq = (Aq) 2 — Aq. 


4/2 (Ajj^ 

For the present embedding, we derive the following membrane solution 
o-(r) = 


rr 

Krr{tY 

1/2 

— - 

2 A°T 2 /nA^ 


2 7 Z 5 Ar 

J31 

[ V{t) \ 

Lib - 

f(An") 2 (^) 2 Uni 

1/2 

3 (n - 3Z) (3Z - r 2 )_ 


4 6) (l/2; -1, -1, -1,1/2,1/2,1/2; 3/2; 


1/2 


x (3.284) 


Ar Ar A r A?' A?' Ar 


21 ’ 3/ ’ 4Z ’ 6Z 3Z — r 2 n — 3/ 


The normalization condition leads to 


A 0 T 2 Z n Ai 


( A o + ) 2 (f) 2 - 


1/2 


2 7 l 5 


T 1/2 


3 (3/ — r 2 ) 


(3.285) 


F ^ 5) ( 1 / 2 ; - 1 ,- 1 , - 1 , 1 / 2 , 1 / 2 ; 1 ; - ^' 1 


An Ari An An 


An 


A°T 2 / n Ar 


2Z ’ 3Z ’ 4Z ’ 6/ ’ 3/ — r 2 

2 7 / 5 1 1/2 


(A+)2(|) 2 _ i; 2j 1/2 L 3 ( 3 ^ 1-2) J 

i + ^i) b + Aii (i + Ari 


2Z 


3/ 


4/ 


6 1 


- 1/2 


l + ^M (i+ “ ri 


Ar, ^- 1/2 


4 5) 1 / 2 ;- 1 ,- 1 ,- 1 , 1 / 2 , 1 / 2 ,; 1 ; 


3/ - r 2 
1 1 


l + AL’i + AL’i + AL’i + AL’ii 
1 ^ An 1 ^ An 1 ^ An 1 ^ An 1 + 


3 l-r 2 
Ari 


= 1 . 


The computation of the conserved momentum P + = gives 


FA = 


7r 2 r 2 Z^A^Aj~ 


(A 0 + ) 2 (f) 2 -^ 


2 5 / 7 


1 1/2 


i !/2 [ 3 s (3/ -r 2 ) 


(3.286) 


. ( , , Ari An Ari 

Ar.Ff (3/2;-1,-1/2.1/2;2 ;- — — 

tt^Z^A+A/ 


_ 2 5 Z 7 

(A „ + ) 2 (f ) 2 -^ ll/2 ^ 3(3 '^ r2) 


1/2 


Ari 1 + 


Ari 

HT 


Ari\ 1//2 f Ari \ 1 ^ 
l + ^TT 1 1 + ^-1 X 


6 1 


F^i 1 / 2 ;- 1 ,- 1 / 2 , 1 / 2 ; 2 ; 


3 1 - r 2 

1 


ii 31 ’ i i 6Z ’ i i 31—r2 
i + SfT i + A!T i + ^T. 
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Let us note that for the embedding ((3.282ft . the momentum P^_ is zero. 


Going to the semiclassical limit r\ —>• oo, which in the case under consideration leads to 
9 uq/[4( 2 (A^) 2 ] —> 1_, one obtains that (13.28511 and (|3.286ll reduce to 


Ao 


1 - 




4Z 2 (A+); 


3/2 = 2A°T 2 /iiA^/, p+ = .^T^ 


9P 1 3 / 2 ' 

9 1_ifo_ 

4^ 2 (A+) 2 J 


These two equalities, together with (13.26211 . give the following relation between the energy and the 
conserved momenta 


E 2 = p2 + - (6 7 r 2 T 2 /? 1 A^) 2 / 3 P^ /3 . 


In the particular case when P = 0, (13.2871) can be rewritten as 

3 


(3.287) 


E = 


- p i i 4 v4V7yivVP 

W + \| { , 


2/3 


Expanding the square root and neglecting the higher order terms, one derives energy-charge relation 
of the type E — K ~ K 1 / 3 , first found for backgrounds of Cr 2 -holonomy in 


(3.288) 


Now, let us write down the semiclassical limit of our membrane solution (j3.284j) : 


7 r 


^(^) 1/2 - i/2 ( 




Ar 

IT 


F^ 4) 1;-1,-1,-1,1/2; 3/2; 


Ar \ 

irj 

i 


ul’ul’uiL’ul 

1 ' Ar 1 ' t “ Ar 1 + Ar 1 Ar . 


f + ^r) U + ^f) 


- 1/2 


Forth type of membrane embedding [11] 

Let us consider membrane configuration given by the following ansatz: 

X° = t = A° 0 T + ^ [(A 0 .Ai) S + (A 0 .A 2 ) ct] , X 1 = Agr + \{d + A [a, 

A o 

A 4 = r(cr), V’+=A ( /t, i=A 0 “r, = V 1 ± (3.289) 

It is analogous to (13. 25511 , but now the rotations are in the planes defined by the angles 
instead of 9 and 8. 
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The background felt by the membrane is as given in (I3.283p . However, the metric induced on 
the membrane worldvolume is different and it is the following 


Goo = -*n 


(Aq ) 2 - A§ - (A 0 + ) 2 (|) G 2 - (A 0 -) 2 D 2 


Gn — Z^Mii, G12 — Z 2 1 Mi 2 , G22 — l\\ 


J2 


M 22 + ^ 


where Mjj are defined in (13.2571) . The constraints are identically satisfied, and the constants of the 
motion V 2 are given by (13.2581) . The membrane Lagrangian now takes the form 


C A (a) = ^ (.K rr r ' 2 - V) , K„ = -(2X 0 T 2 l 2 u ) 2Mu 


V = (2X°T 2 l 2 11 ) 2 detM ij + l 2 u 


C 2 ’ 


21 


{KY - Ag - (A 0 + r ( f ) C Z — (Aq) 2 D 2 


Let us first consider the particular case when A 0 = 0, i.e. ip = ip. The turning points now are 

f min — 3/, i'rnax 


= n = l 


1 + — 
\| *- 


8 

9 u o 

4^ 2 (A+) 2 


> 3/, r 2 = —l 


1 + 

N *- 


8 


9“o 


< 0 , 


4Z 2 (A^P 

where «q is introduced in (13.2591) . Now one arrives at the following membrane solution 


cr r = 


2A°T 2 /n 


(A+P(|) 2 -„j1 1/2 L 3 (n- 3 !)( 3 !- r2 )J 


2 7 / 3 MnAr 


1/2 


(l/2; -1, -1,1/2,1/2,1/2; 3/2; 
The normalization condition gives 


A?’ A?’ Ar Ar A?’ 


2 V 4r 6 r 31-r 2 n- 31 


X°Tol 


2H1 


(A^ 2 (f) 2 - 


2 7 l 3 M 


11 


11/2 


1/2 [ 3 ( 3 / — r 2 )_ 

Ari Ari 


Ff ( 1 / 2 ; — 1 , — 1 , 1 / 2 , 1 / 2 ; 1 ; — 


Ari Ari 


A °T 2 l 


2*11 


(A 0 + ) 2 (f) --0 

Ari 


21 ’ 4 1' 61 ’ 31 — r 2 

2 7 / 3 AT - 11/2 


'11 


2 2 ]i /2 [3 ( 3 Z -r 2 )_ 


1 + 


21 


1 + 


Ari 


1 + 


Ari A 1 ^ 2 A Ari 


6Z 


1 + 


F^ 4) 1/2;-1,-1,1/2,1/2,; 1; 


3/ - r 2 

1 1 


-1/2 


1 _J_ AL ’ 1 _L_ AL ’ 1 _L AL ’ 1 , 3 l-r 2 
' Ari ' Ari ' Ari ' Ari 


- 1. 


(3.290) 


(3.291) 
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We derive for the conserved momentum P+ = the following expression (P_ = P^_ = 0 as a 
consequence of = 0): 


P+ = 




2 b PM n 

(A+) 2 (f) 2 - u^ V2 L 33 ^-^) 


1/2 


AnF^ ^3/2; —1/2,1/2; 2; — 


Ari A?’ 


i 




61 ’ 31 — r2 

fn 


(A„ + ) 2 (f) 2 -«S ll/2L33(3 '- r2)J + 

F% ] f 1/2;-1/2,1/2; 2; 


2 5 Z 5 Mn 1 1/2 . /_ Ari \ 1/2 / Ari \ _1/2 


61 


1 + 


3 1 - ?’ 2 


1 I 6/ 1 1 I 3/— r-2 
1 ^ Ar, 1 "T i n 


(3.292) 


In the semiclassical limit, (13.2911) and (|3.292D simplify to 


7tA+ 


1 - 


9lln 


4/ 2 (A+) 5 


= 2 3 / 2 3A°T 2 h i Mf{ 2 . P + = 


2 7 / 2 ttT 2 11 1 1 2 mI( 2 


l _ 9u a 


4/2(A+)2 J 


Taking also into account (I3.262P , we obtain the following fourth order algebraic equation for E 2 as 
a function of P and Pi 


{- E 2 [E 2 - P 2 - [2,/lfPl] - (2vr 2 T 2 / 3 1 ) 2 {(Ax x A 2 f E 2 - [(Ax x A 2 ) x P] 2 }}^ 


-2 Y (37rT 2 /?i) 2 P 2 A(E 2 — (Ax.P 


,2 m2 


Pi = 0. 


Let us consider a few simple cases. When Aq = 0 and A 2 = cA{, (13.2931) reduces to 

E 2 = (3/0 2 P+ + 2 7/2 37tT 2 Z?i | Ax | P+, 


(3.293) 


(3.294) 


or 




2 7 /2 nT^l 2 I Ax 

3 K 


Expanding the square root and neglecting the higher order terms, one derives energy-charge relation 
of the type E — K ~ const. If we impose only the conditions Aq = 0, (13.2931) gives 

E 2 = (2ir 2 T 2 l 3 n ) 2 (Ax x A 2 ) 2 + (3/0 2 P+ + 2 7 / 2 3irT 2 l 3 11 | Ax | P+. (3.295) 

If we take Aq / 0, A 2 = cA{, (13.2931) simplifies to 

E 2 | [E 2 - P 2 - (3/0 2 P+] 2 - 2 7 (37rr 2 /?i) 2 A?P 2 | + 2 7 (37rr 2 /?i) 2 (Ax.P) 2 P 2 = 0, 

which is third order algebraic equation for E 2 . Suppose that Ax and P are orthogonal to each 
other, i.e. (Ax.P) = 0. Then, the above relation becomes 

P 2 = P 2 + (3 /l) 2 Pi + 2 7 / 2 37rT 2 Z?x | Ax | P+. (3.296) 
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Finally, we give the semiclassical limit of the membrane solution (13.2901) 


Vscl(r) = 2 tt 2 T 2 1\ 1 ( ^ 


4 i_y 2 


A?--^(A 1 .P) 2 


1/2 A ? . l/2 
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xF 
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Ar Ar Ar\ 




= 2tt 2 T 2 / 3 




4i\ 3/2 r 
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a;-A (Ai .p) 


xF^ 3) I 1;-1,-1,1/2; 3/2; 


i/ 2 Ar ,i /2 / Ar\ / A?’ 

— ( 1 + ^ r ) ( 1 + ir 

i i A 


i + 


Ar 


l + _2L'l + _2L'i +_ 

1 ^ Ar 1 ^ Ar 1 ^ Ar , 


4 1 


61 


Now, we turn to the case A 0 ^ 0, when the solutions of the equation r' = 0 are 


f min — 3/, T max — f 1 — ^-ylFU^ A 2 
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i + i i- 


4(u 2 — 9A 2 ) 
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r 2 = —-= \J 1 + it 2 — A 2 
V2 
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1 - 4 1 - 
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r 3 =-— \/l + u 2 — A 2 

v2 


l 


\ 


i + i i- 


4(u 2 - 9A 2 ) 


(1 + u 2 — A 2 ) 2 ’ 


r 4 = —— \/l + u 2 — A 2 
v2 


N 


u 2 = 


3up 

ZA n 


A 2 = ( 2— 
A, 


1 - 4 1 - 


A+ 


4(u 2 - 9A 2 ) 


(1 + u 2 — A 2 ) 2 ’ 


*-o / \ o 

Correspondingly, we obtain the following solution for cr(r): 


(1 + u 2 - A 2 ) 2 ’ 


\°T 2 l 


air = 


FjP (1/2; -1, -1,1/2,1/2,1/2,1/2,1/2; 3/2; 

Ar Ar Ar A?’ Ar A?’ Ar 


2‘11 


2 9 3l 3 M u Ar 


1 I/ 2 


A 0 L( r i ~ 3 0 (3Z - r 2 ) (3 1 - r 3 ) (3/ - r 4 )_ 


2? 4Z 6 1 31 — r 2 3Z — r 3 3Z — r 4 r 4 — 3/ 


- 1/2 


(3.297) 
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For the normalization condition, we derive the result 


A °T 2 I u 


2 7 31 3 M u 
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Ar 
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1 1 1 

1 4- ' 1 4- ^ ’ 1 4- 6^ ’ 1 1 SI—T2 ’ -I 1 31—r 3 ’ -1 1 

1 “T" An 1 ^ An 1 ^ An ^ An 1 An 
The computation of the conserved quantities P + and P_ gives 
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= 1 . 


A + 

P _ -Arp /3 ^0 

P + -TT l 2 l n — 

V 0 L 


2 5 1 5 M 


11 


11 Ao 3 (31 — r 2 ) (31 — r 3 ) (31 — r 4 ) 


1/2 


F 


■(4) 


D 


^3/2; —1/2,1/2,1/2,1/2; 2; — 
2 5 ! 5 Mn 


Ari Ari 


Ari x 
Ari 


Ari 


A + 

2rp , 3 
T2 11 


An l + 


-0 l 

Ari 


3 (31 - r 2 ) (31 - r 3 ) (31 - r 4 )_ 


61 31 — r 2 ’ 31 — r 3 ’ 31 — r 4 

1/2 

x 


61 


1/2 


1 + 


Ari 

31 - r 2 


-1/2 


1 + 


Ari 


31 - r 3 

1 


- 1 / 2 / Ar 

1 + 


1 


31 — r 4 
1 


-1/2 


^ ( l/ 2 ^ ^7 2, V 2 > - 1 -/ 2 ’ V 2 ; 2 ; 1 _6i_ ’ 1 1 31—r2 ’ 1 1 31—13 ’ 1 , 31—r 4 

\ 1 Ari 1 An 1 An 1 An 


(3.298) 


(3.299) 
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P_ = 7 t 2 T 2 1 
p(V 


2 7 3l 7 M 11 


l V 2 


11 L(3/-r 2 )(3/-r 3 )(3/-r 4 )J 

F^> ( 1 / 2 ; - 1 , - 2 , - 1 , 1 / 2 , 1 / 2 , 1 / 2 , 1 / 2 ; 1 ; 

Ar 4 Ari Ar 4 Ar 4 Ar 4 Ar 4 


Ari 


tTT 2 1 
1 + 

1 + 

p(7) 


21 ’ 3Z 4/ ’ 6 / ’ 3/ — r 2 ’ 3Z — r 3 ’ 3Z - r 4 

2 7 3l 7 M-- 11/2 


li 




_(3Z - r 2 ) (3/ - r 3 ) (3/ - r 4 )_ 


Ari 

"~ 2 T 

A?’! 
3/ - r 2 


1 + 


Ari 


3/ 


- 1/2 


1 + 


1 + 


Ar 4 
3/ - r 3 


Ari 


4 1 


- 1/2 


1 + 


1 + 


Ar 


- 1/2 


6 / 

Ar 4 
3? — r 4 


x 

- 1/2 


( 1 / 2 ; - 1 , - 2 , - 1 , 1 / 2 , 1 / 2 , 1 / 2 , 1 / 2 ; 1 ; 

11111 


(3.300) 


4 1 


1 i 21 ’ i i 3Z ’ i i 4Z ’ i i 6Z 1 i i 31—r? ’ i i 31—rn ’ i , 31— 

1 ^ An 1 ^ An 1 "f* Ari ^ An 1 ^ An 1 + An 1 + An 


31 


6 1 


Let us now take the semiclassical limit ri —> oo. In this limit, (13.2981) . (13.299(1 and (|3.300l) reduce 
correspondingly to 

Ao = 3\°T 2 IiiM}1 2 , P+ = 

3 A 0 


P- = l.7r 2 T 2 lul 2 Ml( 2 


3u °V _( 2 A V 2 


/A, 


A, 


These equalities, together with (|3.262l) . lead to the following relation between the energy E and 
the conserved charges P, P + and 


{ E 2 [iE 2 - P 2 - (3/2 l) 2 Pl\ - (2tt 2 T 2 /?i ) 2 {(Ai x A 2 ) 2 E 2 - [(A x x A 2 ) x P] 2 }}^ 


-{^Tol^YE 1 K{E 2 — (Ai.P 


P_ = 0. 


(3.301) 


Let us point out that the above relation is only valid for P_ Y 0) whereas we can always set P or 
P + equal to zero. Below, we give a few simple solutions of (13.3011) . 


Choosing Aq = 0 and A 2 = cA{, one obtains 

E 2 = (3/2 1) 2 Pi + 67 T 2 T 2 lf 1 | A 4 I P_, 

which can be rewritten as 


(3.302) 


E = lrJ i + ^,P|A,|r- 

21 + V 3P 2 
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Expanding the square root and neglecting the higher order terms, one arrives at 

E = — P+ + 2ir 2 T 2 lul | Ai | —. 

If only the conditions Aq = 0 are imposed, (13.3011) gives 

E 2 = (2n 2 T 2 l 3 u ) 2 (Ai x A 2 ) 2 + (3/2l) 2 Pl + 6 n 2 T 2 l 3 n | A x | P_. (3.303) 

If we choose Ag ^ 0, A^ = cA{, then (I3.301|) simplifies to a third order algebraic equation for E 2 

E 2 | [E 2 - P 2 - (3/2 1) 2 Pi] 2 - ( 67 r 2 r 2 /f 1 ) 2 A?P 2 | + ( 6 vr 2 T 2 lf 1 ) 2 (Ai.P) 2 P 2 = 0. 

If (Ai.P) = 0, the above relation reduces to 

E 2 = P 2 + (3/2 1) 2 Pi + 6 vr 2 T 2 lf 1 \ A 1 \ P_. (3.304) 


Finally, let us write down the semiclassical limit of the membrane solution ()3.297[) : 


(2^ 2 T 2 l\ l l\ l/2 

Vscl{r) = I - 


3 4 P_ 

(l/2;-1,1,-1,1/2; 3/2; 
' 2 8 TT 2 T 2 lf 1 l\ 1/2 


.P) 2 


1/4 


A?’ * 1 / 2 


3 4 P_ 


A 2 (A^P) 2 


Ar Ar Ar Ar 

1/4 


+ ^ fl + ^V 1 




3/ / 


Ar 


4 1 


1 + T7 1 + -xr 


Ar\ 


- 1/2 


XF^ I 1;-1,1,-1,1/2; 3/2; 


1 


6 1 ) 

1 1 


ii 21 ’ i i 3Z ’ i i 4t ’ -t i 61 

1 “ r Ar 1 " r Ar 1 _r Ar 1 Ar 


More rotating membrane solutions in this eleven dimensional supergravity background can be 
found in Appendix B of [IB- 

Some mathematical results 

It is known that the Lauricella hypergeometric functions of n variables 
are defined as [53] 

Ep\a-,b i,... A;c;zi,. - -, z n ) = (3.305) 

^ (o)ki+...+k n (bi)ki ■■■{K)k n 4’ 1 ■■■Zn" _T(a + k ) 

W-W 14 ’ W ‘~ r(a) ' 

and have the following integral representation [53] 

F^\a, bi,...,b n -,c-,zi,...,z n ) = (3.306) 

r / If - t [ x a_1 (l - x) c_a_1 ( 1 - zix)~ bl ... (1 - z n x)~ K dx, 

r(a)r(c- a) J o 

Re{a ) > 0, Re{c — a) > 0. 
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However, in order to perform our calculations, we need to know more about the properties of 
these functions. That is why, we proved in m that the following equalities hold 


1. 

F^\a;bi,...,bi,...,bj,... 

• 5 b n \ c; Zi, . . 

. , Zi, . . . 

II 


F^‘\a-,b 1 ,...,b j ,...,b i ,... 

• 5 6775 c; £1,.. 

• Zj, ■ ■ 

. , £7 , . . . , £77) . 

2. 

F^\a-,b!,...,b n ;c-, Zi,..., 

-^n) = 




(1 - Zi)~ bz F { ^ ) ( c - a; 61,..., 6 n ; c; 

i=i ^ 

Zi 

~n \ 


Zi - 1 ’ 

' ' ' ' Z n 1 y 

3 . 

F^ l \a-bi ,... ... ,6 n ;c; zi 

T(c)T{c-a-bi) , 

■p/ u D m, . . . , Oj_i, 

T(c — a)T(c — Oj) 

, . . . , Zj. 

6j+i,.. 

-1) 1? ? • • • 5 ^n) = 

• 5 677 5 c 5 £1, . . . 5 £7 

4 . 

Fp\a;bi ,..., 6*_i, bi, b i+1 , 

,... , 677,5 ^5 ^1 

, . . . , Zj. 

-1,0, 2^-j-l, • • • , £n) = 


F]-)- l \a', b\,.. ,,bi-i,b i+ i, 

. . . , 677,5 ^5 ^1 5 

. . . , Zj_ 

- 1 5 ^i+ 1 5 • • • ? ^n) • 

5 . 

F^\a;bi ,..., 6j_i, 0,6»+i, 

..., b n \ c 5 2^1, 

. . . , Zj_ 

-1 j -^2 5 r • ■ 5 ) = 


i^ _1) (a;&i,... ,6i_i,6 i+ i, 

..., 677 5 C5 2^1, 

. . . , Zj_ 

- 1 5 <2*2+1 ? • • • 5 Zn) • 

6. 


• ? 677 5 C5 2^1,.. 

•,Zi, ... 

. , £7, . . . , £77) = 


F^'~ 1 \a-,bi,... ,bi + bj,... 

• ? 6775 Cj £1,.. 

. ,Zj, . . . 

• , ^n)- 

7. 

F@n+i) (a; a — c + 1,62,62, 

• • • 5 6277,6277 5 

C;- 1 ,Z 2 ,-Z 2 ...,Z 2 „,-Z 2 „) 


8 . 


T(q/ 2 )r(c) F ( n) 


F D ( a /2 ; 6 2 , • • •, b 2n \ c - a/2; z \,..., z % n ). 


2T(a)r(c — a/2) 

rjln+l) ( c _ a; a _ c + 1, b 2 , 6 2 , . . . , &2n, &2n! CJ 
Z2 Z 2 ^2n 2 2n 


1 / 2 ,- 


1 — z 2 1 + z 2 


r(a/2)r(c) 


2 C a T(a)r(c — a/2) 


? (n) 

D 


1 - Z 2 n ’ 1 + Z 2n 


c a , b 2 , ..., 62 ?!,) c ®/ 2 , 


-2n 


1 - ’ 


1 __ ^2 
1 z 2n 


, "n)- 


3.2.4 Rotating D2-branes in type IIA reduction of M-theory 
on G 2 manifold and their semiclassical limits 

Here, we will consider D2-branes rotating in the background (13.181) . 

We begin with the following D2-brane embedding in the target space: 

X 0 = A o e o + (/VAi) ^ + X J = ^ + A J ^ + (3.307) 

A o 

r = r(£ 2 ), 61 = Aq 1 ^ 0 , 0-2 = Aq 2 C°; (Ao-Ai) = J/jA^A/, c = constant. 

It corresponds to D2-brane extended in the radial direction r, and rotating in the planes given by 
the angles 9\ and 0 2 with constant angular momenta Pg 1 and Pg 2 . It is nontrivially spanned along 
x° and x 1 and moves with constant energy E , and constant momenta Pj. 
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The expression for the D2-brane solution found in m for this case is given by 

Ml 


(Hr) = yA»r D2 


F§ } (3/4; -1/4, -1/4,1/4.1/2,1/2; 7/4; 


- 1/2 

(2Ar) 3 / 4 x 

Ar 

Ar 

Ar 

2/ ’ 

4/ ’ 

6/ 


A r A r 


(3.308) 


Now, we compute the conserved momenta on the obtained solution: 

1 1/2 


P Pi q 2 T 

A° = A 7 = 8 Td2 

7i o A o 


Ml 


1 + 


4 4) I 1/2;-1/2,-1/2,1/2,1/2; 1; 


21 


(Al + A 2 _)(3l-r 2 ) 
1/2 


An \ (_ /Ar\\ l P( An\ 1//2 / An 


1 + 


4 1 


1 + 


6/ 


1 + 


3 1 - r 2 

1 1 


-1/2 


i , 21 > -i , 4J ’ i , 6i ’ i i 3Z-r 2 
1 A An 1 An 1 A Ari 1 A An 


P 6l = ^Aq 1 - Aq 2 cos i/?) iSi + (Ao 1 + A^ 2 COS V>?) 
p Qi = ( A o 2 - Aq 1 COS -0?) Iai + ( A o 2 + Aq 1 cos^? 


T d 

l B 1) 


0\ tD 

l B 1) 


where 


Iai = 8tt 2 T D2 


Ml 5 


(A^ + A 2 _)(3/-r 2 ) 
1/2 


1/2 


i + AiV'Vi + AiV'Vi + Ar > 


2 / 


4/ 


6 / 


1/2 


1 + 


An N" 1 / 2 


4 4) 1/2;-3/2,-1/2,-1/2,1/2; 1; 


3? - r 2 

1 1 


1 


1 _|_ 2Z_ ' -1 _|_ 4t_ -I _|_ ot_ ' I , 

I An A- I A o-.- I A i”-* I 


Ari Ar 


Ari 


Ari 


im = 


Ari 1 + 


A/7 3 


(A^ + A 2 _) (3 l-r 2 ) 


1/2 


An \ 1/2 A. An \ 3/2 / ArA- 1/2 / An ^" 1/2 


21 


1 + 


4 1 


1 + 


4 4) 1/2;-1/2,-3/2,1/2,1/2; 2; 


6 1 

1 1 


1 + 


3 1-r 2/ 

1 1 


I, 21 ■ , 4/ ’i, 6Z ’i, 31—r2 

1 ' +_ An 1 ■ + ‘ Ari An 1 A An 


(3.309) 


(3.310) 


(3.311) 


4 1 ’ i _i_ 6/ ’ i 31—r 2 I ’ 


(3.312) 


In the semiclassical limit, (13.30911 - (13.31211 simplify to 


e _pi _ 2 _ 2 ^ ( m y /2 

Ag A 5 r^Ui + Alj 


A», =2A'//;,, P fe = 2 A"v£, 


T D - T D - 
1 A1 ~ 1 B\ ~ 


V3tt 2 T D2 MP 2 2 

(Ai + A 2 _) 3/2 U ° 
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From here, one obtains the following relation between the energy and the conserved charges 

)2"\ 2 2 3 


E 2 {E 2 - P 2 ) - ^(tt 2 T D2 ) 2 [A \E 2 - (Ai.P) 2 J {Pi + Pi) = 0, 

which is third order algebraic equation for E 2 . 


(3.313) 


For (Ai.P) = 0, (13.3131) reduces to 


2 3/2 


i2 N 1/2 


E 2 = p2 + ^vr 2 Td2 | Ai | {Pi + Pi) 

This is the same type energy-charge relation as the one obtained for the string in (|3.25l) . 

Let us now consider the other possible D2-brane embedding for the same background metric. It 
is given by 

A 0 = A°£ 0 , X 1 = Aq£°, r = r(£ 2 ), (3.314) 

^=Aq£°++a^ 2 , e 2 =A ( >e - Ke - a^ 2 . 

This ansatz describes D2-brane, which is extended along the radial direction r and rotates in the 
planes defined by the angles 6\ and d 2 , with equal angular momenta Pg 1 = Pg 2 = Pg. Now we 
have nontrivial wrapping along 6\ and 0 2 . In addition, the D2-brane moves along x° and x 1 with 
constant energy E and constant momenta Pj respectively. 


Now, one finds the following D2-brane solution m 


e{r) = °-\°T D2 


l (Af + + Af_) (3/ - v+){3l - V-) 


1 1/2 


3 (A^_ + A?_) {31 - r 2 ) An 

4 7) (3/4; -1/4, -1/4,1/4, -1/2, -1/2,1/2,1/2; 7/4; 
Ar Ar Ar Ar Ar Ar Ar 

2 1 ' 41 ’ 61 31 — v + ’ 3 1 — V-' 31 — r 2 ’ An 

where v± are the zeros of the polynomial 

A?, — A? 


(2Ar) 3/4 


(3.315) 


t 2 - 21 1+ 


T- 


A?+ + A 2 _ 


t — 3l z = (t — v + ){t — v-). 


In the case under consideration, the conserved quantities are E, Pj and Pg. We derive the 
following result for them m 

,1 !/ 2 


^0=^7 = 47T 2 T D2 

A° Ai 


l (Af + + Af_) {31 — v + ){31 - v-) 


3 (A* + A 2 _) {31 - r 2 ) 


1 + 


An 


21 


1/2 


1 + 


An \ 1/2 


41 


1 + 


An \ 

3/ — v + ) 


1/2 


1 + 


An 


An \ “ 1/2 

1 + —- X 

61 J 

l ' 2 / An 

1 + 


31 — V- J \ 31 — r 2 

( 1 / 2 ; - 1 / 2 , - 1 / 2 , 1 / 2 , - 1 / 2 , - 1 / 2 , 1 / 2 ; 1 ; 

1111 1 


- 1/2 


4 l 


6 1 


"i i 21 ’ i i 4/ ’ t i 6/ ’ i i 3 l-v-\- ’ i i 31—v— i i 31—V 2 

1 + S7T i + + 1 + 1 + “2FT 1 + “AFT. 


(3.316) 
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-Pe — A 0 [(l — cos V’i) Ia 2 + (l + cos V'i) -^ 2 ] j 


where 


IA2 = 47T 2 r D2 


l 5 (Af + + Af_) (3Z - u+)(3/ - v -) 


1 1/2 


1 + 


An \ 3 ^ 2 /_ Arj 


21 


3 (A 2 + + A 2 ) (3 1 - r 2 ) 
1/2 


1 + 


4 1 


1 + 


An' 1/2 


6 1 


An \ 1/2 A An W/ 2 


1 + irn:) ( 1 + irhrJ ( 1 + 3i-r 2 , 
if 1 (1/2; -3/2, -1/2, -1/2,-1/2, -1/2,1/2; 1; 

1111 11 


1 , 2Z ’ 1 1 4Z ’ 1 1 6Z > 1 1 3Z-D+ ’ 1 1 31—v— 1 , 3Z-r 2 I ’ 

i+ AlT i + A77 1 ' 37T i + _ A7r 1 + “ATT 1 + “ATT / 


4/32 — 2 /T T]J2 


l 3 (A 2 + + Af_) (31 - v+)(3l - r_) 


1 1/2 


Ari 1 + 


An \ 1 ^ 2 (_ Ari 


2 / 


3 3 (A 2 + A 2 ) (3Z - r 2 ) 
3/2 


1 + 


4/ 


1 + 


An'“ 1/2 


6/ 




3/ - 


Ari \ 1 ^ 2 A Ari 


3/ — r_ 


1 + 


31 - r 2 


x 

-1/2 


4 6) (1/2; -1/2, -3/2,1/2, -1/2, -1/2,1/2; 2; 

1111 11 


1 1 2/ ’ 1 1 4/ 5 1 1 6/ 5 1 1 3 l-v-\- 5 1 I 31—v— 1 1 31—V2 

1 ^ Ari ^ Ari ^ Ari f Ari 1 Ari An 


Taking the semiclassical limit in the above expression, ‘■ml. we obtain the following dependence of 
the energy on Pj and Pg: 


E 2 = P 2 + 3 5 / 3 (2ttT D 2 A?) 2 / 3 P 4/3 . 


(3.317) 


Now, we turn to the case of D2-brane embedded in the following way 

x ° = A 0 e 0 + AoTVi) ^ + ^2) 5 X I = A / e 0 + A / (^1 + ^2) ) (3. 318) 

A o 

r = r(f ), 6\ = Aq£°, & = A&°. 

(I3.318P is analogous to (13.3071) . but now the rotations are in the planes defined by the angles 9\ 
and 4>2 instead of Q\ and 9 2 . 

The solution £ 2 (r) can be obtained from (|3.308p by the replacement 

A^_ + A 2 -> A 2 + + A 2 _ + AA 2 d /3. (3.319) 

15 In this limit v± remain finite. 
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The explicit expressions for E and Pj can be obtained in the same way from (13.3091) . The compu¬ 
tation of the conserved angular momenta Pg and P^ gives 

P() = (Ao - Ag sin t/’? sin dfj J%\ + (a® + Aq sin V>° sin 0°) Jr i , 

P<f) = ^ Aq sin #2 — Aq sin i/i^ sin 0 2 Jai + ( Aq sin 0 2 + Aq sin ip± ^ sin 0 2 Jr\ 

+Aq cos 2 epjh, 

where one obtains .///,, from (13.3111) . (13.3121) by the replacement (13.3191) . and 


T d 
J D l 


= 8ir Tr 2 


Ml 5 


(A 2 . + A^ + AA 2 d /3) (31 - r 2 ) 


1/2 


1 + 

A 5) 


A?’i 


1/2 


1 + 


An 


31 


1 + 


Ar ^ 1 / 2 

41 


1 + 


Ari 


6 1 


- 1/2 


1 + 


Ari 


31 — T2 


- 1/2 


F£’( 1/2;-1/2,-2,-1/2,1/2,1/2; 1; 


ii 2Z ’ i , 3Z ’ -i i 4Z ’ i , 6Z ’ i i 3Z-r 2 
1 + An 1 ^ Ari ^ Ari + An 1 + Ari 


Taking ri —> oo in the above expressions, one obtains that in the semiclassical limit the following 
energy-charge relation holds 


E 2 (E 2 - P 2 ) 2 
A 2 E 2 - (Ai.P) 2 


| P-ToA- 


P$ + 


3 P} 


3 — cos 2 9® 


Obviously, this is a generalization of the relation (13.313[) and for 9® = 7t/2 


has the same form. 


Another possible ansatz for the D2-brane embedding is 

X° = A° o e, X 1 = Aq£°, r = r(£ 2 ), 0, = A^ 1 + A^ 2 , & = Afe°, ( 3 - 320 ) 

i.e., we have D2-brane extended in the radial direction r, wrapped along the angular coordinate 9\ 
and rotating in the plane given by the angle (j ) 2 . 


Then one obtains the solution: 


1(31 — w + )(3l — W-) 
(3A 2 + 2A 2 d ) (31 - r 2 ) Ari 


l 1 / 2 


f(r) = -A°T D2 A? 

4 7) (3/4; -1/4, -1/4,1/4, -1/2, -1/2,1/2,1/2; 7/4; 

Ar Ar Ar Ar Ar Ar Ar 


(2Ar) 3/4 


(3.321) 


21 41 ’ 61 1 31 — w + ’ 31 — W- ’ 3/ — r 2 ’ Ari 


w± 


= ±\/3 1. 
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The computation of the conserved quantities E. Pj and P<f, 2 = P<f>, gives 


where 


§s = jr = 4 ' 2t “ a ? 

A 0 A 0 


1(31 — w + )(3l — W-) 

^3A2T2A|J(3r^) 

1+ ^V /2 t 1+ ^V7 1+ ^iV 1/2 x 


1 1/2 


21 


4 1 


6 1 


Ari \ 1//2 ( A?’i 

1 + Ti -) ( 1 + - 

31 — w + J \ 31 — W- 


1/2 


1 + 


An N" 1 / 2 


31 - r 2 


F§ ] ( 1 / 2 ; - 1 / 2 , - 1 / 2 , 1 / 2 , - 1 / 2 , - 1 / 2 , 1 / 2 ; 1 ; 


i i 2/ ’ i i 4Z ’ i i 61 ’ i i 3 l—w+ ’ i i 31—w— i i 31—T 2 I ’ 
1 "i" An 1 " l_ An 1 ^ An 1 An 1 ^ An 1 ^ An / 


P<t> — sin 2 #2 (>/.42 + J B'l) + cos ^ ^ 2 ^D 2 ) 


JA2 = 47T 2 r D2 A^A? 


Z 5 (3Z — w + )(3l — w -) 
(3A 2 + 2A 2 ,) (3Z - r 2 ) 


1/2 




21 


4Z 


6Z 


Ari \ x ^ 2 ( A?’i \ 1/z / An 

1 + T71- ) ( 1 + ITl- ) ( 1 + TTj - 

31 — w+ J \ 3/ — W- J \ 31 — r 2 

4 6) (!/2; -3/2, -1/2, -1/2, -1/2, -1/2,1/2; 1; 

1111 11 


1/2 


- 1/2 


i i 2/ ’ i i 4Z ’ i i 6Z ’ i i 3 l—w+ ’ i i 31—w— i , 31— 

1 "i" An 1 "l" An 1 ^ An 1 ^ An 1 ^ An 1 ^ An 


Jm = ^tt 2 Td 2 Aq Af 


Z 3 (3Z — rc_|_)(3Z — W-) 
(3A 2 + 2A 2 ,) (31 - r 2 ) 


1/2 


, An \ x ^ 2 / Ari \ ■ / aai'i 

Ari,1 + _ 2T' < 1+ -^l U + 


3/2 


4/ 
A?q 


Ari h _1/2 


An \ 1/2 , 

1 + 3 r^J l 1 + 3Z-in_ 


6Z 

1/2 / Ar 

1 + 


l 


- 1/2 


3 Z — r 2 / 

4 6) (1/2; -1/2, -3/2,1/2, -1/2, -1/2,1/2; 2; 

1111 11 


i i 21 ’ i i 4Z ’ i i 6Z ’ i i 3 l—w+ ’ i i 31— w— i , 31— n 
1 + An 1 + An 1 An 1 ^ An 1 An 1 An 


(3.322) 
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jE 2 = 4tt 2 T D2 A£A? 


I 5 (31 — w + )(3l — W-) 
(3A 2 + 2A 2 d ) (31 - r 2 ) 


1/2 


1 + 

1 + 
p(7) 


1/2 


Ari 

~2f 

Ari 
— i/; + 


1 + 


Ari 


3/ 


1 + 


1/2 


1 + 


Ar 


l 


31 — W- 


Ari 

~W 

1/2 


1/2 


1 + 


1 + 


Ari 


6 1 


- 1/2 


Ari 
31 - r 2 


- 1/2 


( 1 / 2 ; - 1 / 2 , - 2 , - 1 / 2 , 1 / 2 , - 1 / 2 , - 1 / 2 , 1 / 2 ; 1 ; 

1111 1 


i i 21 ’ i i 31 ’ i i 4i ’ i i 6i ’ i i 3£— io+ ’ i i 31—w— i , 31—r2 

1 Ari + An 1 Ari + An 1 An 1 ^ An 1 + Ari 


Going to the semiclassical limit r\ —oo in the above expressions for the conserved quantities, 
one obtains the following relation between them 


E 2 


2 3^3 / vtT D2 A^ 

2 1 / 3 \3 — cos 2 6*2 


2/3 


p^/3 


This is a generalization of the energy-charge relation received in (|3.317D . 


(3.323) 


Another admissible embedding is 

a°=A ge 0 +(e 1 + c.e) , x 1 = kie+ a{ (e+ c e) , (3.324) 

r = r(f), fa = Ape, fa = Ao 2 C°- 

It is analogous to (13.30711 and (13.318j) . but now the rotations are in the planes given by the angles 
fa and fa. 

The solution £ 2 (r), and the expressions for E, Pj, may be obtained from the corresponding 
quantities for the embedding (13.3181) by the replacements A^- —>• A:j_, A 2 D —>• A 2 D . For the conserved 
angular momenta P^ and one finds 

Pfa = (A^ 1 sin 9® + Aq 2 cos ip® sin Qpj sin 9®K®i (3.325) 

+ (A^ 1 sin 9® — Aq 2 cos ip® sin 9pj sin 9®KEi 

+ (A^ 1 cos 9® + Aq 2 cos 9pj cos 9®KEi , 

Pfc = ^Aq 2 sin 62 + Aq 1 cos ip® sin 9®^ sin 9®Kax (3.326) 

+ (A^ 2 sin 62 — Aq 1 cos ip® sin 9®^j sin 9®kEi 

+ (A* cos 9 1 + Aq 2 cos 9pj cos 9 2 Kdi, 

where and K^i can be obtained from ,/j/j, and .J^x through the above mentioned 

replacements. 
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The calculations show that in the semiclassical limit, the dependence of the energy on the 
conserved charges, for the present case, is given by the equality: 


e 2 (e 2 - p 2 ) 2 

AjE 2 - (Ai.P) 2 ~~ 

23 (3 - cos 2 el) + (3 - cos 2 0?) P| 2 - APfrPfr cos 9\ cos 

3 5 m 3 — cos 2 9i — cos 2 02 — cos 2 0° cos 2 $!> 


(3.327) 


Finally, let us consider the following possible D2-brane embedding 

A'° = A[jC 0 , X 1 = Aq^°, r = r(£ 2 ), (3.328) 

</>i = A^° + Aft 1 + A*? , fa = A$£° - A^ 1 - A& 2 • 

It describes D2-brane configuration, which is analogous to the one in (13.. 3141) . but now the rotations 
are in the planes defined by the angles fa and fa instead of 9\ and 0 2 . 


For this embedding, one obtains 


where 


e(r) = -X°T D 2 


F ( d 7) (3/4; -1/4, -1/4,1/4, -1/2, -1/2,1/2,1/2; 7/4; 

A v A r Ar A?’ Ar Ar Ar 


l (A 2 + + A 2 _j (3/ — u + )(3l — U -) 

3 + A 2 + 4A|,/3^ (3 1 - r 2 ) An 


n 1/2 


(2Ar) 3 / 4 


21 4 l ' 61 31 — u + 1 31 — U- ’ 31 — r 2 ’ An J 


u± = l 


A?+ - A? 


3 + 


'At-At' 


A?++At \ Uh + A? 


The computation of the conserved charges results in 


E Pl Afar 
= = 47r T D2 

A o 


l (A 2 + + A 2 _ ) (3/ — u+)(3l — u-) 


! 1/2 


3 A2+A 2 _ + 4Ay3 (3/ — r 2 ) 


i + AiV /2 /i + AiV /2 /i + AiV 1/2 x 


1 + 

p( 6) 


21 

A n 
3Z — u_|_ 


4/ 


6 / 


1/2 


1 + 


Ar 


l 


31 — U- 


1/2 


1 + 


An 


31 - r 2 


- 1/2 


( 1 / 2 ; - 1 / 2 , - 1 / 2 , 1 / 2 , - 1 / 2 , - 1 / 2 , 1 / 2 ; 1 ; 

1111 1 


l + 7 ^- , l + 7 ^-’l + 7 ^-’l + 3i-M±’ i + 3|-u= 

Ar*i Ari Ari Ari Ari 


1 _i_ 3 l—r 2 
1 ^ An 


(3.329) 
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where 


P(j> — P(f> 1 P<f>2 

Aq {sin 2 9 0 [(l + cos ^i) Ka 2 + (l — cos-0 3 ) A'// 2 ] + 2 cos 2 9°K^ 2 J , 


I<A2 = 4 7T 2 Td2 


1 + ^ l \ 3,2 ( 1 + ^ 1 ) fi + “i 


l 5 ^A 2 + + A 2 _j (3/ — u + )(3l — u -) 
3 ^A{_ + A 2 + 4A|,/3^ (3/ - ?’ 2 ) 


1/2 


1 + 


3/ — u + 


4 1 

1 + 


1/2 


2Z 


A?’i \ 1//2 /A An 


An ^ 1/2 


6 1 


31 — U- 


1/2 


1 + 


An N” 1 / 2 


31 - r 2 


4 6) ( 1 / 2 ; - 3 / 2 , - 1 / 2 , - 1 / 2 , - 1 / 2 , - 1 / 2 , 1 / 2 : 1 ; 


i i 2Z 5 i i 4/ ’ i i 6/ ’ i i 3Z—w+ ’ i i 31—u— i i 31—r2 I ’ 

-L + ^rr 1 + 7^ J-H-aTT i + i + "Afr iH 


\r i 


\ri 


An 


= 2tt 2 T D2 


/ 3 (A 2 + + A 2 _) (31 — u + )(3l — U-) 


n 1/2 


3 3 (A 2 + A 2 + 4A 2 d /3) (31 - r 2 ) 


. Ar, \ 1/2 / A?’! \ 3/2 / A?’! \ 1/2 

An 1 + -A) (i + —L) (l + —A ) x 


21 


An y/\ 

1 + 7Tj ) U + 

31 — U + J 


31 — U- 


61 

1 + 


4 1 


An \ l ^ 2 (/ An 


3/ - r 2 


-1/2 


4 6) (1/2; -1/2, -3/2,1/2, -1/2, -1/2,1/2; 2; 


1 i 2/ ’ -j i 4/ 5 i i 6/ ’ i i 3/—w+ 5 i i 31—u— -| i 31—r2 
At An At An 1 An i_t " An At An At An 


AAA = 4tt 2 T D2 


l 5 ^A 2 + + A 2 _^ (3Z — u+)(3Z — u -) 


1 + 


An x 1/2 
21 


3(a^ + AA+4A 2 ) /3) (3Z-r 2 ) 

An \ 1//2 / 

' ' l + 


An . . 

l + ^TT 1 1 + 


31 


1/2 


4/ 


Ar-^” 1 / 2 
61 


31 - 


-kn 


l + (l+ “'1 


An \ l ^ 2 (_ Ari ^ l ^ 2 


31 — U- 


1 + 


3/ - r 2 


( 1 / 2 ; - 1 / 2 , - 2 , - 1 / 2 , 1 / 2 , - 1 / 2 , - 1 / 2 , 1 / 2 ; 1 ; 

11111 11 


1 _i_ 2/ 5 i _i_ 3/ ’ i I 4/ ’ i _i_ 6/ ’ i 3 l—u-\- ’ i I 31—u— i i 31—r 2 

' An ' Ari ' Ari ' Ari ' Ari Ari ‘ Ari . 


Taking the semiclassical limit in the above expressions for E, Pj and P^, which in the case under 
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consideration corresponds to 


n .,2 ->■ ±2i 


3u o 


A 2 + A 2 + 4A2 ) /3 
we receive that the energy depends on Pj and P^ as follows 


oo, 




(3.330) 


This is another generalization of the energy-charge relation given in (13.3171) . 


3.2.5 Two-spin magnon-like energy-charge relations 
from M-theory viewpoint 

We showed in m that for each M-theory background, having subspaces with metrics of given 
type, there exist M2-brane configurations, which in appropriate limit lead to two-spin magnon-like 
energy-charge relations, established for strings on AdS§ x S 5 , its ^-deformation, and for membrane 
in AdS A x S 7 . 

If we split the target space coordinates as x M = ( x^,x a ), where x^ are those on which the 
background does not depend, the conserved charges are given by the expression [ 6 ] 

Q ^ = 2b! d ? d ^N d »X N . (3.331) 

Now, let us turn to our particular tasks. Consider backgrounds of the type 

ds 2 = c 2 [— dt 2 + c\d9 2 + c| cos 2 6dtp\ + c§ sin 2 9d<p 2 + c 2 f(9)dip 2 ] , (3.332) 

where c, c\, C 2 , C 3 , C 4 are arbitrary constants, and f(9) takes two values: f (9) = 1 and f(9) = sin 2 9. 
We embed the membrane into (|3.332l) in the following way 

X°{C) = t(D = Age 0 , X\C) = 0^ 2 ), (3.333) 

x 2 (n = Mn = ^°, 
x\n = Ps (n = a te, 

H = 0, 2, 3,4, a = 1, Ag,..., A f = constants. 

This ansatz corresponds to M2-brane extended in the 9- direction, moving with constant energy E 
along the t-coordinate, rotating in the planes defined by the angles (pi, ip 2 , with constant angular 
momenta Ji, J 2 , and wrapped along <^ 3 . 

We begin with the case f(9) = 1, when we have [13] 

K9' 2 + V(9) = 0, (3.334) 

K = -{2\°T 2 c 2 c lC4 Ai) 2 , 

V{9) = c 2 {(Ag) 2 - (AqC 2 ) 2 - [(Ages) 2 - (AqC 2 ) 2 ] sin 2 #} . 
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From (13.3341) one obtains the turning point [O' = 0) for the effective one dimensional motion 

M 2 = (Ag ) 2 - (Agc 2 )= 


(A?c 3 ) 2 - (Agc 2 ) 2 ' 


The solution of (13.3341) is 


2 = M 1/2 , 1/2; 3 /2 ; Sm 2 *£«). 

M[(A 3 C 3 ) 2 -(A 2 C 2 ) 2 ] 1/2 M2 


(3.335) 


(3.336) 


On this solution, the conserved charges (13.3311) take the form (Qq = — E , Q 2 = Ji, Q 3 = J 2 , 

Q± = 0 ) 

27T 2 T 2 C 3 CiC4Af 


E 


A “ [(Agc 3 ) 2 - (A far 
J\ 27T 2 T 2 C 3 ClC2C4A| 
[(A 3 c 3 ) 2 -(A 2 c 2 ) 2 ] 1/2 


1722^1(1/2,1/2; 1;M 2 ), 
2^1 (-1/2,1/2; 1;M 2 ), 


(3.337) 

(3.338) 


F = [^(V2. !/2; 1; V 2 ) - 2 fi(-l/2,1/2; 1;M 2 )] . (3.339) 

A o [(A 3 c 3 ) 2 - (A 2 c 2 ) 2 ] 

Our next aim is to consider the limit, in which M tends to its maximum value: M —> 1_. In 
this case, by using (I3.335P and (I3.337I) - (I3.339I) . one arrives at the energy-charge relation 


E — — = 

C3 


+ (47rT 2 c 3 cic 4 Af)' 


for 


E, J 2 /c 3 -+ 00, E - J 2 /c 3 , J\/c 2 - finite. 


(3.340) 

(3.341) 


Now, we are going to consider the case f(9) = sin 2 6 (see (|3.332p l. when we have |13j 

ke' 2 + V(0) = 0, (3.342) 

I\ = — ( 2 A 0 T 2 c 2 ciC 4 Af ) 2 sin 2 6 = K sin 2 9, 

where V(9) and correspondingly M 2 are the same as in (13.3341) and (13.3351) . The solution of (13.3421) 
is given by the equality 

A°T 2 cciC 4 Af sin 2 9 2 sin 2 9 

- 1 - 777 Fi 1 , 1 / 2 , 1 / 2 ; 2 ; sin 2 9, 

M[(A 3 c 3 ) 2 -(A 2 c 2 ) 2 ] 1/2 M2 


e(9) = 


(3.343) 


and is obviously different from the previously obtained one. The computations show that on (|3.343l) 
the conserved charges (|3.331l) are as follows 

27rT 2 C 3 ClC4A 3 


E 


In 


1 + M 


A o [(AqC 3 ) 2 — (AqC 2 ) 2 ] 1/2 \1-Mj’ 

,J\ 27rT 2 C 3 ClC2C4A 3 

^ “ [(Ages ) 2 - (a 2 c 2 ) 2 ] 1/2 

J 2 27rT 2 C 3 CiC 3 C4A 3 

Af “ [(A+) 2 - (A+) 2 ] 1/2 


1- M 2 , (1 + M 
2 \1-M 

1 + M 2 (1 + M 

ln, TV m'“ m 


(3.344) 

(3.345) 

(3.346) 
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Taking M —» 1_, one sees that it corresponds again to the limit (13.34111 , and the two-spin 
energy-charge relation is 


E-^ = ] J + ( 27 rT 2 c 3 cic 4 A?) 2 , (3.347) 

which differs from (I3.34UI) only by a factor of 4 in the second term on the right hand side. 

Discussion 

We have shown here that for each M-theory background, having subspaces with metrics of the 
type (13.3321) . there exist M2-brane configurations given by ()3.333f) . which in the limit (13.34111 lead 
to the two-spin, magnon-like, energy-charge relations (|3.340H and (13.3471) . 

Examples for target space metrics of the type (13. 332 p are several subspaces of R x S' 7 , contained 
in the AdS 4 x S 7 solution of M-theory. 

More examples for target space metrics of the type (13. 332 H . for which there exist the membrane 
configurations (13.3331) giving rise to two-spin magnon-like energy-charge relations, can be found for 
instance in different subspaces of the AdSy x S 4 solution of M-theory and not only there. 


3.2.6 Integrable systems from membranes on AdS 4 x S 7 


It is known that large class of classical string solutions in the type IIB AdS§ x S 5 background is 
related to the Neumann and Neumann-Rosochatius integrable systems, including spiky strings and 
giant magnons [56]. It is also interesting if these integrable systems can be associated with some 
membrane configurations in M-theory. We explain here how this can be achieved by considering 
membrane embedding in AdS 4 x S 7 solution of M-theory, with the desired properties [13] . 

On the other hand, we will show the existence of membrane configurations in AdS 4 x S 7 [T4|. 
which correspond to the continuous limit of the SU( 2) integrable spin chain, arising in AT = 4 SYM 
in four dimensions, dual to strings in AdS§ x S 5 [37] . 


Here we will work with the action (12.51) written for membranes (p = 2) in diagonal worldvolume 
gauge A* = 0, in which the action and the constraints simplify to 


Sm = J d 3 £,£ M = J d 3 £ | 

G 00 + (2A°T 2 ) 2 detG ij = 0, 

= 0 . 


Gqo- (2A°T 2 ) 2 detG ii 


+ Y 2 Coi 2 


(3.348) 

(3.349) 

(3.350) 


Searching for membrane configurations in AdS 4 X S 7 , which correspond to the Neumann or 
Neumann-Rosochatius integrable systems, we should first eliminate the membrane interaction with 
the background 3-form field on AdS 4 , to ensure more close analogy with the strings on AdS§ x S 5 . 
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To make our choice, let us write down the background. It can be parameterized as follows 

ds 2 = ( 21 P 1Z ) 2 [— cosh 2 pdt 2 + dp 2 + sinh 2 p ( da 2 + sin 2 ad/3 2 ) + 4dfl 2 ] , 
dQ 2 = dipl + cos 2 ipidipl 

+ sin 2 V’l \di />2 + cos 2 02 (0? 2 + sin 2 02 (d0 3 + c °s 2 03 ( 0 ? 3 + sin 2 i/j^dip 2 )] , 

C( 3 ) = (2l p Ti) i sinh 3 p sin adt A da A d/3. 

Since we want the membrane to have nonzero conserved energy and spin on AdS, one possible 
choice, for which the interaction with the C( 3 ) field disappears, is to fix the angle a: a = ao = const. 
The metric of the corresponding subspace of AdS 4 is 

ds 2 u b = (2 IplZ ) 2 [— cosh 2 pdt 2 + dp 2 + sinh 2 pd(/3 sinao) 2 ] • 

The appropriate membrane embedding into d-s 2 ub and S 7 is 

Zp = 2l p ni- fl (C n )e l<t> ^ rn) , p = (0,1), 0 M = (0o, </h) = (t, P sina 0 ), 

W a = 4l p Kr a (r)e iVa( t m) , a = (1,2, 3,4), 

where r p and r a are real functions of £ m , while and ip a are the isometric coordinates on which 
the background metric does not depend. The six complex coordinates Z p , W a are restricted by the 
two real embedding constraints 

f^ + (2I p K) 2 = 0, tT = (- 1,1), 5 ab W a W b -(4l p ll) 2 =0, 
or equivalently 

+ 1 = 0 , 5 ab r a r b -1 = 0 . 

The coordinates r p , r a are connected to the initial coordinates, on which the background depends, 
through the equalities 

ro = cosh p, ri = sinh p , 

ri=cos0i, r 2 = sin^i cos 02 , 

r 3 = sin 0i sin 02 cos 0 3 , r 4 = sin 0i sin 02 sin 0 3 . 


For the embedding described above, the induced metric is given by 


( 2 1 P 1Z) 2 


rTd {m Z^d n) Z v + 6 ab d {m W a d n) W b = 

1 4 

y: rf v {d m T p d n v u + rld m (j) p d n (j) u ) + 4 ^ (d m r a d n r a + r 2 a d m ip a d n ip a ) 




a= 1 


(3.351) 


Correspondingly, the membrane Lagrangian becomes 

£ = C M + + 1 ) + A s {5 ab r a r b - 1 ), 

where A a and Ag are Lagrange multipliers. 

Neumann and Neumann-Rosochatius integrable systems from membranes 
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(3.352) 


Let us consider the following particular case of the above membrane embedding 

Z 0 = 2 l p Ke iKT , Z\ = 0, W a = 4 l p Kr a (€, 

£ = aa i + /3t, r] = 7<t 2 + St, 

which implies 

r 0 = 1, ri = 0, (j) 0 = t = KT, <p a (£, m ) = Pair, ) = w a r+ //„(£, 77 ). (3.353) 

Here k, a; a , a, /3, 7 , (5 are parameters, whereas J" 0 (£, 77), da(£,v) are arbitrary functions. As a 
consequence, the embedding constraint r/^r^iy + 1 = 0 is satisfied identically. For this ansatz, the 
membrane Lagrangian takes the form ( d £ = d/d£, d v = d/dr]) 

C =l (8X° T 2 lpTZa^) 2 ^2 [(^ r ad v r b - d v r a d^r b ) 2 

v a<b= 1 

+ {d^r a d v ]x b - d v r a d^]i b ) 2 r b + (d^n a d v r b - d tl ]i a d^r b ) 2 r 2 a 

+ ( d^]i a d^]j, b drjUad^b) r a r^] 

4 


+ 


X (8\ 0 T 2 l p Ka'y) 2 (d^r a d v ]i a - d v r a d^]i a ) 2 - (/3<%Ma + Sd v ]i a + u a 


a= 1 
4 


X] (^ r a + sd v r a ) 2 + (k/ 2) 2 f + X r a ~ 1 


a=l 


\a=l 


Now, we make the choice 

n=n(0> ^2 = r 2 (0, w 3 = ±u;4 = w, 

r 3 = i"3 (v) = esin (brj + c), = 7^4(77) = ecos(br] + c), 

Mi = Mi( 0 > M 2 = M 2 ( 0 > M 3 ,M 4 = constants, 

and receive (prime is used for d/d£) 

2 / o \ 2 


C = — 


(4 ^ {X [(^ - W + - /?> 2 (/4 - ^ 


2 ^aTa 


+ (k/ 2) 2 — e 2 (w 2 + 6 2 <5 2 )} + A 5 


X ^-(!- e2 


a=l 


where A 2 = ( 8 A 0 T 2 Z p 7 £e&a 7 ) 2 . A single time integration of the equations of motion for fx a following 
from the above Lagrangian gives 

'C a 


da = 


1 


+ (Sola ) , 


A 2 - f3 2 V r 2 

where C a are arbitrary constants. Taking this into account, one obtains the following effective 
Lagrangian for the coordinates r a (£) 


L = 


(4 IpTlf 
4A° 


X 

a= 1 L 


(A 2 - /? 2 V ' 2 - 1 C ^ ^ 

1 P] “ A 2 — (5 2 r 2 A 2 -/3 2 0 0 


+A<? 


X r a-U-e 2 

|_a=l 
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This Lagrangian in full analogy with the string considerations corresponds to particular case of 
the n-dimensional Neumann-Rosochatius integrable system. For C a = 0 one obtains Neumann 
integrable system, which describes two-dimensional harmonic oscillator, constrained to remain on 
a circle of radius y/l — e 2 . 


Let us write down the three constraints (|3.349j) . (I3.350j) for the present case. To achieve more 
close correspondence with the string on AdS$ x S 5 , we want the third one, G 02 = 0, to be satisfied 
identically. To this end, since G 02 ~ (a 6 ) 2 7 <5, we set <5 = 0, i.e. 77 = 702 . Then, the first two 
constraints give 


2 2 
uir? 


•L r 1 f<2 a2 

V (A 2 B 2 )r ' 2 I 1 1,8 1 

P ’ a A 2 - /3 2 r 2 A 2 - (3 2 ~ a ' a 
2 

u a C a + /3 [(k/ 2) 2 — (ecu) 2 ] = 0 . 

a =1 


A 2 + /3 2 
A 2 ~(3 2 


[(n/2) 2 - (ecu) 2 ] , 


(3.354) 


Now, let us compute the energy and angular momenta for the membrane configuration we 
are considering. Due to the background isometries, there exist global conserved charges. In our 
case, the background does not depend on tfio = t and ip a . Therefore, the corresponding conserved 
quantities are the membrane energy E and four angular momenta J a , given as spatial integrals of 
the conjugated to these coordinates momentum densities 


E = - 


d 2 a 


dC 

d(d 0 t) ’ 


Ja 


d 2 cr 


dC 

d{doy a ) ’ 


a = 1 , 2 ,3,4. 


E and J a can be computed by using the expression (13.3511) for the induced metric and the ansats 
(1T3521) . (jib353l) . 


In order to reproduce the string case, we can set uj = (1, and thus J 3 = J 4 = 0. The energy and 
the other two angular momenta are given by 


4ir(l p 7Z) 2 K 

E - A»a 


d£, , Ja — 


7T(4Zpft) 2 
X°a(A 2 — f5 2 


J d£ ( /3C a + A 2 u a rl) , a = 1 , 2 . 


From here, by using the constraints (13.35411 . one obtains the energy-charge relation 


A 2 — f3 2 


A 2 (l-e 2 ) + pJ 2 


C a 


a= 1 


OJa 


E 


\ ^ Ja_ 

a\ Wa ’ 


in full analogy with the string case. Namely, for strings on AdS 5 x S 5 , the result in conformal 
gauge is 


1 


a 2 — /3 2 


a 




Ca\ E 


UJ a / K 


Ja 


^ Wa 


SU{2) spin chain from membrane 

One of the predictions of AdS/CFT duality is that the string theory on AdS$ x S 5 should be 
dual to J\f = 4 SYM theory in four dimensions. The spectrum of the string states and of the 
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operators in SYM should be the same. The first checks of this conjecture beyond the supergravity 
approximation revealed that there exist string configurations, whose energies in the semiclassical 
limit are related to the anomalous dimensions of certain gauge invariant operators in the planar 
SYM. On the field theory side, it was found that the corresponding dilatation operator is connected 
to the Hamiltonian of integrable Heisenberg spin chain. On the other hand, it was established that 
there is agreement at the level of actions between the continuous limit of the 517(2) spin chain 
arising in M = 4 SYM theory and a certain limit of the string action in AdS§ x 5 5 background. 
Shortly after, it was shown that such equivalence also holds for the 517(3) and 5L(2) cases. 

Here, we are interested in answering the question: is it possible to reproduce this type of 
string/spin chain correspondence from membranes on eleven dimensional curved backgrounds? It 
turns out that the answer is positive at least for the case of M2-branes on AdS 4 x 5 7 , as we will 
show below. 


We will use our initial membrane embedding and fix 

Z 0 = 2l p TZe iKT , Z, = 0, 


which implies ro = 1, iq = 0, (f>o = t = kt. Let us now introduce new coordinates by setting 

( hh Hv t\> ~\ 

-t + a + -t + a - (p, -t + a + (j), -r + a - 4>J 

and take the limit k —> 00 , do —>• 0, ndo - finite. In this limit, we obtain the following expression 
for the membrane Lagrangian 


C = 


(2 l p K) 2 


k do a + ^ VkdoPk - A°r 2 2 (41 p ^) 4 < ^ (dir a d 2 r b - d 2 r a d 1 r b ) 


+ EE Hk{dir a d 2 pk ~ d 2 r a dip k ) 2 - Vkd 2 Pk ~ d 2 r a v,kdipk 


a= 1 k= 1 


a= 1 \ k= 1 


+ ^ PkPn(dlPkd 2 p n ~ d 2 p k d 1 p n y 


dlPk^^Pn-dWk^VndlPn) > + As E7-1 . 


where 


im,P2,P3) = ( r\ +rl,rl,rl),{v 1 ,v 2 ,vz) = (r( - r%, r£, -rfi, (pi, p 2 , p 3 ) = {vAA)- 


2 2 2 


Now, we are ready to face our main problem: how to reduce this Lagrangian to the one corre¬ 
sponding to the thermodynamic limit of spin chain, without shrinking the membrane to string ? We 
propose the following solution of this task: 

a = a(r, <7i), n = ri(r, (Ji), r 2 =r 2 (r,a 1 ), 

f 3 = r3(T,<72) = esin[ 6 (j 2 + c(r)], ?’4 = r 4 (r, a 2 ) = ecos[ba 2 + c(r)], 

ip = tp(r, oq), e, b, (j), (f> = constants, e 2 < 1 . 
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These restrictions lead to 


C = 


(2 i P nf 

A° 


■« [do& + (rf - rl)d Q ip] - A 0 (e6T 2 ) 2 (4/p77) 4 l ^(di r a 


+ [trl + rl)-{rl-rl?]{d W ) 2 }+k S 


_a=l 


a=l 

2 \ 


If we introduce the parametrization 

r\ = (1 — e 2 ) 1//2 cos fi>, r 2 = (1 — e 2 ) 1 / 2 sin fi, 

the new variable d=a/(l — e 2 ), and take the limit e 2 —>• 0 neglecting the terms of order higher than 
e 2 , we will receive 


£ 


1 -e 2 


(2i p n ) 2 

A° 


k [9o« + cos(2-0)<9o^] - A°(e6T 2 ) 2 (4Z p 77) 4 [(Si'i/’) 2 + sin 2 (2V’)(<9i£)^ 


As for the membrane action corresponding to the above Lagrangian, it can be represented in the 
form 


Sm = J dtda [d t a + cos(2 i>)d t <p\ 


A 


47T.7 


dtda 


(da'i/j ) 2 + sm 2 ( 2 fi)(d a <p )‘ 2 


where J is the angular momentum conjugated to a, t = kt and 

A = 2 15 (t x 2 ebT 2 ) 2 {l p nf. 

This action corresponds to the thermodynamic limit of SU{2 ) integrable spin chain [57]. 


3.2.7 M2-brane perspective on J\f = 6 super Chern-Simons-matter theory at 
level k 

In 2008, O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena (ABJM) proposed three- 
dimensional super Chern-Simons-matter theory, which at level k is supposed to describe the low 
energy limit of N M2-branes [58]. For large N and k, but fixed ’t Hooft coupling A = N/k, it is 
dual to type IIA string theory on AdS 4 x CP 3 . For large N but finite k, it is dual to M theory on 
AdS/^ x S 7 /Z}.. Here, relying on the second duality, we find exact giant rnagnon and single spike 
solutions of membrane configurations on AdSi x S 7 jZy. by reducing the system to the Neumann- 
Rosochatius integrable model. We derive the dispersion relations and their finite-size corrections 
with explicit dependence on the level k (l8j . 

Let us introduce the following complex coordinates on the S 7 /Z^ subspace 

zi = cos ^ cos Z 2 = cos sin 2 W’l-'M j 

Z 3 = sin ■i/’cos = sin'i/> sin . 
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Obviously, they satisfy the relation 


^2 ZaZ a = l - 


a= 1 


Next, we compute the metric 


where 


ds 2 S7/z k = Y2 dz a dz a = ^2 ( d( P + kA lf + ds 2 p3 , 


CL— 1 


A\ = - [cos 2 V’ cos 9\dcj)\ + sin 2 ip cos 02 d(p2 + (cos 2 ip — sin 2 ip^ d(p%\ , 


1 


dspp p3 = dip z + sin" ip cos^ ip I - cos 0\d(p\ — — cos 02 dcp 2 + dcp 3 

\ Z Zj 

cos 2 ip (d6\ + sin 2 6\d(p 2 ) + ^ sin 2 ip (d6 2 + sin 2 #2^2) . 


(3.355) 


The membrane embedding into Rt x S 7 /Z k , appropriate for our purposes, is 

*0 = f t(0, VF a = i?r a (r)e^ ( « m) , a = (1,2,3,4), 

where i is the AdS time, r a are real functions of £ m , while tp a are the isometric coordinates on 
which the background metric does not depend. The four complex coordinates W a are restricted by 
the real embedding condition 


4 4 

Y,W a W a = R 2 , or J> 2 = 1. 

a= 1 a— 1 

The coordinates r a are connected to the initial coordinates, on which the background depends, in 
an obvious way. 

For the embedding described above, the metric induced on the M2-brane worldvolume is given 
by 


Gm.n. — 


R 2 


-d m td n t + 4 ^2 (d m r a d n r a + r 2 a d m y a d n y a ) 


a =1 


(3.356) 


Correspondingly, the membrane Lagrangian becomes 

/ 4 


C — Cm + A I ^2 r a ~ 1 1 


\a= 1 


where A is a Lagrange multiplier. 

NR integrable system for M2-branes on R t x S 7 /Z k 
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(3.357) 


Let us consider the following particular case of the above membrane embedding m 

X 0 = |«r, W a = 

£ = acri + /3r, 77 = 707 + 5r, 


which implies 


t = KT, VaiC 1 ) = ^Pa(r,ai,a 2 ) = CO a T + Ha{£,,V)- 


(3.358) 


Here k, oj a , ct, f3, 7, 6 are parameters. For this ansatz, the membrane Lagrangian takes the form 
(<% = d/d^ 9^ = d/drj ) 


t>2 [ 4 

C =l(2X°T 2 Ra'y) Y [{d(.r a d n r h - d v r a d^r b ) 2 

\ a<b=l 

(d^fAcidrifAl) djjflad^^Lb) ^aTfr] 

4 

+ Y [( 2 A°F 2 i?a7) 2 (d^radrjfia ~ d v r a d^ a ) 2 - (/3%i a + Sd v (j, a + u a ) 2 

a= 1 


r 


2 

a 


- Y + 5 d v r a ) 2 + (re/ 2) 2 

a=l 



We have found a set of sufficient conditions, which reduce the above Lagrangian to the NR one. 
First of all, two of the angles ip a should be set to zero. The corresponding r a coordinates must 
depend only on 7 in a specific way. The remaining variables r a and fi a can depend only on In 
principle, there are six such possibilities. How they are realized for the Rt x S' 1 /Zj. background, we 
will discuss in the next section. Here, we will work out the following example 


ri=n(i), r 2 = r 2 {i), fn=m{i), n 2 = fj, 2 {i), 

r% — ^ 3 ( 7 ) = rosing, r 4 = 77 (r/) = rocosr/, ro < 1, (3.359) 

<P3 = <P4 = 0. 


For this choice, we receive (prime is used for d/di) 


U 


c = -£j> { e I < i2 - + y 2 - yy 2 ( < - 


s a=l 


/3u> a 


A 2 


.22 


A 2 — f3 2 / A 2 -/3 2 


+ (k/2) 2 - r$d 2 } + A 


Y r « “ (! " r o) 


_a=l 


where A 2 = (2A°T 2 Ra'yro)^■ Now we can integrate once the equations of motion for /x a following 
from the above Lagrangian to get 


M a = 


1 


A 2 — f3 2 


Gt + ' 3 " a )' 


16 Of course, the roles of i and 7 can be interchanged in this context. 


(3.360) 
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where C a are arbitrary constants. By using (|3.360l) in the equations of motion for r a (£), one hnds 
that they can be obtained from the effective Lagrangian 


Lnr = ^2 


a= 1 L 


(A 2 - p)r' 2 - 


1 


A 2 - /3 2 \ r, 


% + AW 


+ A M 




- [l — Vn 


,a= 1 


This Lagrangian, in full analogy with the string considerations, corresponds to particular case of 
the NR integrable system. For C a = 0 one obtains the Neumann integrable model, which in the case 
at hand describes two-dimensional harmonic oscillator, constrained to a circle of radius \J 1 — Tg. 


Let us consider the three constraints ()3.349D . (13.35011 for the present case. For more close 
correspondence with the string case, we want the third one, G 02 = 0 , to be identically satisfied. 
To this end, since G 02 ~ r o7^ we se ^ 4 = 0, i.e. 77 = 702 . Then, the first two constraints give the 
conserved Hamiltonian H^r and a relation between the parameters involved: 


2 

Hnr = ^2 

a— 1 

2 

22u a C a + /3( f c/2 ) 2 = 0. (3.361) 

a =1 


(i 2 - yy 2 + 


1 


A 2 -B 2 V r, 


C 2 


+ AW 


a 2 + y 

A 2 -B 2 


(«/ 2 ) 2 , 


For closed membranes, r a and p a must satisfy the following periodicity conditions 

r a (£, + 2na,rj + 2 ^ 7 ) = r a (£,r]), p a {C + 27ra, 77 + 2 ^ 7 ) = /i 0 (£, 7 ) + 2vrn a , (3.362) 

where n a are integer winding numbers. In particular, 7 is a non-zero integer. 

Since the background metric does not depend on t and ip a , the corresponding conserved quantities 
are the membrane energy E and four angular momenta J a , defined by 


E = - / d 2 cr 


/' 


dC 

d(d 0 t) 1 


J a = j d 2 a 


dC 


3(3o (Pa) ’ 


a = 1,2,3,4. 


For our ansatz (|3.359D J 3 = J 4 = 0. The energy and the other two angular momenta are given by 


E = 


ttR 2 k 
4A °a 


, Ja — 


ttR 2 


A°q:(H 2 — /3 2 ) 


d£, ( (3C a + A 2 uj a r 2 ) , a = 1,2 


(3.363) 


From here, by using the constraints ()3.361f) . one obtains the energy-charge relation 


A 2 — (3 2 


A\ i-rD+of:^ 

— , 

a= 1 


E _ y-\ J a 

K ^ UJa ' 


a= 1 


As usual, it is linear with respect to E and J a before taking the semiclassical limit. 


To identically satisfy the embedding condition 

2 


U-fo) = 0, 


a= 1 
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we set 


n(0 = ^/i-rgsin^O, r 2 (0 = y/l - rg cos0(£). 
Then from the conservation of the NR Hamiltonian (13.3611) one finds 


±1 


A 2 - (3 2 


C 


c 2 


(. A 2 + (3 2 )R 2 - r ~5 - Ya — A 2 (u>f sin 2 6 + to 2 cos 2 9) 


ui a C a + /3k 2 — 0, 


k 2 = 


a= 1 


sin 2 0 cos 2 0 

( k /2) 2 c a 2 

!_ r 2 ’ » (! — r o) 2 


1/2 


(3.364) 


By replacing the solution for 9(p) received from (13.3641) into (13.3601) . one obtains the solutions for 


1 


Mi = 


A 2 - /3 2 


Ci [ . 2 y + /5wid j M2 — 


sin 2 0 


A 2 -P 2 


C 2 


dp 


cos 


2 0 


+ /3w 2 £ . (3.365) 


The above analysis shows that the NR integrable models for membranes on Rt x S 7 and Rt x 
are the same Em- Therefore, we can use the results obtained in m for the present case. 

For convenience, the corresponding solutions and dispersion relations are given in Appendix. 

M2-brane solutions on R t X S 7 /Z^ and dispersion relations 

For our membrane embedding in Rt x S 7 /Z^, the angular variables ip a are related to the corre¬ 
sponding background coordinates as follows 

<Pi = j: + \ 0£i + fa) , <M2 = j: ~ 7} (0i - 03), 

^ + 2 (02 - 03) , <M4 = ^ - 2 (02 + 03) • 

As a consequence, for the angular momenta we have 

Jipi — ~r I - 2 (*^i *^ 3 ) ’ dip2 2 — ^ 3 )J 

dip 3 ~~ k q ( d(jj2 — d(p3 ) > Jlfi4 _ (d(p2 T '-^> 3 ) • 


</? a and J lfa satisfy the equalities 


4 4 4 | 

^ Ma = J(p a = 

a= 1 a=l 


One of the conditions for the existence of NR description of the M2-brane dynamics is that two 
of the angles <p a must be zero, which means that two of the four angular momenta J Va vanish. The 
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six possible cases are 


, , <t>i 2 0i 

<f ’ 1 = fe+ T “ T’+y 


4>i 2 0i 

f2 = <P'S~ Y = k' 1 ’- ~2' 


IP3 = 0, <y?4 = 0; 


2 2 

• <^i = 0! = 7^+ 03, (^3 = 0 2 = -(^9-03, < p 2 = 0, +4 = 0; 

2 2 

• ipi = 0! = -¥> + 03, +4 =-02 = - 03, +2 = 0, +3 = 0; (3.366) 

2 2 

• +2 = -01 = ^ + + 03, +3 = 02 = ^ + - 03, +1 =0, +4 = 0; 

2 2 

• +2 = —01 = W+ + 03, +4 = —02 = — 03, +1 =0, +3 = 0; 

, 02 2 02 , 02 2 02 

• + 3 =-0 3 +y = -++y, ip 4 = -fo- — = -(p- — y +1=0, +2=0. 

Here, 0i and 02 are the isometry angles on the two two-spheres inside CP 3 , while 03 is isometry 
angle on the 17(1) fiber over S 2 x S' 2 , as can be seen from (13.3551) . 


From (I3.366|) it is clear that we have two alternative descriptions for + a . One is only in terms of 
the isometry angles on CP 3 , and the other includes the eleventh coordinate +. This is a consequence 
of our restriction to M2-brane configurations, which can be described by the NR integrable system. 


The six cases above can be divided into two classes. The first one contains the first and last 
possibilities, and the other one - the remaining ones. The cases belonging to the first class are 
related to each other by the exchange of 0i and 02 - This corresponds to exchanging the two S 2 
inside CP 3 . Since these spheres enter symmetrically, the two cases are equivalent. In terms of 
(+,0 3 ), the four cases from the second class are actually identical. That is why, all of them can be 
described simultaneously by choosing one representative from the class. 


Let us first give the M2-brane solutions for cases in the first class. Since they correspond to our 
example in the previous section, the membrane configuration reads 


Wi = Rri(£) exp |7 +i(t, £)} = Ryjl - rg sin 0 (£) exp ji 

W 2 = Rr 2 (g) exp {i<p 2 (r, £)} = R\J 1 — cos 0(f) exp ji 
W 3 = Rr 0 sin( 702 ), W 4 = Rr 0 cos( 7 er 2 ), 

where 0 is equal to 0 i or 0 2 . 


^(r0) + 
^(r,0- 


0(+ O ' 

2 

2 


From the NR system viewpoint, the membrane solutions for the second class configurations 
differ from the ones just given by the exchange of W 2 . W 3 , and by the replacement 0/2 —>• 03. In 
other words, we have 


Wi = Rr \(£) exp {i+i(r, £)} = R\J 1 - sin 6 >(£)exp 

W 2 = i?r 0 sin ( 7 CT 2 ), 


k 


<p(t, £) + 03(r,O 


H0 = R'/' 3 (0 exp {^ 3 (^, 0 } = R \J l ~ r o cos 8(0 ex P 

W 4 = Rj'o cos ( 702 ), 


^(7 0-^3(h0 
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The explicit solutions for 0(£) and <£> 1 , 2 , 3 (t, £)> °f th e M2-brane GM and SS, along with the 
energy-charge relations for the infinite and finite sizes are given in the Appendix E (see BSD- Here, 
we will present them in terms of <p and 01 , 2 , 3 - 

In accordance with (IA.27I) . we have for the M2-brane GM with two angular momenta the fol¬ 
lowing dispersion relation 

\l l ~ r l E -\ ( \ J v + J ^j = J\ - J ^) + 8Xk2 Ml - r ob] 2 sin 2 (3.367) 

where can be equal to J^/2, J^ 2 /2 or J^ 3 . In writing (13.367[) . we have used that 

R = l r (2VkNf'\ T 2 = ^. 

and the’t Hooft coupling is defined by A = N/k. 

If we introduce the notations 

£ = 00+0, = a =7m -L—^-, (3.368) 

the above energy-charge relation takes the form 

£ - Ji(k) = y lj£(k) + 4sin 2 

where 

010) = —0^ + 0A- 02 0) = —09 — 00- (3.369) 


By using (13. 368 II . (13.3691) and (IA.35D . we can write down the dispersion relation for the dyonic 
GM, including the leading finite-size correction as 


£ - 010 ) = 00 2 2 0) + 4sin 2 ^ - 


16 sin 4 2 


exp 


\J j£{k) + 4 sin 2 | 

!sin 2 | ^0i(fe) + \JJ$(k) + 4sin 2 \J J%{k) + 4sin 2 | 

0 2 0) + 4 sin 4 | 


The reason to introduce £, and namely in this way is the following. For GM on the 
■Rt x S subspace of A.dS§ x s 5 , in terms of 

_ 27t 2vr T ^ 2vr 

e = 7x • Jl = 7t " j2 = 7t 2 ' 

we have 


5-01= 00|+ 4 sin 2 |. 
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The same result can be obtained for the GM on the Rt x CP 3 subspace of AdS± x CP 3 , if we use 
the identification [69 ] 


£ = 


E 


Ji = 


Ji 

V2\' 


J 2 = 


■h 

v^A’ 


In the all three cases, the second term under the square root is the same. In this description it is 
universal - for different backgrounds and for different extended objects. 


Analogously, for the SS case one can find (see ([A.371) 1 


£ — A(/?i = p + 8 sin 2 ^ tan ^ exp ( — 


(A ipi + p) tan | 
j£{k) esc 2 p + tan 2 | 


Ji(k) = Jj£{k) + 4sin 2 ^. 


Let us point out that for k = 1 the above dispersion relations coincide with the ones obtained 
earlier in m- We can also reproduce the energy-charge relations for dyonic GM and SS strings on 
R t x CP 3 by taking an appropriate limit. To show this, let us consider the second case in (|3.366l) . 
for which 


_ 2 _ 2 
J<j> 1 — J<p T J<f) 3 , J(j ) 2 T J<j>3 ' 

In accordance with our membrane embedding, the following identification should be made 

J(f>t 


Jf r = 


j -str 'k(t>2 


jstr _ 
Jn — 


Then in the limit k —» oo, ro —> 0, such that kro'y = 1, we obtain from (13.3671) 


E - J[ tr = + 8A sin 2 |. 

This is exactly what we have derived in [69] for dyonic GM strings on Rt x CP 3 . Obviously, this 
also applies for the leading finite-size correction. In the same way, the SS string dispersion relation 
for R t x CP 3 background can be reproduced. 
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4 Three-point correlation functions 


The AdS/CFT conjecture [35] implies that the correlation functions in the dual (boundary) quan¬ 
tum field theory can be computed alternatively in string theory, i.e., essentially by the methods 
of a two - dimensional theory. The first computations however were mostly performed in the su¬ 
pergravity approximation, representing the correlators in terms of integrals over the target (bulk) 
coordinates [92l [93] . 

On the string side one may start with a semiclassical approach, when the string path integral for 
the correlation functions is evaluated in the saddle-point approximation with large’t Hooft coupling 
A >> 1. In this calculation one has to identify the correct vertex operators [94l [95] and to find the 
corresponding classical solutions, which provide the appropriate saddle-point approximation. 


It is known that the correlation functions of any conformal field theory can be determined in 
principle in terms of the basic conformal data {Awhere A, are the conformal dimensions 
defined by the two-point correlation functions 


0 \{x 1 )0 i {x 2 )) = 


C 12 6, 




|xi — x 2 \ 2/ ^ i 


and Cijk are the structure constants in the operator product expansion 

Cijk 


(O i (x 1 )O j (x 2 )O k (x 3 )) = 


\xi - X 2 | Al+A2 ” A3 |xi - X 3 | Al+A 3 _A2 |x2 - X 3 | A2+A 3~ Al ’ 


Therefore, the determination of the initial conformal data for a given conformal field theory is the 
most important step in the conformal bootstrap approach. 

The three-point functions of two “heavy” operators and a “light” operator can be approximated 
by a supergravity vertex operator evaluated at the “heavy” classical string configuration 

{Vh{x\)Vh{x 2 )Vl{x 3 )) = Vl (z 3 Classical ■ 

For |xi| = \x 2 \ = 1, x 3 = 0, the correlation function reduces to 

C' 12.3 


(V H ( Xl )V H (x 2 )V L ( 0)) = 


\Xl - x 2 


2A f 


Then, the normalized structure constants 


can be found from 


Cl23 

Cl2 


I Vy (O)classical, 

were ca is the normalized constant of the corresponding “light” vertex operator. 


(4.1) 
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4.1 Semiclassical three-point correlation functions in AdS 5 x S ' 5 


In [2T] we computed holographic three-point correlation functions or structure constants of a zero- 
momentum dilaton operator and two (dyonic) giant rnagnon string states with a finite-size length in 
the semiclassical approximation. We show that the semiclassical structure constants match exactly 
with the three-point functions between two su(2) rnagnon single trace operators with finite size 
and the Lagrangian in the large ’t Hooft coupling constant limit. A special limit J \f\ of our 
result is compared with the relevant result based on the Liischer corrections. 

m is the first paper where the finite-size effects on the semiclassical three-point correlation 
functions have been taken into account. 

In [21, [25j 27] we extended the results found in [21] to the following three cases: 

1. Dilaton operator with non-zero momentum: Vl = 

2. Primary scalar operators: Vl = Vj r 

3. Singlet scalar operators on higher string levels: Vl = V q 


4.1.1 Two GM states and dilaton with zero momentum 


Let us start with the case of two GM and the zero-momentum dilaton operator, namely the La¬ 
grangian whose vertex operator is given by 

= (y 4 + y 5 )- 4 [z~ 2 (d + x m d.x m + d + zd-z) + d + x k d.x k \ , (4.2) 

where 

T 4 = ^ (x m x m + z 2 - 1) , Y 5 = ^ {x m x m + z 2 + 1) , 
and x m , z are coordinates on AdS§, while X k are the coordinates on S 5 . 


Giant magnons with finite size 

The finite-size giant rnagnon solution can be represented as (it = r e ) 


XQe = tanh(Kr e ), Xi = 0, z = 


1 


cos 


9 = \J 1 — v 2 k 2 dn 


Vl — v 2 k 2 
1 — v 


cosh(«:r e ) ’ 

2 A ~ VT ) 




T — V(J 


1 - IX 


+ 






II am 


Vl — v 2 k 2 

1 — V 2 


(a — vt) , — 


1 — v 2 k 2 
v 2 k 2 


( 1 - 0 , 


1-e , 


(4.3) 
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where 



1 — v 2 n 2 


To find the finite-size effect on the three-point correlator, we will use (14.11) and (14.21) . which 
computed on (14.31) gives 


/ OO J rL 

. / da [k 2 + d+X k d-X k ] , (4.4) 

-oo cosh (KT e ) J-L 

where 

d + X k d.X k = - -L_^2-(1 + uV 

(1 — v z ) sin 9 

— cos 2 9 [4 — (1 + v 2 )n 2 — 2 cos 2 0] } . 


Performing the integrations in 

C d = — c d A 
3 A 


, one finds 


1 - v 2 
1 - e 


[E(l — e) — e K(1 — e)]. 


(4.5) 


Let us point out that the parameter L in (14.51) is given by 


L = 


1 — v 2 
y/l — v 2 k 2 


K(1 


*)■ 


This is our exact result for the normalized coefficient C d in the semiclassical three-point correlation 
function, corresponding to the case when the ’’heavy” vertex operators are finite-size giant magnons, 
and the light vertex is taken to be the zero-momentum dilaton operator. 


For the case of this dilaton operator, the three-point function of the SYM can be easily related 
to the conformal dimension of the heavy operators. This corresponds to shift ‘t Hooft coupling 
constant which is the overall coefficient of the Lagrangian [98] . This gives an important relation 
between the structure constant and the conformal dimension as follows: 

Cl = ^c d A VXd x A. (4.6) 

We want to show that this relation is correct for the case of the giant magnons with arbitrary finite 
size. 


In the context of the AdS/CFT correspondence, it is now well-established that the conformal 
dimension of a single trace operator with one rnagnon state is the same as E — J in the strong cou¬ 
pling limit. For an exact relation from the gauge theory side, one should solve the thermodynamic 
Bethe equations. It has been shown that finite-size corrections to the conformal dimensions of the 
SYM (dyonic) giant rnagnon operators computed by the Liischer formula for J \f \ match exactly 
with E — J of corresponding string state configurations. Based on these results, we can assume 
that the conformal dimensions A of the SYM operators are the same as E — J of corresponding 
string states. 
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The exact classical expression for finite-size giant magnon energy-charge relation is given by 


E-J = A = 


\/A / 1 - 


7 r 


1 — v 2 e 


E(1 - e) - (l - y / (l-^ 2 e)(l -e)) K(1 - e 


(4.7) 


The corresponding expressions for J and p are 


J = 


\/a rr ^ 


7r 


1 — v 2 e 


[K(l-e)-E(l-e)], 


p = 2v 


1 — v 2 e 
1 — v 2 



( i-\ 

V 2 

\ V 2 


1 — e ] — K(1 — e) 


where J is the angular momentum of the string, and p is the magnon momentum. One can obtain 
E — J in terms of J and p by eliminating v, e from these expressions. 

To take A-derivative on A, we need know A dependence of v and e. Our strategy is to find v'(X) 
and e'(A) from the conditions that J and p are independent variables of A, namely, 


dJ dp 

dX^dX^ 

Solving these conditions, we find the derivatives of the functions v(X) and e(A) 

i/(l - v 2 )e [E(l - e) - K(1 - e )] 2 


dv 

dX 

de 

dX 


2A(1 - e) [E(l - e ) 2 - v 2 eK{l - e) 2 ] ’ 
e [E(l - e) - K(1 - e)] [E(l - e) - u 2 eK(l - e)] 


(4.8) 


(4.9) 


A [E(l — e ) 2 — u 2 eK(l — e) 2 ] 
Replacing (14.91) into the derivative of (14.71) . one finds 


Xd x A = 


Vx /T7 


2 vr 


1 - e 


[E(l - e) - eK(l - e)] . 


(4.10) 


Comparing (14.5p and (14.101) . we conclude that the equality (14.61) holds. 


Next, we would like to compare (|4.5j) with the known leading finite-size correction to the giant 
magnon dispersion relation [ 66 ]. To this end, we have to consider the limit e —> 0 in (14.5p . Taking 
into account the behavior of the elliptic integrals in the e —>• 0 limit, we can use the ansatz 


v(e) = v 0 + vie + u 2 elog(e). 

Actually, all parameters in (14.111) are already known and are given by 

v 0 = cos (p/ 2 ), V! = i sin 2 (p/ 2 ) cos(p/ 2 )(l - log(16)), 


(4.11) 


(4.12) 


1 9 / / \ //\ i 2 7r J 

V 2 = 7 sin (p/2) cos(p/ 2 ), e= 16 exp — 


\/A sin (p/2) 


- 2 


Expanding (14.51) in e and using (14.111) . (14.121) . we obtain 


C d = y 4 sin(p/ 2 ) 


1 — 4sin(p/2) ( sin(p/ 2 ) + 


2irJ 


exp 


27r J 


\/Asin(p/ 2 ) 


- 2 


(4.13) 
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On the other hand, from the giant magnon dispersion relation, including the leading finite-size 
effect, 


A = sin(p/2) 
7 r 


1 — 4sin 2 (p/2) exp ( — 


2itJ 


y/Xsin(p/2) 


- 2 


one finds 


^d x A = ^ sin(p/2) 
Ztt 


1 — 4sin(p/2) ( sin(p/2) + 


2irJ 


exp 


27r J 


\/Asin(p/2) 


- 2 


This confirms explicitly that the relation (14.61) holds in the small e i.e. J 3> y/\ limit. 
Dyonic giant magnons with finite size 
The dyonic finite-size giant magnon solution is given by 


where 


.Toe = tanh (nT e ), Xi = 0, z = 


1 


COsh(TCT e ) ’ 


cos 9 = z + dn 




1 — v 2 


-z+(a — vr) 


1-e , 


T — VO 

91 = - - — + 


vW 


1 — v 2 yjl — u 2 z + ( 1 — z+) 

II am 


y/\ — u- 


<t> 2 = u 


, 1 — V 2 

t — va 


z + (a -vt) I , ~ 1 _ v2 ( X “ e ) > 


1 - e 


1-v 2 ’ 


(4.14) 


(4.15) 


e = W = k z . 

zl 


z± can be written as 


4 = 


^ 2 ) j 1 ? 1 +Q- 2 -U 2 ± sj(qi - q 2 ) 2 - [2 (q~\ + q 2 ~ 2.qiq 2 ) - u 2 } u 2 1 , 


2(1 - u 2 ) 


qi = 1 — W, q 2 = 1 — v 2 W. 


Now, we have to replace into (14.41) the following expression obtained from the above solution 

d + X k d-X k = \ . 2 {1 - v 2 W 2 + (1 - u 2 )z\e + 2(1 - u 2 )cos 4 6> 

(1 — v z ) sm 9 

- cos 2 9 [2 + z\{l + e) - u 2 (l + z 2 (1 + e))] } . 


158 
























Computing the integrals in (14.41) . we find 


(1 - X P ) [2(1 - u 2 )x P E(l - e) 


r d = _r d _I_ 

3 A V(1 - v?)W X p{ 1 - Xp) , 

- (V 2 - (1 - v 2 ) W + (1 - u 2 )(l + e) X p) K(1 - e)] 

- (1 - v 2 W 2 - x P ~ (1 - Xp) (e.Xp + « 2 (1 - e.Xp))) x 


(4.16) 


n 


x P 


1 - Xp 

where we introduced the notations 


(1-e) 


1 - e 


Xp = zl, Xm = Z-, 


e = 


Xm 
Xp ' 


This is our exact result for the normalized coefficient C d in the three-point correlation function, 
corresponding to the case when the ” heavy” vertex operators are finite-size dyonic giant magnons. 


To check the relation (14.61) . we need to know A. As GM case, we claim that this is given by 
E — J\. The explicit results are given by m 

8 = 2^(1-^) K(1 _ 


Ji = 


Vl - vt^/xf, 






1 -v 2 W 

X P 


K (1 — e) — E (1 — e) 


J 2 = 4=§?E (1 - e) 


VT^ 


u- 


2v 


P = 


W 


and 


Vl - u 2 ^Jxf L1 “ Xp 
2t tE 


n 


x P 


(l-e) 


£ = 


1 - Xp 
2ttJi, 2 


l_ e -K(l-e) 


(4.17) 


(4.18) 


VA 


J\;i — 


Va 


In this case, we need to obtain V(A), e'(X),u'(X) from the condition that J\, J 2 ,p be independent 
of A. It turns out that the exact calculations for these are too complicated. Instead, we will just 
focus on the e —» 0 limit of (14.161) and A derivative of A from the Liischer formula to check (14.61) . 
To this end, we will use the expansions 

Xp = Xpo + (Xpi + Xp 2 log(e)) e, Xm = Xmie, 

v = v 0 + (fi + v 2 log(e)) e, u = u 0 + («i + u 2 log(e)) e, (4.19) 

W = 1 + Wie. 


First note that xp anc l Xm satisfy the following relations 

2 — (1 + v 2 )W — u 2 


Xp + Xm = 
XpXm = 


1 — U 2 

1 - (1 + v 2 )W - v 2 W 2 
1 — u 2 


(4.20) 
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Expanding (14.201) and using the definition of e, we arrive at 


XpO — 1 ~ 


X P i = 




(4.21) 


v 0 


X P 2 = -2u 0 


Xml — 1 


(! — ^o) (i-^o) 2 
—2 (l — Vq) (1-«o) v i}> 
^2 + («0«2 - U 0 V 2 )uo 


|u 0 [(1 - I’o) 2 - 3(1 - vl)u 2 0 + 2 uq - 2(1 - Vq)uoui] 


( i ~ u i y 


i -< 


2\2 


Wi = — 


(1 - Up - vs) 

(1 — « o )( 1 — v o ) ' 


The coefficients in the expansions of u and tt, we take from [99], where for the case under 
consideration we have to set K\ = Xni = 0, or equivalently <f> = 0. This gives 


vo = 


sin(p) 


! - : j up i — --- 

\JJ 2 + 4 sin 2 (p/2) yj + 4 sin 2 (p/2) 


J 2 


(4.22) 


«i = Af 0 } 1 2 ui “°L [C 1 “ ^oX 1 - !og(16)) - (5 - XX 1 + log(16)) - log(4096))] 

4(l-«o)( 1 -Uo) 

_ ^o(l-^o-^o) h _ v 2 _ u 2 (3 , 2) 1 
_ 4(1 — Uq)(1 — Vq) V ° U ° [S + V °)i 

Ul = _° 2 ^ Uq) C 1 ~ lo g( 16 ) - XX 1 + iog(i6))] 

'T 1 v o) 


u 2 = 


^o(l Vq Uq). 2 


4(1 - vl) 


-(1 + «S)- 


We need also the expression for e. To the leading order, it can be written as [99] 


e = 16 exp — 


1 - 1,2 


Un 


(4.23) 
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By using (14.2111 . (14.2211 and (|4.23j) in the e-expansion of (14.1611 . we derive 


where 


r d _ 16 d / Ji + 4sin 2 (p/2) - 16sin 4 (p/2)exp(/) 
C -y CA 


2 \J ^2 +4 sin 2 0 / 2 ) 


(4.24) 


+- 


1 


32exp(/) J 2 + Asin 2 (p/2) - 3/7, 


(/7 2 2 + 4sin 2 (p/2)) (/7 2 2 + 4 sin 4 (p/2)) 

+2 (2 + /7 2 2 ) + J '2 \JJ 2 + 4 sin 2 (p/ 2 ) ^ cos(p) - J\ cos( 2 p)^ sin 8 (p/ 2 ) 

8 jf sin 4 (p/ 2 ) 




2 y/j$ + 4 sin 2 (p/ 2 ) + 4sin 2 (p/2)) 


3/2 


exp(/) >, 


/ = - 


2 ^Ji + \JJ% + 4 sin 2 (p/2)^ \J J 2 + 4 sin 2 (p/2) sin 2 (p/2) 


/7| + 4 sin 4 (p/ 2 ) 


On the other hand, from the dyonic giant magnon dispersion relation, including the leading 
finite-size correction, 


A 


dyonic 


Vx 

2vr 


. 2 , w 16sin 4 (p/2) 

v ^2 + 4sm 2 (p/2)- = exp(/) 

\jJ2 +4 sin 2 (p/2) 


(4.25) 


one obtains 


AchA, 


A dyonic 


Vxj + 4sin 2 (p/2) — 16sin 4 (p/2) exp(/) 


2vr 


+ - 


l 2^ + 4 sin 2 (p/2) 

1 32exp(/) ( 2/7 2 2 ^J 2 + Asin 2 (p/2) - 3J, 


(4.26) 


(/7 2 2 + 4sin 2 (p/2)) (/7 2 2 + 4sin 4 (p/2)) 

+2 (2 + J 2 ) + /7 2 \J + 4sin 2 (p/2)^ cos(p) - J\ cos(2p)^ sin 8 (p/2) 

8 jf sin 4 (p/ 2 ) 




2-\/ /7f + 4 sin 2 (p/2) (77 2 2 + 4sin 2 (p/2)) 


3/2 


exp(/) 


Comparing (|4.24j) and (|4.26p . we see that the relation ()4.6I1 is also valid for finite-size dyonic giant 
magnons, as it should be. 


4.1.2 Two GM states and dilaton with non-zero momentum 

For the dilaton vertex we have [96] 

= (y 4 + > 5 )-^ (Xl + iX 2 ) 2 [z~ 2 (d+x m d.x m + S+zcLz) + d+X k d.X k ] , (4.27) 
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where the scaling dimension = 4 + j to the leading order in the large -\/\ expansion. The 


corresponding operator in the dual gauge theory is proportional to Tr {F^ v or for j = 0, 

just to the SYM Lagrangian. 


The normalized structure constant (14.111 can be computed by using (|4.27p . applied for the case 
of giant magnons, to be [24] 



(4.28) 


A few comments are in order. The structure constant in (I4.28P corresponds to finite-size dyonic 
giant magnons, i.e. with two angular momenta. The case of finite-size giant magnons with one 
angular momentum nonzero can be obtained by setting u = 0 (x p , Xm also depend on u according 
to (|4.20p ). The infinite size case [97] is reproduced for W = 1, Xm = 0- For j = 0, ([4.2811 reduces 
to the result of [21]. 

Leading finite-size effect 


Expanding (14.2811 in e one finds [27] 


j = 1: 



-2 (744 + 707 Jl + 24477 2 4 + 72 J$) cos(p) 

+4 (255 + 218771 + 6277 2 4 - 677 2 6 ) cos(2 p) - (520 + 36777 2 2 + 2477 2 4 ) cos(3p) 
+2 (92 + 4777 2 2 + 377 2 4 ) cos(4p) — (40 + 1177 2 2 ) cos(5p) + 4cos(6p)^ 
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3= 2: 




2 8 

325 


c 6 sin 4 (p/2) < 


\Jj% + 4 sin 2 (p/2) 


210 + 8JI (6 - J 2 ) (7 + 4 J 2 2 ) 


128 (J$ + 4 sin 2 (p/2)) 3 ^ 2 (,7 2 2 + 4sin 4 (p/2))" 

-8 (63 + 84j| + 38.7 2 4 + 16J 2 6 ) cos(p) 

+ (585 + 576J 2 2 + 176J2 4 - 32j|) cos(2p) - 4 (115 + 84j| + 4.7 2 4 ) cos(3p) 

+2 (ill + 56,7 2 2 + 4J- 2 4 ) cos(4p) — 4 (15 + 4,7 2 2 ) cos(5p) + 7cos(6p)^ 

— 8 J 1 sin 2 (p/2) \J Jf + 4 sin 2 (p/2) ^15 + 8.7 2 2 - 8 j£ - 4 (3 + 5.7 2 2 + 4.7 2 4 ) cos(p) 
— (12 — 8 J 2 ) cos(2p) + 4 (3 + J 2 ) cos(3p) — 3cos 


j = 3: 


->d ^ 3.5 2 J 


C 3~ sin 5 {p/2) < 


+ 


^| + 4 sin 2 (p/2) 


20 256(13 + 15 cos(p))sin iU (p/2) 


960 (jf + 4sin 2 (p/2)) 3 ^ 2 (j^ + 4sin 4 (p/2)) 2 
+288i7 2 2 (5 + 7cos(p)) sin 8 (p/2) + (54 + 241 cos(p) + 10cos(2p) 

+15 cos(3p)) sin 2 (p/2) + 10,7 2 6 cos(p) (5 + 3cos(p)) 


+60J7l sin 2 (p/2) yf jf + 4 sin 2 (p/2) (20 + - 12J- 2 4 

- (16 + 21 + 20i7 2 4 ) cos(p) - 2 (8 - 5.7 2 2 ) cos(2p) 

+ (16 + 5^7 2 2 ) cos(3p) — 4cos(4p)^ el, 
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j = 4: 


ci 


+ 


)H 


3.5 2 .7 


4 sin 6 (p/2)' 


\]j% + 4 sin 2 (p/2) 


64 294 + 14 J, 2 - 60 J, 4 + 48 J? 


8192 (J 2 + 4 sin 2 (p/2)) 3/2 (j 2 + 4 sin 4 (p/2)) 2 L 

-4 (51 - 49J2 2 - 53J2 4 - 36jf) cos(p) 

— (435 + 8(61 + 19J 2 2 - 6 j£)) cos(2p) + 2 (305 + 209+ O^ 4 ) cos(3p) 

-2 (179 + 8377 2 2 + 677 2 4 ) cos(4p) + 2 (53 + 13J2 2 ) cos(5p) - 13cos(6p)) 

+51277i sin 2 (p/2) yj + 4sin 2 (p/2) ^25 + 4J 2 2 - 1 - (20 + 22+ 24J 2 4 ) cos(p) 

-4 (5 - 3 J%) cos(2p) + 2(10 + 3J7 2 2 ) cos(3p) - 5 cos 


In the four formulas above e is given by 


e = 16 exp 


2 + 4 sin 2 (p/2) ^ ^ 2 2 + 4sin 2 (p/2) sin 2 (p/2) 


+ 4 sin 4 (p/2) 


(4.29) 


Actually, we computed the normalized coefficients in the three-point correlators up to j = 10. 
However, since the expressions for them are too complicated, we give here only the results for the 
first two odd and two even values of j. Knowing these expressions, the conclusion is that they have 
the same structure for any j in the small e lirnitQ/]. Namely 


Cj « AjC d j +A sin J+2 (- 


^7 2 + 4sin 2 (|) {Ji + 4sin 2 (|)) 3/2 (J7 2 2 + 4sin 4 (f))‘ 


Pf(J 2 z ) + J lS m 


•2 (P 


Jo + 4 sin 


•2 (P 


Q 2 A3 2 ) 


(4.30) 


where e is given in (14.291) . Aj and aj are numerical coefficients, while Pj{J 2 ) and Q 2 j{J 2 ) are poly¬ 
nomials of third and second order respectively, with coefficients depending on p in a trigonometric 
way. 


Now, let us restrict ourselves to the simpler case when J 2 = 0, i.e. giant magnon string states 
with one (large) angular momentum J\ J 0. Knowing the above results for 1 < j < 10, one can 
conclude that the normalized structure constants in the three-point correlators for any j > 1 in the 

17 The only difference in that sense is that for j odd an additional overall factor of 7r 2 appears, as can be 
seen from the formulas above. 
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small e limit look likJ^l 

-.d A 


where 


C 


3 0 


+ B 


_i r d s ; n i (P 

2 C 3 + 4 Sm [ 2 


sin 




(4.31) 


1 j0 sin + Cjo sin + D j0 (1 + cos (p)) J\\ e 




2.11 2 3 3 2 53 2.73 


B j0 = (- 2 2 ,3, 


Cjo — 1 + 3 j, Djo — 2 (j + 1). 


3 ’ 11, 5 ’ 3 ’ 7 


j 2 3 3,...) for j = (1, • • • , 8,...), 


4.1.3 Two GM states and primary scalar operators 


The primary scalar vertex is unumnnES] 


v? r = (Y 4 + Y 5 y Apr (Xx + ix 2 ) j [ z - 2 ( d + x m d.x m - d + zd.z) - d + x k a.x k ] 


(4.32) 


where now the scaling dimension is A pr = j. The corresponding operator in the dual gauge theory 
is Tr(Zi). 

For giant magnons we have m 

z ~ 2 ( d + x m d-x m — d + zd-z) = k 2 


Then the light vertex operator becomes 

yP r = cosJ 0 


cosh 2 (nT e 


cosh 2 (kt 6 ) 


- A. -- - 1 - C 9 ™ 

cosh 2 (KT e ) ' 


-1 . 


where the infinite-size case was considered in m, while for the finite-size giant magnons L 9 ^ should 
be taken from 


r gm _ I 

S 3 ~ l_ v 2 


[2 - (1 + v 2 )W - 2 (1 - u 2 ) x ] • 


Let us also note that the first integral for y is given by 

■\Jx(Xp-x){x-Xm)- 


, 2y/l - u 2 


X = 


1 - v l 


(4.33) 


(4.34) 


As a consequence, the normalized structure constant in the corresponding three-point function, for 
the case under consideration, takes the form: 


r pr _ vr 

S “ ( A 


f 


/ 


— OO 
OO 


cosh 2 (\/Wr e ) (cosh 2 (\/WT e ) ) I—l ^ 

dr f . 


(4.35) 


-OO cosh 3 (x/WT e ) J-L 


dcrx^B 9 ^ 


18 Cf 0 is used for Cj computed for J 2 = 0 case. 
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Performing the integrations in (14.351) one finally finds [24] 


nP r _ _3/2 jn 1 \ 2 / _ Xp 2 

j ' A r (2+2) >/(i-« 2 )w 
(i-w+j ( i-« 2 w)) 2^1 (|’|-|;f;i- e ) 
- (1 + 4) (l - « 2 ) Xp 2+1 - |;1; 1 -ej 


(4.36) 


Leading finite-size eflfect 

Let us start with the simpler case when J 2 = 0, or equivalently u = 0. Expanding (|4.36p in e 
one finds m 

Cl 0 « 0 , Cfo « sin 2 (p/2) e, (4.37) 

C j0 ~ ^ r °J sin(p/2y +1 e, j = 3,.... 10, 

where 

e = 16exp[—2 — J\ csc(p/2)], (4.38) 

for the case under consideration. The numerical coefficients ctj are given by 

_ f 1 2 2 4 1 2 2 7 3.5 2 2 10 5.7 2 2 14 \ 

V4 7 " ’ 3.5’ 16 71 " ’ 3 2 .5.7’ 29 ^ ’ 3 3 .5 2 .7’ 2 11?r ’ 3 2 .5 2 .7 2 .11 J ' 


A few comments are in order. From ()4.37j) one can conclude that the and Cfo cases are 
exceptional, while Cjg have the same structure for j > 3. C^g ~ 0 means that the small e - 
contribution to the three point correlator is zero to the leading order in e. C 20 * s th e on ly one 
normalized structure constant of this type proportional to J \. It is still exponentially suppressed 
by e. The common feature of 7+g in (14.371) is that they all vanish in the infinite size case, i.e., for 
e = 0. This property was established in 133- Here, we obtained the leading finite-size corrections 
to it. 

Now, let us turn to the dyonic case, i.e. J 2 0. Working in the same way, but with u 0, we 
derive 
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j = 1: 


pr _ „.Tf_ _ CSC (p/2) _ 

1 1 16 \j£ + 4sin 2 (p/2)] 3 / 2 [J 2 2 + 4sin 4 (p/2)] 

{8[JT 2 2 + 4 sin 2 (p/2)] [jf + 4sin 4 (p/2)] 

+ sin 2 {p/2) [40 + 17 jZ + 2J% - 20(3 + jf) cos (p) 

+ 3(8 + Jl) cos(2p) - 4cos(3p) - 4 ^ 2 x 

Jf + 4 sm (p/2) 

\fj$ + 4sin 2 (p/2) + J 2 2 + 4sin 2 (p/2)^ x 
(Jf + 4sin 4 (p/2) + 2sin 2 (p)) sin 2 (p/2)] e} , 


(4.39) 


4 ; 

rP r ~ _ r J' r _ _ _ x 

3 2 [J% + 4sin 2 (p/2)] 3 / 2 [,7 2 2 + 4sin 4 (p/2)] 

+ 4 sin 2 (p/2)] [Ji + 4 sin 4 (p/2)] - sin 4 (p/2) x 

[20 + 3JZ - 2j£ - 2(15 + 2JZ) cos (p) + (12 + j£) cos(2 p) - 2 cos(3p) 

+ J-| + 4 s 8 m J (p/ 2 ) ( Jl \/^2 + 4 si n 4 ( „/ 2 ) + + 4 sin 2 (p/ 2 )) X 

(-3 + 2(2 + jf) cos(p) - cos(2p)) sin 4 (p/2)] e} , 


j = 3: 


xppr 

*-3 


„ r 7r 2 [77 2 2 + 4sin 2 (p/2)] 5 / 2 

4 — CSc(p/2)^-x 


48 l 7 2 2 sin 2 (p/2) 


j£ + 4 sin 4 (p/2) 
JZ + 4sin 4 (p/2) 


(4.41) 


[j£ + 4 sin 2 (p/2)] 3 [.[JZ + 4 sin 2 (p/2)] 2 


2hj£ 


(21 " 16cos(p) “ 5cos(2p)+8J?) 


11 — 12 cos (p) + cos (2 p) + 677 2 2 


+ 3J 2 


[Jf + 4 sin 2 (p/2)] 4 

JZ + 4 sin 2 (p/2) + Ji \J JZ + 4sin 2 (p/2) N j x 


(80 + 42 jf + 12 j£ - (120 + 47.7 2 2 - 47 2 4 ) cos(p) 

+ (8 + JZ) (6cos(2p) - cos(3p))) sin 4 (p/2)) 2 . 2 , 2 ■ 17 /9 ^ 

[JZ + 4snr(p/2)J 4 [J 2 + 4sur*(p/2)J 


T^ 2 + 4 sin 4 (p/2) V 
[JZ + 4sin 2 (p/2)] 3 ' [j£ + 4sin 2 (p/2)] 4 u \j£ + 4sin 2 (p/2)/ 


20,7 2 4 sin 2 (p) 


+ 


3j£ sin 4 (p) 
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j = 4: 


pr _ 2_ pr [77 2 2 + 4sin 2 (p/2 )] 5 / 2 
4 45 4 + 4 sin 4 (p/2) 

/ 32J 2 2 [JT| + 4 sin 4 (p/2)] sin 2 (p/2) 


l [Jf + 4sin 2 (p/2 )] 3 

2 Jf + 4 sin 4 (p/2) 


17i7-f 


_I 7 _ 

2 2 J7 2 + 4 sin 2 (p/2 )] 3 


.[Jf + 4 sin 2 (p/ 2)] 2 
(39 — 32 cos(p) — 7 cos(2p) + 1677 2 2 ) 


-J, 


11 — 12 cos (p) + cos( 2 p) + 6 J 79 2 
\J$ + 4 sin 2 (p/2 )] 4 


+ ^ 2 77 2 2 ^ 2 2 + 4 sin 2 (p/2) + J\ \J + ^ sin 2 (p/2)^ x 

(75 + 4477 2 2 + 1677 2 4 - 2 (58 + 22 ,- 4J 4 ) cos(p) 

+4 (13 + J 2 ) cos(2p) — 2 (6 + J 2 ) cos(3p) + cos(4p)) sin 4 (p/2)) x 

1 


[j£ + 4sin 2 (p/2)] 4 [77 2 + 4sin 4 (p/2)] 

1377 2 4 sin 2 (p) 2 sin 4 (p) / j£ + 4 sin 4 (p/2) \ 2 1 

[J 2 + 4sin 2 (p/2 )] 3 {J% + 4sin 2 (p/2 )] 4 \J$ + 4sin 2 (p/2)/ J 


(4.42) 


In the four formulas above e is given by (I4.29|) . 


4.1.4 Two GM states and singlet scalar operators on higher string levels 


As explained in [96], there exist special massive string states vertex operators with finite quantum 
numbers for which the leading-order bosonic part is known explicitly and thus they can be used as 
candidates for “light” vertex operators in the semiclassical computation of the correlation functions. 
These are singlet operators which do not mix with other operators to leading nontrivial order in 
-jj [9511104 ]. An example of such scalar operator carrying no spins is |96] 


V q 


(y 4 + t 5 )- a 


(dx k Bx k y +... 


(4.43) 


The marginality condition for this operator is [96]: 2(1 — q) + A(A — 4) + 2 q(q — 1) 

4" (-^^2 [§ 9(5 — 1)(<7 — |) + 4< 7 ] + O ( ^^ 3 ) = 0. This operator corresponds to a scalar string state 

at level n = q — 1 so that the fermionic contributions should make the q = 1 state massless (BPS), 
with A = 4 following from the marginality condition. The q = 2 choice corresponds to a scalar 
state on the first excited string level. In that case, we have [104 ] 


with solution 


A(A-4) = 4(VA-1) + o(-LV 

A = 2(A 4 / 4 + l) + JL + O (^ 4 ) • 
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However, the subleading terms here should not be trusted as far as the fermions are expected to 
change the A-independent terms in the 1-loop anomalous dimension. For arbitrary string level n, 
the solution of the marginality condition with respect to A, to leading order in ^=, is given by 


A 9 = 2 



-q(q-l) + l 


(4.44) 


Let us also point out that the number q of dX^dX^ factors in an operator never increases due to 
renormalization [95]. That is why, it can be used as a quantum number to characterize the leading 
term in the corresponding operator [ 102 ], 

The normalized structure constant can be computed by using (I4.43p . applied for the case of 
giant magnons, to be [25| 


where 


C q = C Aq TT 


3/2 _ 


(■ -l) q [2- (1 + v 2 )W\ 


(^ 2 ^) ^ - v 2 y ~ 1 - u2 ) w x P 


£ 

k =0 


?! 


k\{q - k)\ 


1 — u 2 


1 - \(l + v 2 )W 


X k rj 2 F 1 


-,--k- 1 ; 1 
2 ’ 2 



(4.45) 


X P = 2(1 - u 2 ) { Ql + ?2 _ u2 + V 7 (?i - Q 2) 2 ~ [2 (?i + q 2 ~ 2gig 2 ) - u 2 ] u 2 1, 

Xm = yT — u2 y j?i + q 2 - u 2 - \/(Ql ~ Q 2) 2 ~ [2 (^i + q 2 ~ 2qiq 2 ) - u 2 ] u 2 1 , 

qi = 1 - W, q 2 = 1 - v 2 W. (4.46) 


This is our general result corresponding to finite-size giant magnons with two angular momenta 
and to arbitrary string level n = q — 1 = 0,1,2,.... Now, let us give some particular examples 
contained in (I4.45p . 

Giant magnons with one angular momentum 


The case of finite-size giant magnons with one angular momentum J± 7 ^ 0 corresponds to u = 0. 
This can be seen from the explicit expression for the second angular momentum J 2 - 


_ 2nJ 2 

= 7T 


2U VX~P f ^ _ Xm \ 

\/l - U 2 v Xp) 


Then from (|4.46D one obtains the following simplified expressions for \pi Xm- 

Xp = 1 V 2 W, Xm = 1 - w. 


Taking this into account, and using (|4.45l) . one can find that the normalized structure constants 
for the first three string levels, for the case at hand, are given by: 
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<7 = 1 (level n = 0) 

c‘ = 2 CA y/ 2 


£ (») i 

r(^i) y/WQ. - V 2 W) 


2(1 -v 2 W) E 1 - 


1-W \ 


1 -v 2 W 




1-W \ 


q = 2 (level n = 1) 


C 1 = 2cA,vr 


1/2 


r (t 2 ) 


r (^hl) (1 - v 2 )^W{l-v 2 W) 
(2 - (1 + i; 2 )iy) 2 K ^1 - ] 1 ~ H ^ 


-v 2 W J 


-4 (2 - (1 + L 2 )»') (1 - E (l - 


<7 = 3 (level n = 2) 


C 3 = —2ca 3 vt 


1/2 £M (2^(1 + i; 2 )1E) j 

r (^ti) (i - v 2 ) 2 ^w{i- v 2 w) 


K (l - 1 ~ W ) - 6(1 ~ ^ W ) 1 ~ W ) 

V l-i; 2 lEy 2 — (1 + v 2 )W V 1 -v 2 W) 

6tt(1-v 2 W) 2 (1 _ 3 _ 

(2 - (1 + v 2 )Wf 2Fl U’ 2’ ’ 1- 


1-VE \ 
v 2 W J 


4tt(1-v 2 W) 3 (1 5 1-W \ 

3 2*1 ( o’~o ;1;1_ l-^J 


(2 — (1 + v 2 )W) 6 ” ‘(2 2 

Giant magnons with two angular momenta 

<7 = 1 (level n = 0): 

r(^) 


C 1 = 2caiVt 


1 / 2 . 


1 


r(^ti) y(i-« 2 )w% 


2(1 — u 2 )Xp E ( 1 — ) — (2 — (1 + v 2 )VE) K ( 1 — 

Xp / \ Xp 


Xm 


q = 2 (level n = 1): 

C 2 = 2ca,tt 1/2 


r(%£ 


p / A2+I N 


2-) (l-«V(l-« 2 Rl P 

(2 - (1 + v 2 )1E) 2 K f 1 - —^) - 4(1 - u 2 ) (2 - (1 + v 2 )1E) x p E (1 - — 

V Xp J \ Xp 


+ 2tt(i - u 2 ) 2 x 2 p 2*1 ( ^ ; 1 ; 1 - 


1 3 . 

2’ 


Xm. 

Xp J J 
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q = 3 (level n = 2): 


p 3 __ 9 _ - 1/2 r (^) ( 2 -( l +^) 3 

A 3 r (A^l) {l _ v 2 ) 2^ {l _ u 2 )WXp 


K 1- 


Xm 

Xp 


6(1 - u 2 )x P 

2-{l+v 2 )W 


E 1 - 


Xm 

Xp 


+ 


6vr(l - u 2 ) 2 x 2 p 


(2- (1 + v 2 )W) 
4tt(1 - u 2 fxl 


77 | 1 3 1 Xm 

2 2^1 [ -,--, 1 , 1 - — 


(2 - (i + v 2 )wy 


i 


Xm 




4.2 Semiclassical three-point correlation functions in 
TsT-deformed AdS§ x 5 5 

4.2.1 Two GM states and dilaton with zero momentum 


Working as in the undeformed case and taking into account the deformation of the sphere, one 
finds that the normalized structure constant is given by m 


where 


and 


4 = ^4 


3 ~V(l-u 2 WXp-Xn) 

[((1 - u 2 ){ 1 - 7 K) - 7 uvW) ^/x P ~ XnE(l - e) 

+ (( W (l - lUVXn) - (1-7 K ) (l - (1 - U 2 )Xn )) K(1 - e))] 


(4.47) 


Xm. Xn 
Xp Xn 


(4.48) 


Xp 4" Xm T Xn — 


2 — (1 + u 2 )W — u 2 


XpXm 4" XpXn 4“ XmXn — 

K 2 


1 -u 2 

1 - (1 + v 2 )W + {vW - uK) 2 - K 2 


1 — u 2 


XpXmXn ~ 


1 — U 2 ' 


(4.49) 


The case of dyonic finite-size giant magnons we are interested in, corresponds to 


0 < u< 1, 0 < v < 1, 0 < W < 1, 0 < Xm < X < Xp < 1, Xn < 0. 


This is our exact semiclassical result for the normalized coefficient C~ in the three-point corre¬ 
lation function, corresponding to the case when the heavy vertex operators are finite-size dyonic 
giant magnons living on the 7 -deformed three-sphere. 
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Leading finite-size effect 


For the case of the dilaton operator, the three-point function of the SYM can be easily related 
to the conformal dimension of the heavy operators. This corresponds to shift ‘t Hooft coupling 
constant which is the overall coefficient of the Lagrangian j98]. This gives an important relation 
between the structure constant and the conformal dimension as follows: 

Cy = ^c d A VXd x A. (4.50) 

We want to show here that this relation holds for the case of finite-size giant magnons (J 2 = 0), 
assuming that A = E — J\, and considering the limit e —>• 0. To this end, we introduce the 
expansions 

X P = X P o + (.Xpi + X P 2 log(e)) e, 

Xm = XmO + (Xml + Xm2 log(e)) 6, 

Xn = XnO + (Xnl + Xn2 log(e)) 6, 

V = v 0 + (vi + v 2 log(e))e, (4-51) 

u = u 0 + (ui + u 2 log(e)) e, 

W = W 0 + (W\ + W 2 log(e)) e, 

K = K 0 + (K 1 +K 2 log(e))e. 

A few comments are in order. To be able to reproduce the dispersion relation for the infinite-size 
giant magnons, we set 

XmO = XnO = Ko = 0, Wo = 1. (4.52) 

In addition, one can check that if we keep the coefficients x.m. 2 , Xn 2 , W 2 and K 2 nonzero, the 
known leading correction to the giant magnon energy-charge relation m will be modified by a 
term proportional to J 1 2 . That is why we choose 

Xm2 = Xn2 = W 2 = I< 2 = 0. (4.53) 

Finally, since we are considering for simplicity giant magnons with one angular momentum, we also 
set 

u 0 = 0, (4.54) 

because the leading term in the e-expansion of J 2 is proportional to uq. 


By replacing (14.511) in (14.48[) and (14.491) . and taking into account (14.521) . (14.531) . (14.541) . we obtain 


X P o = 1-VQ, 


Xpi — 


vo 


l-vl 


v 0 J (1 - V%) 4 - 4A'2(1 - ug) - 2(1 - vq)vi 


X p2 = -2v 0 v 2 , 


Xml ~ 


Xnl — 


Wi = - 


(l-v 2 0 ) 2 + V(l-vZ) 4 -4Rj(l-vi) 

2(1 - vl) 

(l-u 0 2 ) 2 - V(1 - t;g) 4 - 4^(1 -^g) 

2(1 - u 2 ) 

V(l-^) 4 -4/Y 2 (l-^) 


l-«o 


(4.55) 


172 
























The other parameters in (14.511) and (|4.55|) can be found in the following way. First, we impose 
the conditions J 2 = 0 and pi to be independent of e. This leads to four equations with solution 


Vl = 


V2 = 


voV (1 - ^o) 4 “ i 2 (l - v‘l) (1 - log 16) 
4(1 - vl) 

WU -vir-4K'((l- vl) 


4(1 - vl) 


Ul = 


u 2 = - 


K 1 vq log 4 

1 _ ,,,2 ’ 

1 Vq 

Kivo 


2W 


2(1 - u 2 ) 


where 


Pi 

v 0 = cos —. 


Next, to the leading order, the expansions for J\ and P 2 = 2nn2 (n 2 E Z) give 


e = 16 exp —2 — 


Ji 

sin ^ 


K\ = - sin 3 — sin 4 >, = 27 T f ri2 -7= Ji 

2 2 V v A 


(4.56) 


(4.57) 


(4.58) 


Now, we consider the limit e —> 0 in the expression (14.471) for the structure constant in the 
3-point correlation function, by using (14.511) . (14.521) . (14.531) . (14.541) . (14.551) . (14.561) . and obtain 


C| 


3 CA (1 - V 2 q ) 3 / 2 


4 + 4ug ^1 - 7 -Ki( 1 — log 4) 


(4.59) 


-vl ^8 + (1 - vl ) 4 - 4/7 2 (l - vl) (1 - log 16) - 87 / 71(1 - log4)^ e) 

- - log4) - yJ(l-vl)*-4K*{l-vl) (1 - log 256)^ e 

- (vlyJ(l-vl)4-4K*(l-vl) + 2^(1 - u 2 ) 2 ) eloge 
+\!(! ~ v l ) 4 - 4A'2(1 - ug) elog(16 e) 

According to (14.571) . (14.581) . the above expression for C c ~ can be rewritten in terms of pi, J\, as 


a 


!6 d . Pi 

Y CASm T 


2 pi 


pi 


1 — 4 sin" — (^cos 4? + J\ esc — cos <3? — ^J\ sin 4> ) e 


— 2 - 


J\ 


. (4.60) 


In order to check if the equality (I4.50j) holds for the present case, let us now consider the 
dispersion relation of giant magnons on TsT-transformed AdS 5 x S 5 , including the leading finite- 
size correction, which is known to be ( 821 [20] 


E — J\ = sin (p/2) 

7T 


1 — 4 sin 2 (p/2) cos 4> exp I —2 — 


27T Ji 


\/Asin(p/2) 


(4.61) 
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Taking the A derivative of (14.611) . one finds 



(4.62) 


Identifying p = p \, and comparing (I4.60|) with (14.621) , we see that the equality (|4.50l) is also valid 
for the 7 -deformed case. 

4.2.2 Two GM states and dilaton with non-zero momentum 

The normalized structure constant for the case at hand is given by [24 ] 



(4.63) 


The small e limit corresponds to considering the leading finite-size effect, while e = 0, Xm = 0, 
Xn = 0, K = 0, W = 1, describes the infinite-size case. 

Leading finite-size effect 

Here, we restrict ourselves to the case J2 = 0 , J\ = J large but finite, i.e. J\ = J \/X 
Expanding (|4.63p for this case to the leading order in e, one finds [28] (j > 1) 



(4.64) 


+ j (Xml + Xm + (1 + j)x P i) + 27(^1 + j{Ki - (Ki + u 0 ui)x p0 ))) e 
+ 0 X 1 + j)x P 2 ~ 27 .W« 2 X p o) eloge j. 


This can be rewritten as 



— j( 1 + j)(l + cos p) csc(p/ 2 )) .7cos4> 
—7 (4sin(p/2) — j( 1 + cosp)J) sin<I> 
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4.2.3 Two GM states and primary scalar operators 


According to m the normalized structure constant for this case is given by 


m 


C% = 7T 3/2 C^ 


Vw J -^ + 1 


(1 - v 2 )xp 2 


r v / ( 1 - u 2 ) (x P - Xn) 

(2 — (1 + v 2 )W — 2yA') 

Xm 


j +1 Vw( i - 


xFi 1/2,1/2, —j/2; 1; 1 — e, 1 — 


VW{ 1 - 


Xp 


[1 — jK — u (u — 7 uK + yuVF)] 


xFi 1/2,1/2, —1 — j/2; 1; 1 — e, 1 — 


Xm 

Xp 


It can be shown that (14.651) reduces to the undeformed case if we fix 

Xm 


7 = K = Xn = 0 


e = 


X P 


This can be done by using the following property of the hypergeometric function F\ 

F 1 (a,b 1 ,b 2 ',c-,z,z ) = 2 F\ (a, h + b 2 ;c\z ) . 


(4.65) 


For the infinite-size case, (|4.65l) gives 

r(t)r 


1+2 
1 ^ 2 


CS “ = < r (+) r (+) J2 


sill' 


3 -2 


(P/2) 


+ 4 sin 2 (p/2) 


[Jis + 7 sin 2 (p/ 2 ) sin(p)] . (4.66) 


Leading finite-size effect 

Again, we will consider here the particular case J 2 = 0, J\ = J large but finite, i.e. J\ = J 

Va. 

As was pointed out in where the undeformed case has been considered, j = 1 and j = 2 
are special values. That is why we will start with these two cases first. 

The case j = 1 
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Expanding the coefficients in C^-, one can rewrite it in the following form 


~ cf y j ^-E, (l/ 2 , 1 / 2 , - 1 / 2 ; 1 ; 1 - e, 1 - ^ e 


(l - Vo) Xnl 


+ (2 - (4v 0 vi + 3Wi + 47 X 1 ) e - Uq( 2 + lEi e)) x P o - ^o^XpO elog(e) 

-Ei f 1/2,1/2, -3/2; 1; 1 - e, 1 - ^ 

V XpO 

4x P o + 2 (xnl - (Wi + 27 (E'i + v 0 «i))XpO + 2x P i) 


+4(x P 2 - 7^o'«2Xpo) elog(e) 


C^~ can be represented as a function of J , p and 4> in the following way 

~ -cf y sin 2 (p/2) j 8 E 1 (l/2,1/2, -3/2; 1; 1 - e, 1 - ^ (1 + cos 4>) e) 


-4E ( 1 / 2 , 1 / 2 , - 1 / 2 ; 1 ; 1 — e, 1 — — (1 + cos <3?) e 


+ 


F x ( 1/2,1/2, -1/2; 1; 1 — e, 1 — - (1 + cos 4>) e 


x (1 — cos <f> (9 + 2cosp + J(l + cosp) csc(p/2)) + 47 sin(p/ 2 ) sin<l>) 
-Ei (l/2,1/2, -3/2; 1; 1 — e, 1 — i (1 + cos $) e 
x (2 — 2cos •h (5 + 2cosp + J{1 + cos p) esc (p/2)) 

+ 7 (J(l + cosp) + 4sin(p/2)) sin4>) 


(4.67) 


(4.68) 


For the undeformed case, when 7 = 0, 4> = 0, (|4.68l) simplifies to 


£{' « —c)" sin(p/2) [3sin(p/2) + sin(3p/2) + J{ 1 + cosp)] 


e . 


(4.69) 


This is in accordance with the result C 1 ” ~ 0 found in m, where only the leading order in e was 
taken into account. 


The case j = 2 
Now we have 


nP r _ __J >r 
^27 — o c 2 


(1 - e)V(l -v?)W{ X p-Xn) 


| 3 - (1 + 2v 2 )W - 3jK (1 - e) (4.70) 


(Xm - Xp) E ( 1 - e) - (,\m - Xp e) K (! - e) + (1 ~ u{u - 7 {Ku - ulT)) - 7 /X) 
x (2(xp - Xm)((2 - e)Xm + (! - 2e)x P )E(l - e) + ((3 - e)x 2 m - 4 XmX P e 
—Xp(l — 3e) e)K(l-e)]}. 
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Expanding (14.701) in e, one finds 
2 

Cf- ~ -c? 2 sin 2 (p/2) [277 cos 4> — 7 (2sin(p/2) — 77(1 + cosp)) sin(p/2) sin 4>] e. (4.71) 
o 

Obviously, the result for the undeformed case is properly reproduced by the above formula. 

Now, we will deal with j > 3, when we can use the following representation of F\ (a. 61 , b 2 ; c; z\, z 2 ) 

[Ml: 


Fi(a,bi,b 2 ;c-,z 1 ,z 2 ) = ^ 2 p x ( a + k,h\c + k-,z{) ~ 2 


k =0 


(c)a 


fc! 


(4.72) 


Then, expending 2 F\ + k, 1 + k\ 1 — e) (1 — Xm/Xp) k around e = 0, one finds 

1 


K 2 


2% p o + i^kxmi - (1 + 2k)x P o) (log(4) 


4x P o L 
XpO T 2/c(\po — 2%mi) 


-7/ 


fe-J 


e - log(e) 


4\ P o 

where H z is defined as 


elog(e) 


(4.73) 


H z = ip(z + 1 ) + 7 . 


The replacement of (14.731) in (14.721) . taking into account that 



1 

2 ’ 


c = 1 , 


z\ = 1 — e, z 2 = 1 — 


Xm. 
Xp ’ 


gives 


where 


T 7 ! ( ^,6 2 ;1; 1 - e, 1 - ~ C 0 + Ci e + C 2 elog(e) + C 3 log(e), 


C - r(_62) I l0g(16) Fib 11 

C ° “ /5FT(*- 62 ) + “T" 1 ° ( 2 ’ 


(4.74) 


(4.75) 


Ci = 


-i /. 1 


7 r r(— 1 — b 2 ) 


4vr | XpO [ T(4-6 2 ) 

+81og(2) 6 2 (x p o - 2x'mi) i-fo(l + b 2 , 1 ) 


(XpO + 26 2 Xmi) 

- 2(1 - log(4)) iF 0 (b 2 , 1) 


C 2 = — 


1 


4ttx p o 

C 3 =-i-E 0 ( 6 2 , 1). 


X P o iFo(b 2 , 1) + 26 2 (x p o — 2x'mi) i-Eo(l + b 2 , 1) 


7 r 
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In the normalized structure constants (14.651) . there are two hyper geometric functions 
F\ |, 6 2 ; 1; 1 - e, 1 - with b 2 = -j /2 and b 2 = -1 - j/2. 


By using (|4.74l) . (|4.75[) in (|4.65l) and expanding it about e = 0, we can write down the following 
approximate equality for j > 3 


~ A ° + Aie + j4 2elog(e), 


(4.76) 


where the coefficients are given by 


A 


= <? 


7 r 


r(£ 


r(l±i)r(2+i; 


J Xpo 


(1 - Vq ~ Xpo), 


(4.77) 


_ 7T r(|)r(| - 1 ) i (i _ 3) r 2 

^ 7 / 4 r( 1+J )r( 3+J ) |4(bhi + Xmi)XpO 2 X p o 

- [2Xni(l - Vq - Xpo) + Xpo(l - v 0 (v 0 + 8 ui + 2u 0 hhi) 

- Xpo(l - 2Wi)) - 2(1 - vl + x p o)Xpi] j 

+ [xm - 4u 0 uiyp0 + Xml (1 ~ Vq - Xpo) - «o(Xm + BdXpO - 3x P i) - 3Xpl 

+ XpO (-Xnl + B i( —1 + XpO) + Xpl)] j 2 

+(! - - Xpo)Xpi j 3 

+7 [4iXiXpO + (2XpO (Ai - 2(Ai + u 0 txi)xpo)) 3 + ( 2 X P o (w«iXpO - #i(l - x P o))) f\ }, 

J Xpo°~ 3) [ 4 ^ 2 Xpo + (1 - Vo + Xpo)Xp 2 

- (! - A) - Xpo)Xp 2 j ~ 27u 0 tt 2 Xpo] ■ 


Now, our goal is to express (14.76[) in terms of J , p, and 4>. The result is given by 

r 


. 7T 


C pr k, _ 

1 8 r(A r ( 2 7 ) 


sin 


p\ !+i 

2 ) 


4 (j - 1)T ( | - 1 ) cos(<h) (4.78) 


- ( 2 ) ( 4sin (I) ~i( 1 + cos ^ sin ( $ ) e - 

Let us point out that (14.781) reduces exactly to the result found for the undeformed case in fH7\ . 
when 7 = 0, = 0. Moreover, it generalizes it for any j > 3. 


4.2.4 Two GM states and singlet scalar operators on higher string levels 


According to 


, the normalized structure constant for the present case is given by 

(-2 AY 


C~ = CA q 7 T' 


3/2 


r (^ 


r (Adi 'j (1 - u 2 ) 9 "V ( 1 - u 2 )W(x P ~ Xn) 
k _ 0 k\(q-k)\\ A) X - H {2'2' *’ M ^ XpJ’ 


E 
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(4.79) 
























where 


A = 1 — -(1 + v 2 )W — 7 K, B = 1 — 7 K — u [u — j(Ku — vW)] , (4.80) 

Xm Xn 

e = --, 

Xp Xn 


Now, let us write down what the general formula (14.7911 for the normalized structure constant 
in the 7 -deformed case gives for the first two string levels. 


q = 1 (level n = 0 ): 

Cl, = 2ca 1 vt' 


3/2 r(^) + 

7 r(^ti) 7(1 - <fl)W( Xr - xn) 

1 — u 2 — 7 [uvW + (1 — u 2 )K) 


1 - i(l + u 2 )hh-7it' 


^1 (1/2,1/2, -1; 1; 1 - e, 1 - Xm/x P ) 


—K(l-e) 
7 r 


<7 = 2 (level n = 1 ): 


r 2_^, _3/2 r(7) (i-i(i + ^ 2 )ir-7g) 2 
7 r (^ti) (1 - „V(i - «‘)w(x r - xn) 


—K (1 — e) — 2 


7T 


1 — u 2 — 7 (ttulF + (1 — u 2 )K) 
1 - 1(1 + v 2 )W- X K 


Xp F i (I/ 2 ,1/2, -1; 1; 1 - e, 1 - Xm/x P ) 


+ 


1 — u 2 — 7 (uvW + (1 — u 2 )K^j 
1- l(l + u 2 )hh-7it' 


Xp *1 (1/2,1/2, -2; 1; 1 - e, 1 - X m/x P ) 


Leading finite-size eflfect 

Here, we restrict ourselves to the case J 2 = 0, J\ = J large but finite, i.e. J\ 


For this case, we were not able to obtain a general formula for the leading finite-size corrections 
to the three-point correlation functions in terms of 77, p, and <h, for any q > 1. That is why, we 
are going to present here the results for q = 1,..., 5 (string levels n = 0,1, 2, 3,4). 


Here, we are interested in the case of small e (or, equivalently, large 77) limit. So, we will expand 
everything in e. Since the computations are similar to the previously considered cases, we will write 
down the final results only. They are given by the following approximate equalities: 


C~ ~ c Al ^ ^ sin (p/ 2 ) { 

77(5 — cosp) csc(p/2)) cos + 8777 sin 2 (p/2) sin<b] e j 


16 — 877 csc(p/2) + [4 — (2 (l — cosp + J 2 cot 2 (p/2)) 


+ 
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Ci k, —ca- 




24 


-18(2 sin(p/2) — 377) + 12sin(p/2) 


r (i^) 

+ (2(27 + 5cosp) sin(p/2) — 77(31 + 13 cosp + 377(1 + cosp) csc(p/2))) cos $ 
— 87 sin(p/ 2 )( 8 sin(p/ 2 ) — 77(7 + cosp)) sin<h e|, 


C- 


ca 3 


VI r(#) 

120 r 


|8(38sin(p/2) - 1577) + 60sin(p/2) 


+ (18(13 + 19 cos p) sin(p/2) — 77(187 + 97cos p + 1577(1 + cosp) csc(p/2))) cos <h 
— 127 sin(p/ 2 )( 48 sin(p/ 2 ) — 77(23 — 7 cos p)) sin <J> e|, 


C% « -c A4 


r (^) 

.^ + 2 a ( x ( 1264 sin (p/2) - 84077 + sin(p/2) (420 


{- 


^ 8 40r 

+ (4730 + 2054 cos p - 77 ( 1837 + 1207 cos p) csc(p/2) - 21077 2 cot 2 (p/2)) cos 4> 
—16 7 (424sin(p/2) — 377(79 + 9cosp)) sin<h) e|, 


C- 

s 


C A, 


r(t) 


2520 r 


■ |8(902 sin (p/2) - 31577) + 1260 sin(p/2) 


+ (2(6093 + 7667cos p) sin(p/2) — J (6343 + 4453 cosp 
+ 31577(1 + cosp) csc(p/ 2 ))) cos <f> 

— 207 sin(p/ 2 )( 1376 sin(p/ 2 ) — 77(523 — 107cosp)) sin <f> ej. 


4.3 Semiclassical three-point correlation functions in rj -deformed 

AdS b x S 5 

4.3.1 Two GM states and dilaton with zero momentum 

We derive the 3-point correlation function between two giant magnons heavy string states and the 
light dilaton operator with zero momentum in the 7 -deformed AdS 5 x 5 5 valid for any J\ and 7 in 
the semiclassical limit. We show that this result satisfies a consistency relation between the 3-point 
correlation function and the conformal dimension of the giant rnagnon. We also provide a leading 
finite J\ correction explicitly 13U. 
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The normalized structure constant in the 3-point correlation function for the case under consid¬ 
eration can be written as follows 


Ci = 


16c3 


Xm 


where 


3? ? y/Xp{l - Xm)(Xrj - Xm) . 

Xm{Xr) Xp ) 


n( 1-—,1-e) -K(l-e) 
Xp 


e = 


XpiXi1 Xm) 


(4.81) 


(4.82) 


Eg. (14.811) is the main result of this paper, which is an exact senriclassical result for the normalized 
structure constant C~ valid for any value of fj and J\. Here, x p and Xm are determined by the 
angular momentum J\ and world-sheet momentum p from the following equations: 


19 


Ji = 


P = 


2 T 


V y/Xp(Xi ? - Xm) 

/ 1 — Xp 


XpK (1 - e) - x„,n ( 1 - 1 - e 

Xp 


P Y Xp(l - Xm)Uv ~ Xm) . 

The world-sheet energy of the giant nragnon is given by 

2T Xp ~ Xm 


K(1 - £, - n (Ta^y 1 - £ ) 


E = 


V Vx P { 1 - Xm)(Xrj - Xm) 


K(l-e) 


(4.83) 


(4.84) 


(4.85) 


One of nontrivial check is that the g derivative of A = E — J\ should be proportional to 
the normalized structure constant since the g derivative of the two-point function inserts the 
dilaton (Lagrangian) operator into the two-point function of the heavy operators (98]. This can be 
expressed by 


C d _ 8cj 8A 
v 3y/l + i) 2 dg ' 

To check that Eas. (l4.81|) . (|4.83I) - (I4.85I) satisfy Ea. (|4.86l) . we use the fact that 


(4.86) 


dJi dp 
dg dg 


(4.87) 


as noticed in m for the case of undeformed giant magnon. From these, we can obtain the expres¬ 
sions for dxp/dg and dxm/dg which can be inserted to dA/dg. The r/-deformed case involves much 
more complicated expressions which can be dealt with the Mathematica. In the Appendix of EH], 
we provided our Mathematica code which confirms that the structure constant C~ in Eg. (14.811) do 
sastisfy the consistency condition (14.861) exactly. 


In the limit fj —>• 0 with fj 2 Xri —> 1, Eo. d4.8ip becomes 

C ° = ^rS/T?(- [Ea-O-eKa-e)]. (4.88) 

^ V 1 Xp 

19 We express Ji and p in terms of different but equivalent combinations of elliptic functions compared 
with Eqs. (3.23) and (3.25) in [3D1 . 
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where we used the identity (1 — a)Il(a, a) = E(a). This is the structure constant of the undeformed 
theory derived in [21 j. 

Leading finite-size effect 

It is straightforward to compute the leading finite-size effect on C~ for J\ 2> g by taking the 
limit e —>• 0 in (14.811) . 


First we expand the parameters Xpi W and v for small e as follows: 


X P = X P o + (Xpi + Xpi log e)e, 
W = 1 + W\e, 
v = v 0 + (vi + V2 log e)e. 


Inserting into Eq. (l4.8ip . we obtain 


C? 


16c^ 


, = \ \/(l + V 2 )XpO arctanh^^§= 


Wi /--- 

— \J (! + V 2 )x P o arctanh 


Vy/Xtf) 


+ 


\J\ + fj 2 4 (1 + fj 2 (l — x P o)) 

((1 + f) 2 )(x P o ~ 2x p i) - 4 ((1 + fj 2 )xp 0 + 2Wi (1 + fj 2 ( 1 - x P o))) log2) 


(4.89) 


(4.90) 


4(1 + fj 2 (l - xpo)) 


(((1 + f) 2 )(x P o ~ 2 Xpi) + 2Wi (1 + ?? 2 (1 - Xpo)))) elog< 


In view of the equations 

Xm = 1 - IT, x P = 1 - v 2 W, X p = 1 + ^ ( 4 - 91 ) 

and (14.821) . we can express all the auxiliary parameters in terms of v (or its coefficients vq, v\ , and 
V 2 ): 


Xpo = 1- Vq, Xpi = 1 - Vq - 2'Uq'Ui - 


(1 ~ vjf 

1 + r) 2 Ug 


Xpi = -2u 0 u 2 , 


(4.92) 


W\ = — 


(1 + i ) 2 )( 1 — Uq ) . 

1 + fj 2 vl 
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This leads to 


a 


16c/ 


\ 


3 fj I 


arctanh 


vV^ 


+ 


4 ,/(i + fj 2 ){i-v $)(i + f} 2 viy 


(4.93) 


(1 +rj 2 ) ( (! - «o) i 1 + f v l) ( 2 v/(l + ^ 2 )((l - t>g)arctanh ^^L_^ -7? log 16 


V 1 + V 2 


-fj (l - v 0 (3v 0 - 2t>o - 4ui + v 0 (l -Vq - AvqVi) fj 2 ))) 
fj( 1 + rf)( 1 - Vq - 4v 0 V2) 


+ 


4 y/(l + fj 2 )(l - ug)(i + ffvl] 


e log e 


To fix vo, vi, and v-i , one can use the small e expansion of the angular difference 

A</>i = (j) i(r, L) - (j) i(r, -L) = p, 

where we identified the angular difference A^i with the magnon momentum p on the dual spin 
chain. The result is m 


v 0 = 


cot | 


fj 2 + CSC 2 % 


and 


vi = 


n 0 (l - vl) [l - log 16 + fj 2 (2 - vl(\ + log 16))] 


4(1 + ffvl) 
By using (|4.94|) . (|4.95p in (14.9311 . one finds 


V2 = jV 0 (l-vl). 


arcsinh ( fj sin — ) + 


p\ (1 + fj 2 ) sin 2 | 


^ i v z/ 4^/f) 2 + csc 2 | 

2 \jfj 2 "I" esc 2 arcsinh sin ^ — r)(l + log 16) j e + f/e log e 


(4.94) 


(4.95) 


(4.96) 


The expansion parameter e in the leading order is given by m 

p 


e = 16 exp 


— + Mi+Z arcsinh (fj sin - 

g fj V 2 


1 + fj 2 sin 2 | 


y (1 + fj 2 ) sin 2 | 

Here we used Eq. (l3.20511 for the string tension T. 

The final expression for the normalized structure costant is given by 

( fj( 1 + fj 2 ) sin 3 | 


C% 


164 J 


, arcsinh ( fj sin —1—4 

3 fj y 2' 


p 


x exp 


Ji 2-y/l + fj 2 {„ . 

-1-arcsinh I fj sin — 

g fj V 2 


1 + fj 2 sin 2 L 
P 


Ji j fj 2 + esc 2 

9 V 1 + V 2 


1 + fj 2 sin 2 £ 


(1 + fj 2 ) sin 2 £ 


(4.97) 


(4.98) 
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Let us point out that in the limit fj 0, (14.9811 reduces to 


Cs ~ y 4 sin f 


i a ■ P f ■ P , J i \ I o 

1 — 4 sin - sm - 4 exp : —^ — 2 




9 sm 2 


which reproduces the result for the undeformed case found in [21 j. Another check is that this 
satisfies Eg. (14.8611 with A computed in [523 


1 


A = E — J\ ~ 2 gyj 1 + fj 2 l —arcsinh (fj sin — ) — 4 


p\ (1 + f/ 2 ) sin 3 £ 


1 + fj 2 sin 2 | 


(4.99) 


exp 


■h , 2-y/l + fj 2 . , . P 

-1-arcsmh rj sm — 

9 V V 2 


1 + fj 2 sin 2 | 
(1 + fj 2 ) sin 2 2 


4.3.2 Two GM states and dilaton with non-zero momentum 


Here we will be interested in the case when the dilaton momentum j > 0. According to [32] the 
semiclassical normalized structure constants for the case under consideration is given by 




2444 4+4 (1 — u 2 k 2 ) J 2 

- ~ - X (4-100) 

y/K?(l+fj 2 K?) 

' 2 2 fl 2+j 1+j f, 2 (l-v 2 W {1 + fj 2 )(l — v 2 )k 2 \ 

1 7 '’ KJi V2’ 2 ’ 2 ’’ 1 + fj 2 n 2 ’ {l + fj 2 K 2 )(l-v 2 n 2 )J 

2 fl j 1 -j fj 2 (l-v 2 W (1 + r) 2 )(l — v 2 )k 2 \ 

1 K) 1 \2 , 2’ 2 ’ ’ l + fj 2 K 2 ’ (1 + p 2 k 2 ){1-v 2 k 2 )J ’ 


Now we take the limit i) —>• 0 in (14.10011 and obtain 

^ 27racJ J 'r ^2 + i) (1 — v 2 n 2 )' 




(1 - u 2 k 2 ) 2 Ti 


1 1+j' (1-vV) 


i; 


1 — v 2 k 2 


F fl !-j , (1 u 2 )/^ 2 ) 

1 2 >!> 1 — v 2 k 2 


This is exactly what was found in [24] for u = 0, as it should be. 

Let us also say that in the particular case when j = 1, (|4.1Q0p simplifies to 


A _ 37T4 1 \J ^ 2 (1 + V 2 K 2 ) 

2fj 2 H 2 


nd,i _ 

'-'77 




1 + ij 2 n 2 


1 + fj 2 K 2 


(4.101) 
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In the limit fj —>• 0, Cp 1 


becomes 


c d ,i 




4.3.3 Two GM states and primary scalar operators 


It was proven in |32] that the normalized structure constant for this case can be represented as 


where 


QW,3 — ““A 


2c^ J 'V5F r(f) 


fjn r(i±i) 


1 — K 2 + j(l — V 2 K?) 

1 +j 


Jj Jj P 


'h — 


rx P 

d Xm 


3_ 

X 2 


V (Xp - X)(Xp - x)(x - Xm)X 


dx, 


(4.102) 


(4.103) 


r 

Jjp — / 

J X 


Xp 


X 


*+l 


Xm y/{Xi 7 - x)(Xp - x)(x ~ Xm)x 


dx, 


(4.104) 


To compute the above two integrals, we introduce the variable 

X Xm 


x = 


Xp Xm 


€( 0 , 1 ). 


Then Jj becomes 


dj ~ 


l —- j-i 

X^T (Xp - Xm)~^ [ X~^(l - x)~^ fl - ^— —x) (l + — — —x\ dx. (4.105) 

Jo \ XV -Xm ) V Xm J 


Comparing the above expression with the integral representation for the hypergeometric function 
of two variables T\(a, b\ , 62 ; c; £ 1 , Z 2 ) 


F 1 (a,b 1 ,b 2 -,c-z 1 ,z 2 ) = 


T(c) 


T(a)T(c-a) ./ 0 


/ 1 x a - 1 ( 1 - x) c - 0_1 (l - zi.r)- fcl (l - ^)" fc2 , 
Jo 

Re(a ) > 0, i?e(c — a) > 0, 


one finds 


7 Xrv 4 7-1 /"l 1 J 1 -1 Xp Xm Xp Xm\ lr , R \ 

Jj=KXm (Xv-Xm) 2i? l o’O’ -- 1 --- • (4.106 

\2 2 2 Xv-Xm Xm ) 


In order to compute Jj p , we have to replace j with j + 2. Doing this, we obtain 


2 ’ 2 ’ 2 


Xp Xm 


Xm 


(4.107) 
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The replacement of (14.10611 and (14.10711 into (14.10211 gives 


rW,3 

s^rj 


27T*c£ J r(|) 


j-1 

Xm 


V* r(i|4) y/Xn -Xm\ 

F 1 ~ J • 1- X P ~ Xm 

l \2 , 2’ 2 ’ ’ Xv-Xm : 


(1 + jv 2 )n 2 

i+7 

— Xm 


1 - 


Xp 


Xm 


7-1 1 1 1 + .7 7 Xp Xm Xp Xm \ 

Xm+i r, ; i; -,-:— 

V 2 2 2 Xrj Xm Xm ) 


(4.108) 


Knowing that 


and using the relation 


Xr\ — 1+^2 Xp — 1 V K , Xm. — 1 K > 


Fi(o,6i,6 2 ;c;^i, 2 2 ) = (1 - zi) c “ bl (l-z 2 ) b2 +i (c-a,c- 61 - 6 2 ,6 2 ;c;zi, —— 

V 1 — Z 2 

we can rewrite (|4.108l) in the following form 


3-1 


nPr,3 _ 


27T2c^'’' J r(4)(l — u 2 k 2 ) 2 

r(l+i)7^ 2 (l + fj 2 n 2 ) 


(1 + jv 2 )n 2 

1+7 


1 - 


X 

,2^2 


/? [ I ^ 1 -3 ., 7(1 - ^ 2 )^ 2 (l + 7)(l-^ 2 )^ : 

1 2’ 2’ 2 ’ ’ 1 + fj 2 n 2 ' (l + rj 2 K 2 )(l- v 2 K 2 ) 


-(1-^77. 


1 2 + j 1+j r) 2 (l — t; 2 )ac 2 (1 + fj 2 )(l — v 2 )k 2 


1; 


(4.109) 


2’ 2 2 1 + fj 2 n 2 ’ (1 + t) 2 k 2 )(1 — v 2 k 2 ) 

This is our final exact semiclassical result for this type of three-point correlation functions. 


Next, we would like to compare (14.1091) with the known expression for the undeformed case 
To this end, we take the limit fj 0 and by using that 


Fi (a, &i,6 2 ;c;0, z 2 ) = 2 +i(a, & 2 ; c; z 2 ), 


we find 

^ / .. . \ V- 1 - ^ i 1 1 22 


27T2c^’ J r (2 + l) (1 — V 2 K 2 ) J 2 




M 2 2\ 771 / 1 !+l , (1 - ^ 2 7 2 

(1 V K ) 2 F 1 ( 2 , 2 ,1,, 1 _ v2 ^ 


_ ri _ K 2x F A !-7i. (i-^V) 
( )2 1 V2’ 2 ’ ’ 1-u 2 k 2 


This is exactly the same result found in [24] for u = 0 (finite-size giant magnons with one nonzero 
angular momentum) as it should be. 
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Let us also give an example for the simplest case when j = 1. In that case (14.1091) reduces to 


£>pr,l 


2vr^’ 1 

yj K 2 (l + fj 2 K 2 ) 


2(1 + fj z n z ) E fj 


(1 — v 2 )k 2 \ 
1 + fj 2 K 2 ) 


— (2 + (1 + u 2 )t) 2 k 2 )K 



(1 — u 2 )k 2 \ 
1 + fj 2 K 2 J 


In the limit fj 0, Cf /' 1 —> 0. 


4.3.4 Two GM states and singlet scalar operators on higher string levels 


It was found in [32] that the normalized structure constants for the case at hand are given by 

(- 1) 9 


C? = 

v 


n r (^ 


where 


*/, 


Xp [2-(l + v 2 ) K 2 -2 X ] q 

d X - 


— r q 

- G A 


K r 7 ?( 1 “ v2 ) q 1 J\m ' y/Uri - x)(x P - x)(x - Xm)x 

7r§ (— l) q [2 — (1 + v 2 )k 2 ] 9 

« r ( A ^ +1 ) f?(! - u 2 ) 9 - Vx»j - xm x 


(4.110) 


E 

k=0 


k\(q - k)\ 


1 — i(l + V 2 )k 2 


/ill , Xp Xm Xp Xm\ 

xm 2 Ti - 5 o — i; —-.—-- 

\2 2 2 Xr] Xm Xm J 


_ „<2 


3 1 l 2 


= C\ 7T2 


(-1)9 [2- (1 + u 2 )k 2 ]' 


E 


r ^ A 2 +1 ) (i — ^ 2 ) 9 _ V k2 (i + i? 2 « 2 )(i — u 2 k 2 ) — ^)- 

1 — u 2 /-v 2 ^ /1 ; 1 ; 1 fj 2 ( 1 — u 2 )k 2 (1 + i) 2 )(l — u 2 )k 2 

1 — i(l + u 2 )k 2 


1 ^ 2’ 2 ’ 1 + fj 2 k 2 ’ (1 + fj 2 K 2 )( 1 — u 2 k 2 )y 


A? = 2 1 + 



+ ?) 2 (g - 1) + 1 - -q(q - 1) I . 


(4.111) 


In order to compare with the undeformed case, we take the limit fj —$■ 0 in (14.110|) and obtain 

'A„ 


C Q = C^7T2. 


E 


q 


r (%) (-1)9 [2- (1 + u 2 )^ 2 ] 

(1 _ v^q-iy/n^i-v 2 n 2 ) ^ k\(q - k)\ 

(1 — v 2 )k 2 ' 


1 — v 2 k 2 


1 — iy(l + v 2 )k 2 


2-^1 


I I-/C-1- 

2’2 ’ ’ 1 — v 2 k 2 


This is exactly what was found in [25] for finite-size giant magnons with one nonzero angular 
momentum. 
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Let us consider two particular cases. From (|4.11Q[) it follows that the normalized structure 
constants for the first two string levels, for the case at hand, are given by 

q = 1 (level n = 0) 


Cl 



7r(l 


v 2 k 2 )F 1 


(l 1 v 2 (1-v 2 )k 2 

V2’ ’ 2’ ’ l + q 2 F 2 


(l+fj 2 )(l-v 2 )K 2 \ 

(1 + fj 2 K 2 ){ 1 — V 2 H 2 ) ) 


— (2 — (1 + v 2 )k 2 ) K 


f (1 + fj 2 )( 1 - v 2 )k 2 \ 
V (1 + ?7 2 k 2 )(1 — v 2 k 2 ) ) 


q = 2 (level n = 1) 


C 2 - 

S 


2c 2 J r ( 2 ) _ (2- (1 + u 2 )k 2 ) 2 

A r ^ A j +1 ^) (-*- ~ ^ 2 )\/^ 2 (l + ?7 2 k 2 )(1 — v 2 k 2 ) 

(l f (1 + i? 2 )(l — v 2 )k 2 \ 2(1 — v 2 k 2 ) 

Ivr \(l + fj 2 n 2 )(l-v 2 K 2 )J (2 - (1 + v 2 )n 2 f 


(2 - (1 + v 2 )k 2 ) F x 


(l_ _\ fj 2 (1 — v 2 )k 2 (l + fj 2 ){l -v 2 )k 2 \ 
^2’ ’ 2’ ’ 1 + fj 2 n 2 ’ (1 + ?y 2 K 2 )(l — v 2 k 2 ) ) 


— (1 — v 2 k 2 )F\ 


/l n 3 rj 2 (l — V 2 )K 2 
\2’ ’ 2’ ’ 1 + fj 2 n 2 


(1 + i? 2 )(l — v 2 )k 2 \1| 
(1 + f} 2 K 2 ){l — v 2 k 2 ) ) J 


In the limit fj —>• 0, the above two expressions simplify to 


C 1 = 2caVT2 


t r (%-) i 
a " r(^±i) \A 2 (i - A 2 ) 


- (2 -,l + ,V)K(ii^ 
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and 


C 2 = 


2 1 r (#) 

2c 2 a tt 2 y 2 ' 


T (^± 1 ) (1 - v 2 )^/k 2 (\-v 2 k 2 ) 

( 2-(1 + „ V ) 2 k (| 1 -^ 2 ' 


(1 — v 2 k 2 ) 

-4 (2 - (1 + „V) (1 - »V)E ( (1 ~ v2 Jf 

(1 — v 2 )k 2 


+ 27 t (1 - v 2 k 2 ) 2 2 Fi 




2’ 2’ ’ 1-u 2 k 2 


respectively. 


5 Contributions 

1. In [3] we consider null bosonic p-branes moving in curved space-times. Some exact solutions 
of the classical equations of motion and of the constraints for the null string and the null 
membrane in Demianski-Newman background are found. 

2. In [4j we consider null bosonic p-branes moving in curved space-times and develop a method 
for solving their equations of motion and constraints, which is suitable for string theory back¬ 
grounds. As an application, we give an exact solution for such background in ten dimensions. 

3. In [5] we show how the classical string dynamics in D-dimensional gravity background can 
be reduced to the dynamics of a massless particle constrained on a certain surface whenever 
there exists at least one Killing vector for the background metric. We obtain a number of 
sufficient conditions, which ensure the existence of exact solutions to the equations of motion 
and constraints. These results are extended to include the Kalb-Ramond background. The 
Dl-brane dynamics is also analyzed and exact solutions are found. Finally, we illustrate 
our considerations with several examples in different dimensions. All this also applies to the 
tensionless strings. 

4. In [6] we consider probe p-branes and Dp-branes dynamics in D-dimensional string theory 
backgrounds of general type. Unified description for the tensile and tensionless branes is 
used. We obtain exact solutions of their equations of motion and constraints in static gauge 
as well as in more general gauges. Their dynamics in the whole space-time is also analyzed 
and exact solutions are found. 

5. In [7] we classify almost all classical string configurations, considered in the framework of 
the semi-classical limit of the string/gauge theory duality. Then, we describe a procedure 
for obtaining the conserved quantities and the exact classical string solutions in general 
string theory backgrounds, when the string embedding coordinates depend non-linearly on 
the worldsheet time parameter. 

6. In [8], based on the recently considered classical string configurations, in the framework of 
the semi-classical limit of the string/gauge theory correspondence, we describe a procedure 
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for obtaining exact classical string solutions in general string theory backgrounds, when the 
string embedding coordinates depend non-linearly on the worldsheet spatial parameter. The 
tensionless limit, corresponding to small t’Hooft coupling on the field theory side, is also 
considered. Applying the developed approach, we find new string solutions - with two spins 
in AdS§ x S 5 and in ARS^-black hole background. 

7. In [9] we consider different M2-brane configurations in the M-theory AdS^ x S ' 4 background, 
with field theory dual Ajv-i( 2, 0) SOFT. New membrane solutions are found and compared 
with the recently obtained ones. 

8 . In |10| motivated by the recent achievements in the framework of the semiclassical limit of the 
M-theory/field theory correspondence, we propose an approach for obtaining exact membrane 
solutions in general enough M-theory backgrounds, having field theory dual description. As 
an application of the derived general results, we obtain several types of membrane solutions 
in AdS^ x S 7 M-theory background. 

9. In m we obtain exact rotating membrane solutions and explicit expressions for the conserved 
charges on a manifold with exactly known metric of G 2 holonomy in M-theory, with four 
dimensional N=1 field theory dual. After that, we investigate their semiclassical limits and 
derive different relations between the energy and the other conserved quantities, which is a 
step towards M-theory lift of the semiclassical string/gauge theory correspondence for N=1 
field theories. 

10. In [12] we consider rotating strings and D2-branes on type IIA background, which arises as 
dimensional reduction of M-theory on manifold of G 2 holonomy, dual to N=1 gauge theory 
in four dimensions. We obtain exact solutions and explicit expressions for the conserved 
charges. By taking the semiclassical limit, we show that the rotating strings can reproduce 
only one type of semiclassical behavior, exhibited by rotating M2-branes on G 2 manifolds. 
Our further investigation leads to the conclusion that the rotating D2-branes reproduce two 
types of the semiclassical energy-charge relations known for membranes in eleven dimensions. 

11. In []3] we show that for each M-theory background, having subspaces with metrics of 
given type, there exist M2-brane configurations, which in appropriate limit lead to two-spin 
magnon-like energy-charge relations, established for strings on AdS§ x S 5 , its /3-deformation, 
and for membrane in AdS^ x S 7 . 

12. It is known that large class of classical string solutions in the type IIB AdS§ x S 5 background 
is related to the Neumann and Neumann-Rosochatius integrable systems, including spiky 
strings and giant magnons. It is also interesting if these integrable systems can be associated 
with some membrane configurations in M-theory. We show in m that this is indeed the 
case by presenting explicitly several types of membrane embedding in AdS 4 x S 7 with the 
searched properties. 

13. In [15] we find membrane configurations in AdS 4 x S', which correspond to the continuous 
limit of the SU(2) integrable spin chain, considered as a limit of the SU(3) spin chain, arising 
in N=4 SYM in four dimensions, dual to strings in AdS§ x S 5 . We also discuss the relationship 
with the Neumann-Rosochatius integrable system at the level of Lagrangians, comparing the 
string and membrane cases. 
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14. In [16] we describe how Neumann and Neumann-Rosochatius type integrable systems, as well 
as the continuous limit of the SU(2) integrable spin chain, can be obtained from M2-branes 
in the framework of AdS/CFT correspondence. 

15. In [T?j w e use the reduction of the string dynamics on Rt x S 3 to the Neumann-Rosochatius 
integrable system to map all string solutions described by this dynamical system onto solu¬ 
tions of the complex sine-Gordon integrable model. This mapping relates the parameters in 
the solutions on both sides of the correspondence. In the framework of this approach, we 
find finite-size string solutions, their images in the (complex) sine-Gordon system, and the 
leading finite-size effects of the single spike n E — Ac/)” relation for both Rt x S 2 and Rt x S 3 
cases. 

16. In [18] we consider semi-classical solution of membranes on the AdS^ x S'. This is supposed 
to be dual to the Af = 6 super Chern-Simons theory with level k = 1 in a planar limit recently 
proposed by Aharony, Bergmann, Jafferis, and Maldacena (ABJM). We have identified giant 
magnon and single spike states on the membrane by reducing them to the Neumamm - 
Rosochatius integrable system. We also connect these to the complex sine-Gordon integrable 
model. Based on this approach, we find finite-size membrane solutions and obtain their 
images in the complex sine-Gordon system along with the leading finite-size corrections to 
the energy-charge relations. 

17. Recently, O. Aharony, O. Bergman, D. L. Jafferis and J. Maldacena (ABJM) proposed three- 
dimensional super Chern-Simons-matter theory, which at level k is supposed to describe the 
low energy limit of N M2-branes. For large N and k, but fixed ’t Hooft coupling A = N/k, 
it is dual to type IIA string theory on AdS/i x CP 3 . For large N but finite k , it is dual 
to M-theory on AdS 4 x S 7 /Z^. In [19] , relying on the second duality, we find exact giant 
magnon and single spike solutions of membrane configurations on AdS/± x S 7 /Z^ by reducing 
the system to the Neumann-Rosochatius integrable model. We derive the dispersion relations 
and their finite-size corrections with explicit dependence on the level k. 

18. In [20j we consider finite-size effects for the dyonic giant magnon of the type IIA string 
theory on AdS 4 x CP 3 by applying Luscher p-term formula which is derived from a recently 
proposed S-matrix for the AT = 6 super Chern-Simons theory. We compute explicitly the 
effect for the case of a symmetric configuration where the two external bound states, each 
of A and B particles, have the same momentum p and spin J 2 . We compare this with the 
classical string theory result which we computed by reducing it to the Neumann-Rosochatius 
system. The two results match perfectly. 

19. In [21] we investigate dyonic giant magnons propagating on 7 -deformed AdS§ x S 5 by 
Neumann-Rosochatius reduction method with a twisted boundary condition. We compute 
finite-size effect of the dispersion relations of dyonic giant magnons which generalizes the 
previously known case of the giant magnons with one angular momentum found by Bykov 
and Frolov. 

20. In [22] we compute holographic three-point correlation functions or structure constants of a 
zero-momentum dilaton operator and two (dyonic) giant magnon string states with a finite- 
size length in the semiclassical approximation. We show that the semiclassical structure 
constants match exactly with the three-point functions between two su(2) magnon single 
trace operators with finite size and the Lagrangian in the large ’t Hooft coupling constant 
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limit. A special limit J 3 > y/X of our result is compared with the relevant result based on 
the Liischer corrections. 

21. In [23] we compute semiclassical three-point correlation function, or structure constant, of 
two finite-size (dyonic) giant rnagnon string states and a light dilaton mode in the Lunin- 
Maldacena background, which is the 7 -deformed, or TsT-transformed AdS§ x S' 5 , dual to 
JV = 1 super Yang-Mills theory. We also prove that an important relation between the 
structure constant and the conformal dimension, checked for the JV = 4 super Yang-Mills 
case, still holds for the 7 -deformed string background. 

22. In [21] we investigate finite-size giant magnons propagating on 7 -deformed AdS 4 x CP^ type 
IIA string theory background, dual to one parameter deformation of the JV = 6 super Chern- 
Simoms-matter theory. Analyzing the finite-size effect on the dispersion relation, we find 
that it is modified compared to the undeformed case, acquiring 7 dependence. 

23. In [25] . in the framework of the semiclassical approach, we compute the normalized structure 
constants in three-point correlation functions, when two of the vertex operators correspond 
to heavy string states, while the third vertex corresponds to a light state. This is done 
for the case when the heavy string states are finite-size giant magnons with one or two 
angular momenta, and for two different choices of the light state, corresponding to dilaton 
operator and primary scalar operator. The relevant operators in the dual gauge theory are 
Tr (F£ v Zi + ...) and Tr (Z J j. We first consider the case of AdS$ x S 5 and JV = 4 super 
Yang-Mills. Then we extend the obtained results to the 7 -deformed AdS$ x S 5 , dual to 
JV = 1 super Yang-Mills theory, arising as an exactly marginal deformation of JV = 4 super 
Yang-Mills. 

24. In [26], in the framework of the semiclassical approach, we compute the normalized structure 
constants in three-point correlation functions, when two of the vertex operators correspond 
to ’’heavy” string states, while the third vertex corresponds to a ’’light” state. This is done 
for the case when the ’’heavy” string states are finite-size giant magnons, carrying one or 
two angular momenta. The ’’light” states are taken to be singlet scalar operators on higher 
string levels. We consider two cases: string theory on AdS§ x S 5 and its 7 -defornration. 

25. In [27 j in the framework of the semiclassical approach, we find the leading finite-size effects on 
the normalized structure constants in some three-point correlation functions in AdS§ x S 5 , 
expressed in terms of the conserved string angular momenta Ji, J 2 , and the worldsheet 
momentum p w , identified with the momentum p of the rnagnon excitations in the dual spin- 
chain arising in JV = 4 SYM in four dimensions. 

26. In [28] we compute the leading finite-size effects on the normalized structure constants in 
semiclassical three-point correlation functions of two finite-size giant rnagnon string states 
and three different types of ’’light” states - primary scalar operators, dilaton operator with 
nonzero momentum and singlet scalar operators on higher string levels. This is done for the 
case of TsT-transformed, or 7 -deformed, AdS$ x S ' 5 string theory background. 

27. In [29] we develop an approach for solving the string equations of motion and Virasoro 
constraints in any background which has some (unfixed) number of commuting Killing vector 
fields. It is based on a specific ansatz for the string embedding. We apply the above mentioned 
approach for strings moving in AdS^ x S 3 x T 4 with 2-form NS-NS B-field. We succeeded 
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to find solutions for a large class of string configurations on this background. In particular, 
we derive dyonic giant magnon solutions in the Rt x S 3 subspace, and obtain the leading 
finite-size correction to the dispersion relation. 

28. In [30] we consider strings moving in the R t x S 3 subspace of the 77 -deformed AdS$ x S 5 and 
obtain a class of solutions depending on several parameters. They are characterized by the 
string energy and two angular momenta. Finite-size dyonic giant magnon belongs to this 
class of solutions. Further on, we restrict ourselves to the case of giant magnon with one 
nonzero angular momentum, and obtain the leading finite-size correction to the dispersion 
relation. 

29. In [31] we derive the 3-point correlation function between two giant magnons heavy string 
states and the light dilaton operator with zero momentum in the ^-deformed AdS 5 x S 5 valid 
for any J\ and i] in the semiclassical limit. We show that this result satisfies a consistency 
relation between the 3-point correlation function and the conformal dimension of the giant 
magnon. We also provide a leading finite J± correction explicitly. 

30. In [32] we compute some normalized structure constants in the r/-deformed AdS$ x S 5 in 
the framework of the semiclassical approach. This is done for the cases when the “heavy” 
string states are finite-size giant magnons carrying one angular momentum and for three 
different choices of the “light” state: primary scalar operators, dilaton operator with nonzero 
momentum, singlet scalar operators on higher string levels. 


The above contributions can be described as investigations in the following three areas: 

1. P-branes and Dp-branes dynamics in general string/M-theory backgrounds. As applications 
of the proposed approach, some particular cases have been considered 0-0- 

2. AdS/CFT: string and membrane results: [7] 0 [12] [TT] [20] [2T] [M] [29] [30] and [9] [TO] [TT] [T2l 
E] El \m, M USE] correspondingly. 

3. Semiclassical three-point correlation functions in which the finite-size effect on the “heavy” 
giant magnon string states are taken into account: [22] [23] [25] [26] [27] [28] [3T] [32]. 
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Appendices 

A Notations for the special functions 


Euler gamma function - T(z) 
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Pochhammer symbol - ( a) n 

Jacobi elliptic functions - sn( 2 |m), cn {z\m), &n(z\m) 

Jacobi amplitude - am(z) 

Incomplete elliptic integrals of the first, second and third kind - F(z\m), E(z\m), II (n, z\m) 
Complete elliptic integrals of the first, second and third kind - K (m), E (m), n (n\m) 
Hypergeometric functions of one variable - iTo(a; z), 2-Ei(a, 6; c; z ) 

Hypergeometric functions of two variables - F\ (a, b\, b- 2 ‘, c; z i, 22), ^2(0, bi, 62; ci, C2; 21, 22) 
Hypergeometric functions of n variables - (a, b ±,..., b n ; c; 21,..., 2 n ) 


B Relation between the NR system and CSG 


B.l Explicit Relations between the Parameters 


In the general case, the relation between the parameters in the solutions of the NR and CSG 
integrable systems is given by 


K 2 = R 2 M 2 , C<p = -2 — <! 3 M 2 - 2 

a z — p z 


2 (k 2 - w?) - caf 

rn 


1 — f3 2 /a 2 


ujI 




ft 2 — Ca 2 

1 — /3 2 /a 2 


Af 4 + 


Af 2 - 


2M 2 - 


K — Caj 

1 — f3 2 /a 2 


K 2 - 


K 2 — OJ 2 

1 — j3 2 /a 2 

LU 2 

1 — (3 2 1 a 2 


K 2 — OJ 2 

1 — (3 2 /a 2 


(A.l) 


A; ( ( r-^)4 [M2(1 ^ 2/n2) - 21( " ; -^ 

- [Af 2 (l - /? 2 /a 2 ) - ( k 2 - ca 2 )] 2 ^w 2 k 2 C , 2 + (« 2 - W 2 ) ^^2 k 2 - cn 2 ^ |, 


-A/ 4 (a 2 - ^ 2 )C 2 = - 


k — cat 


2 (k 2 — ca 2 ) + ta. 

An 


+- 


K 2 -^2 2 ) 

ca 2 (l-/J 2 /a 2 ) 3 


1 — f3 2 /a 2 ) [ 1 ~/3 2 /a 2 

K 2 (ca 2 — oj%)C% — (k 2 — ca 2 ) 2— u>2H 2 C2 + (n 2 — ca 2 ) ~ w 2 ^ | 


where C2 = C 2 I 0 L. Thus, we have expressed the CSG parameters C^, A and C x through the NR 
parameters a, j3, k, cai, ca2, C'2. The mass parameter Af remains free. 
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Let us consider several examples, which illustrate the established NR - CSG correspondence. 
We are interested in the GM and SS configurations on Rt x S 2 and Rt x S' 3 . From the NR-system 
viewpoint, we have to set C 2 = 0 in (13.451) . (13.471) and (|3.48p for the GM and SS string solutions. 
This condition is to require one of the turning points, where 9' = 0, to lay on the equator of the 
sphere, i.e. 9 = tt/2 [55] . 

B.2 On Rt x S 2 


We begin with the Rt x S' 2 case, when C 2 = C 02 = 0 and 9' in (13.451) takes the form 


±awi / / /3 2 k 2 

(a 2 — /3 2 ) sin 9 y \ a 2 u 2 




(A.2) 


B.2.1 The Giant Magnon 


The GM solution corresponds to k 2 = ujf with a 2 > (3 2 , which is given by 

cos 9 = 


V 1 - P 2 /® 2 


From 1071) . one finds fi = 0 and 
/1 = arctan 


cosh ( uji a+Tp / a 
1 y/i-9 2 /^ 


^yl^Wtanh L ^ + r/?/ “ 


For R 2 = M 2 = u; 2 = l,/3/a = — sin#0, this string solution coincides with the Hofman-Maldacena 
solution [62], and is equivalent to the solution in [60] for Rt x 5 2 after the identification Wi = 
Z\ exp(Rr/2), W 2 = ^2- Now, the parameters in (13.581) take the values 

K 2 = R 2 ujj = 1, M 2 = w? = 1, 


G,,= 


2wf 


A = C x = 0, 


^ a 2 — f3 2 a 2 cos 2 $o ’ 
and from Eas. ([3.55l) . (l3.56l) and (13.571) 1 the corresponding SG solution becomes 


sin(0/2) = 


1 


cosh ( * >» 


This can be also obtained from (13.591) by setting C 02 = 0. 
However, for M 2 > u> 2 = k 2 , we have 


/ M 2 - cu? 
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This case is related to the CSG system instead of the SG one. It is interesting to find the CSG 
solution associated with it. Using (|3.55[) again, we find 


sin(</>/2) = 


ui 


M cosh 


CT+Tp/ct 

y/l-p 2 /a- 


VO 


X = 2 \ 


1 m 2 - rp 
1 — /3 2 /a 2 \q 


a + t 


B.2.2 The Single Spike 


The SS solution corresponds to P 2 k 2 = a 2 ui{. In this case, the expressions for 8 and f\ are 


-i/l — ct 2 / /3 2 

cos 8 = - - = — 0 Ji(aa/B + r) + arctan 

cosh (C-4) 

and the corresponding string solution is 


P 


a 


\J\ — a 2 //3 2 tanh (C£) 


1 — / ( 3 *^ 

W\ = R\j 1- , 2 exp \ —iwicra/P + i arctan 


cosh 2 (Cg) 


P 


a 


y/l — a 2 /f3 2 tanh (C£) 


W 2 = 


Ry/l — a 2 / P 2 


cosh (C£) 
where we used a short notation 


Z 0 = Rex p ( i-ui t ) , 


.a 


i 


a cra/P + T 
P \J\ — a 2 jP 2 


The “dual” SG solution can be obtained from (13.621) by setting oj 2 = 0. If we choose R = 1, 
a/P = sin0i, (jj\ = — cot 0i, P = 1, the SS solution on R t x S 2 in [63] is reproduced. 


B.3 On Rt x S 3 

B.3.1 The Giant Magnon 

Let us continue with the Rt x S' 3 case, when C 2 = 0, co 2 ^ 0. First, we would like to establish the 
correspondence between the dyonic GM string solution [SHj (k 2 = cu 2 ) to those found in 

1 


Zi = 

Z 2 = 


\/l + k 2 


|tanh cos a D ^cr \J\ + k 2 cos 2 a D — kr cos a D ^j — ifc j exp(ir) 


1 exp 

i sin a D (t\/ 1 + k 2 cos 2 a D — ka cos a D ^j 

Vl + k 2 C osh 

cos a D 1 + k 2 cos 2 a D — kr cos a D J 


where the parameter k is related to the soliton rapidity 0 through the equality 

sinh 0 
k = - 


cos a 


D ■ 
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and a D determines the U( 1) charge carried by the CSG soliton [60J. 

The solutions of Eos. (13.451) . (13.471) and (|3.48l) are given by 

cos 6 = — - 7 1 — , fi = arctan [cot 6 q tanh(C£)] , fi = ' 2 2 g, 


cosh (C£)' 


a 2 — p 


■ 2 n - P 2 “l 

sin = 


OLy/u l ~ 


UJn 


2( 2 2\ ’ ^— 2 R2 COS 0o- 

or[u>{ — u> 2 ) or — P z 

Then, the comparison shows that the two solutions are equivalent if 

Z\ exp(i7r/2) = W\ = R sin 9 exp [i (u \r + /i)], 
Z 2 = W 2 = R cos 0 exp [i ( U 2 T + f 2 )], 


R = k = u i = l, a = cos a D \/l + k 2 cos 2 a D , 

a ,2 D sin a ° 

p = — k cos a , ui 2 = 


Vl + k 2 cos 2 a D 
As a consequence, the CSG parameters in (13.581) reduce to 
2 


CU = 


cos 2 a D 


(l + 2sin 2 a D )], A = ksin(2a D ), C x = 0, K 2 = 1. 


B.3.2 The Single Spike 

Now, let us turn to the SS solutions on Rt x S 3 as described by the NR integrable system |64j . By 
using the SS-condition /3 2 k 2 = a 2 tjj\ in (13.451) one derives 


, ay/u 2 — U ) 2 cos 6 


9 ’ = " v -1 -z — - / gin 2 q _ 


2,.,2 


crcu 


a 2 — (3 2 sin ( 


p{u> 2 -u 2 y 


whose solution is given by 


y/ (1 — a 2 //3 2 ) lo\ — u ‘2 _ / 2 

COS0 = _ ’ c £=\ u i~ 

yjUJ1 — U)2 cosh(( 7 £) y 


u 2 a(aa/P + r) 

1 _ 0,27/52 jpr =^ r - 


By using (|3.47l) . (I3.48|) . one finds the following expressions for the string embedding coordinates 
<Pi = w i r + fj 


tpi = — uioa/p + arctan 




cr 




1 P 2 ) 1 - a 2 //? 2 


tanh((7£) 


(f 2 = —lx >2 


a(a +ra/p) 
P{ 1 — a 2 / P 2 ) 


Comparing the above results with the SS string solution given in (4.1) - (4.7) of 
the two solutions coincide for 


R = 1, sin 61 = — 


1 . U 2 P 

—===, sin 71 = —, u>! = -. 

y/u 2 — LO 2 W 1 a 


we see that 


(A.3) 
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From (13.601) . the CSG parameters are 


CU = 


A = 


/3 2 (i- 


sin t )i cos' 


7i) 


4 - 3 M 2 + 


2 cos 4 7i 


sin 2 7i (l — sin 2 6 \ cos 2 71) 


K 2 = M 2 , 


M 2 - 1 


cos 4 71 


^x = - 


M 2 i/l — sin 2 6»i cos 2 71 V sin 2 71 (l - sin 2 0 \ cos 2 71) 
2 sin 71 


-M 2 


M‘ 2 /3 (l — sin 2 6 ± cos 2 71) 


Comparing (IA.3I) with (13.611) . one sees that the solution found in m corresponds actually to 
M 2 = 1 which leads to Ass = 0. Hence, the “dual” CSG solution is of the type (13.631) . 


C Explicit exact solutions in A(IS : > x S 3 x T 4 with NS-NS 
B-field 


Let start with the solutions for the string coordinates in ACIS 3 subspace. By using (13.151) . (13.155|) 
and (|3.156p . one can find that the scalar potential U r in (13.1581) is given by 


U r (r) = 



(Cff, + qa A*r 2 ) 2 (Ct — qaA^r 2 ) 2 

j.2 2 _|_ j.2 


(A.4) 


After introducing the variable 


V = r 2 , 


and replacing (IA.4I) into (13.1601) one can rewrite it in the following form 

a 2 - f3 2 dy 


dH = 


2aw (1 — q 2 ) (A*) 2 -(A^ 


V(vp - y)(y ~ y™){y - vA' 


where 


(A.5) 


(A.6) 


0 < y m < y < y P , y n <o, 
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and y p , y m , y n satisfy the relations 
Up + Urn + Vn = 


a 2 {l-q 2 ) (A^)-(A*) 5 


C r (a 2 — f3 2 ) — a ya 

UpUm A VpVn “I - 2/rrt2/n = F ~ ~ 

a 2 (l - q 2 ) (A^) 2 - (A*) 2 
C r {a 2 - /? 2 ) + C 2 - Cj + a 2 (A*) 2 - 2qaC 4> N t 


- 2a (A 4 ) 2 ^ + 2 q (f^ + C t A + q 2 a (A 4 ) 2 


C 2 


UpUmyn — 


a 2 (l-q 2 ) (A*) 2 -(A*) 5 


Integrating (1A.6I) and inverting 

a 2 — f3 2 




to y(£), one finds the following solution 


( 


F arcsin, 


Vp y Vp Vm 


a\/(l ~ q 2 ) [(A^) 2 - (A 4 ) 2 ] (y p - y n ) ' 


yp ym yp yn 


y(0 = (y P - yn) dn 2 


a \j (! - Q 2 ) ( A0 ) 2 - ( A 4 ) 2 ( y p - Vn) 


a 2 — (3 2 


Z, 


y P ym 
y P yn 


+ yn- 


(A.7) 


(A.8) 


Next, we will compute X 4 (£) and A+(£) entering ()3. 1571) . Integrating 


dX l _ 1 

d£ a 2 — /3 2 
dX't’ 

If 


a 2 — 


/3A 4 + qaX^ — (ft + 




qa 


1 + 2 /. 


and using (1A.8I) . we obtain the following solutions for the string coordinates t, cj), in accordance 
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with our ansatz 


i(r, a) = AV + 


a\/(l - <? 2 ) [(A 0 ) 2 - (A 4 ) 2 ] (y p - y n ) 


^/3A* + qaA^j F ^arcsin 


2/p y Vp Vm 


Vp Vm Vp 2 In 


C t + qaA 0 . y p -y y P -y m y P -y m 

- II arcsin . / —--, —-, —- 

1 “I - Vp y y Vp 2/m 1 ~l ~ Vp yp 2/n 


i j)(r, a) = A 0 r + 


1 


ay (1 - q 2 ) (A 0 ) 2 - (A 4 ) 2 {y P - 2 In) 
^/3A 0 + qaA*^ F ^arcsin ^ 


2/p ~ 2/ Vp ~ 2/m 
yp — ym yp — yn 


+ < A±n( arcsin J Vp V , Vp Vm , Vp Vm 
2/p y y 2/p ym yp yp — yn 


(A.9) 


(A.10) 


Let us compute now the string energy and spin on the solutions found. Starting from (13.1621) . 
(I3.163D . we obtain 


E* = 


2 T 


(l-<? 2 ) [(A 0 ) 2 - (A*) 2 ] (y p -y n ) 


A J —^Ct — q— I K ( 1 — 

or- a J \ 2/p - yn 


+ 


(1 - q 2 )A* 2/n K 1 - 


Vp Vn 


A ( 2 Ip yn) e (1 


Vp yn 


s = 


2 T 


(1 -q 2 ) (A 0 ) 2 - (A*) 2 (y p -y n ) 


4^ + g— +AV)K(l- 


a 


a 


ym yn 
2/p - 2/n 


+ 




2/p 2/n 


yp yn 


q^ + q 2 A 0 n / j/ rh [1 

1 + 2/p V 1 + 2/p 


2/m 2/n 

yp yn 


(A-11) 


(A.12) 


Now we turn to the S’ 3 subspace. By using (13.151) . (13.1551) and (13.1561) . one can show that the 
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scalar potential Uq in (13.1601) can be written as 


U e (9) = 


2 (a 2 - P 2 ) 


(Cfo - qa A ^ 1 x ) 2 + (C<t> i + xY 


X 


i - X 


+ a 2 (A^) 2 X + a 2 (a^Y(1- X ) 


where we introduced the notation 


X = cos 2 i 


Replacing ()A.13I) in (13.1601) . one can see that it can be written in the form 

a 2 - P 2 dx 


where 


and 


d£ = 


2a^/ (1 — q 2 ) ^(A^ 1 ) 2 — (A^ 2 ) 2 ^ x)(x Xm)(x Xn) 


0 < Xm < X < Xp < 1, Xn < 0, 


Xp + Xm + Xn — 


a 2 (l — q 2 ) (jA^ 1 ) 2 — (A^ 2 ) 2 ^ 


-C e (a 2 - P 2 ) - (aA^V + (2 - q 2 ) ( 2 


-2 qa (Cs 2 A^+C^A* 2 


XpXm + XpXn + XmXn — 


a 2 (l -g 2 ) ((A^ 1 ) 2 - (A^) 2 ) 
(aA^ 1 ) 2 + C& - Cl - C d (a 2 - p 2 ) - 2 qaC^A* 


XpXmXn — 


(c^y 


ct 2 (i — q 2 ) ((A^ 1 ) 2 — (A^ 2 ) 2 


Integrating (IA.15I) . one finds the following solution for x 

x(0 = (Xp - Xn) dn 2 


aJ (1 - q 2 ) ((A 01 ) 2 - (A 02 ) 2 ) (Xp - Xn) 


a 2 — P 2 




Xp Xm 
Xp - Xn 


+ Xn- 


(A.13) 

(A-14) 

(A.15) 


(A.16) 
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Now we are ready to find the “orbit” r = r(x). Written in terms of y and it is given by 

y = (y P - y n ) dn 2 


- ( A *) 2 ) (y P - yn) 
^/((AOi) 2 - (A*>) 2 ) ixp-Xn) 


(A.17) 


Xp X Xp Xm \ Vp ym 


xF arcsin 

y V Xp Xm Xp Xn J yp — yn 


+ lIn- 


Next, we compute X < ^ 1 (£) and A'^ 2 (£). Replacing the results in our ansatz, we derive the 
following solutions for the isometric coordinates on S 3 


(f>i = A + 


«^(l-9 2 ) ((A^) 2 -(A^) 2 ) (xp-Xu) 
(jih? 1 — qaA^ 2 ^j F ^arcsin 


X p X Xp Xm 
Xp — Xm Xp ~ Xn 


+ qa A^ 2 ( 

H--- n arcsin , 

1 - Xp \ V Xp-Xm 1 - Xp Xp - Xn 


Xp X Xp Xm Xp Xm 


(A.18) 


fa = A^ 2 r + 


ayj(l~q 2 ) ((A^) 2 -(A^) 2 ) (Xp-Xn) 
f/3A^ 2 - gaA^ 1 ) F (arcsin , / Xp ~ X , Xp 

v ' y y Xp - Xm Xp - Xn y 


■W, 


Xm 


(A.19) 


I ri 1 [ I ■ Xp X 1 Xm Xp 

H—— ii arcsin , / —--, 1-, — 

Xp y y Xp — Xm Xp Xp — Xn 


Based on (|3.164l) and the solutions for the string coordinates on S 3 we found, we can write down 
the explicit expressions for the conserved angular momenta J\ and J 2 computed on the solutions. 
The result is 


Ji = 


2 T 


l-« 2 ) ((A*-) 2 -(A* 1 ) 2 ) (Xp-Xn) 


(A.20) 


+ A^ 1 - q^) K (1 - Xm Xn 
a 2 a J \ Xp-Xn 

Xm ~~ Xn 


-(l-^AM^K 1- 


Xp Xn 


+ (Xp - Xn) E 1 - 


Xm Xn 
Xp - Xn 
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2 T 


(A.21) 


J 2 = 

P 


^(l-g2)(( A 0i) 2 -(A^) 2 ) (x P -Xn) 


a“ 


^02 (? 


Cjn 

a 


+ qA^ 


K 1- 


Xm Xn 
Xp Xn 


+ (1 - q 2 ) A^ (xn K 1 - 


Xm Xn 
Xp — Xn 


+ (Xp - Xn) E 1 


+ - 


q(^L+ qA* 


1 - Xp 


n 


Xp Xm Xm Xn 

"j 


i - x P 


Xp Xn 


Xm Xn \ 
Xp ~ Xn ) 


Now, let us go to the T 4 subspace. Since in terms of <£>* coordinates the metric is flat and there 
is no -B-field, the solutions for the string coordinates are simple and given by 

c p l (, r i a ) = A 1 t + £■ (A.22) 

The conserved charges ()3. 165 jl can be computed to be 

(A ' 23> 


If we impose the periodicity conditions 

a) = ip % (T, a + 2L) + 27rn,, n; E Z*, 

the integration constants C,; are fixed in terms of the embedding parameters. Namely, 

a = ^V-/? 2 )-/? a*. 

La 

Replacing (IA.24I) into (1A.22I) and (1A.23I) . one hnally finds 


a L J L 


, P vrn, 


Jf = 2 -kT A 1 + - 

1 ' a L 


(A.24) 


(A.25) 


Let us hnally point out that the Virasoro constraints impose the following two conditions on the 
embedding parameters and integrations constants in the solutions found 

C r + C e = 0, (A.26) 

A t C t + A+ AtoCfr - A 1 (pA - (a 2 - P 2 )^) = 0. 
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D M2-brane GM and SS 


For the GM-like case by using that C -2 = 0, k 2 = uif in (I3.364|) . (I3.365j) . one finds 


n,^ COS 0 O . 2 rt 

cos 0(£) =— r / n Sin 00 = ~. 0 . 2 2 \ ' 

cosh(DoC) A 2 (cjf-w|) 


D = Ay/U)'(-U% 

0 A 2 - /3 2 


COS 00, 


( Pi( T tO =u; i r + arctan cot 0 q tanh(Z>oO , p 2 ( T , £) = ^2 ( T + 




A 2 -f3 2 


*)■ 


For the SS-like solutions when C -2 = 0, k 2 = ufA 2 //3 2 , by solving the equations (13.3641) . (13.3651) . 
one arrives at 


cos 0(£) = 


cos 01 


cosh (Di£) ’ 


sin 2 0i = 


A 2 u 2 


P 2 (ui-u 2 y 


Dx = 


A^/uj 2 — uj 2 
A 2 -p 2 


COS Pi, 


=ui ( r--0 -arctan cot 0i tanh(£>i£) , ip 2 {r, f) = u 2 


The energy-charge relations computed on the above membrane solutions were found in [ST], and 
in our notations read 


1 -rlE- — = 


J 2 \ X . 2 p p vr ~ 

y) + ^ sm - ^ = --^ 


2 2 2 


(A.27) 


for the GM-like case, and 

2vr 


Vxp j\ 

~ 2 ' T 


1 -r§ E --^A<p 1 = ^—y = l/(y) +-2 sin "h 


J 2 V , X . 2 P P IT 


7 


2 2 1? 


for the SS-like solution, where 


X = [27r 2 T 2 i? 3 ro(l-r 2 ) 7 ] 2 . 


(A.28) 


(A.29) 


D.l Finite-Size Effects 


For C 2 = 0, Eq. (13. 3641) can be written as 


(cos 9)' = T A ^_ ^ ^(4 - cos 2 0)(cos 2 6-zl), 


(A.30) 


where 


4 = 


1 


2(1 - 3) 


27 + Q2 ~ ± \ (qi ~ q 2 ) 2 ~ 




ujz 


2 (qi +q 2 ~ 2qxq 2 ) -, 


cut 




a; 


2 1 > 


qi = 1 - h 2 /uf, q 2 = 1 - P 2 a z /A 2 uf. 


2-2 / 72 , .2 
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The solution of HA.301) is 


cos 6 = z + dn (C£\m ), C = =F^p * z +, m = l- z 2 _/z 2 + . 

The solutions of Eas. ()3.365l) now read 


Mi 

M2 


2 P/A 

Z+y/l-U l/u{ 

2f3uj 2 /Aio\ 
Z+y/l-ui/u{ 


cz 

CZ- 



n 


fam(CZ), 



(A.31) 


Our next task is to find out what kind of energy-charge relations can appear for the M2-brane 
solution in the limit when the energy E —>• oo. It turns out that the semiclassical behavior depends 
crucially on the sign of the difference A 2 — /3 2 . 


D.1.1 The M2-brane GM 


We begin with the M2-brane GM, i.e. A 2 > f3 2 . In this case, one obtains from (|3.363l) the following 
expressions for the conserved energy E and the angular momenta Ji, J 2 


s = Thi^£Z£)_K (1 - £/4), 


0J\ Z .|_ y/l — 


Jl = 

3l = 


2z.\ 


2z + uj 2 /u 1 


yJl-U 2 /J{ 

Here, we have used the notations 

2t r 


1 - /3 2 R 2 /A 2 lu l 


E (1 - z 2 _/z 2 + ) . 


K (1 - z 2 _/z 2 + ) - E (1 - z 2 _/z 2 + ) 




Jl = 


27r J 2 

7l T ' 


where A is defined in (IA.29D . The computation of Ac^i gives 

r9n 


p = Aipi = 2 [ —/J, = 

J On 


d0 . 


2 P/A 


R 2 /uj 2 

z+V 1 -4A4 L 1 - 4 


n 


4-4 


1 -zi 


(A.32) 


(A.33) 


(A.34) 


1 - 4/4 ) — K (i — 4/4) 
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Expanding the elliptic integrals about zL = 0, one arrives at 


£-Ji= s]j$ +4 sin 2 (p/2) - 


16sin 4 (p/2) 


exp 


+ 4 sin 2 (p/2) 

l(ji + yj j£ + 4 sin 2 (p/2 )'j \J j£ + 4 sin 2 (p/2) sin 2 (p/2) 


(A.35) 


+ 4 sin 4 (p/2) 


It is easv to check that the enerev-charee relation (IA.35D coincides with the one found in EZI, 
describing the finite-size effects for dyonic GM. The difference is that in the string case the relations 
between £1, J \, J 2 and E, J 1; J 2 are given by 

„ 27t 2tt t 2tt t 

while for the M2-brane they are written in (IA.33I) . 


D.1.2 The M2-brane SS 

Let us turn our attention to the M2-brane SS, when A 2 < (3 2 . The computation of the conserved 
quantities ([3. 3631) and A(/q now gives 

£ = mp2/A2 ~ l ) -K (1 - z 2 _/z\) , 


uqy 7 ! — w|/o; 2 2: + 


Ji = 


2z.± 


J2 = ~ 


2z + u 2 /uji 


E (1 - z 2 _/z\) - 1 /3 2 ^ 2 M 2 ^f K (1 _ z 2 _ /z 2 + ^ 




E (1-^/4), 


A</?i = - 


2/3/A 


V 7 ! -ul/u{z + 


h 2 jio\ 


n 




1 -z 2 _/z\) -K(l -Z 2 _jz\) 


£ — A(pi can be derived as 

£ - Acpi = arcsin N(J\ ,J 2 ) + 2 [j 2 - j£) 




- 1 


(A.36) 


x exp 


2(J 2 -J 2 )N(J 1 ,J 2 ) 

{j?-j?) 2 + 4JZ 


[At/; + arcsin N(Ji,J 2 )] 


N(J u J 2 ) - 2 [4 {j? j£)]^ 

Finally, by using the SS relation between the angular momenta 

Ji = \J J 2 + 4 sin 2 (p/2), 


- 1 . 
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we obtain 


£ — A</?i = p + 8 sin 2 ^ tan exp ( — 


P 


tan |(A<^i + p) 
tan 2 2 + esc 2 p 


(A.37) 


This result coincides with the string result found in [16]. As in the GM case, the difference is in 
the identification (1A.33I) . 
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